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CHAPTER 1

Introduction

1.1 Similarity Search
In recent decades, the rapid development of data collection technologies and storage solu-
tions has led to an unprecedented accumulation of data across a wide range of domains, from
astrophysics and seismology to health care and finance [21, 118, 126, 136, 194]. Every day,
billions of new data points are being generated, resulting in vast multidimensional datasets,
where each observation consists of measurements on multiple variables [209]. To extract
value from these complex datasets, effective and efficient analysis techniques are essential.

One of the most fundamental operations in data analysis is similarity search — the task of
identifying similarities between data objects in a dataset [81, 82]. This fundamental opera-
tion not only serves as a standalone task [8, 38, 63, 68, 74, 88, 127, 134, 139, 140, 148, 152, 188,
203, 204, 217] but also forms the backbone of more high-level tasks such as outlier detec-
tion [35, 68, 227], classification [24, 115, 211, 218, 219, 243], clustering [25, 33, 75, 124, 213],
motif discovery [29, 58, 152, 176, 245, 246], and pattern mining [125].

Research in similarity search over the past three decades has primarily focused on two fun-
damental aspects: (a) search effectiveness (the quality of results), and (b) search efficiency
(computational performance). Both aspects are crucial for addressing the diverse require-
ments of modern applications [81, 82].

Effective search hinges on the selection of appropriate distance measures and data pre-
processing techniques given the nature of the data and the downstream application of the
search [24, 73, 179, 193, 213, 218, 219]. The core difficulty here lies in capturing the human
ability to identify similarities while ignoring various distortions in the data, such as temporal
misalignments, scaling differences, and noise, that are irrelevant to the comparison. These
perceptual rules, though natural to us, are complex and deeply context-dependent, making
them hard to formalize intomathematical expressions [86]. In response to this challenge, re-
searchers have developed a wide range of similarity measures and preprocessing techniques,
eachwith different approaches to handling distortions and capturing the underlying patterns
in the data [17, 31, 49, 50, 55, 74, 80, 88, 94, 167, 175, 190, 191, 193, 212, 221, 230].
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Efficient search is also crucial, as the high-dimensional nature of modern datasets makes
it computationally expensive to perform similarity search on large datasets with millions
of observations on hundreds of variables [81, 82]. This led researchers to propose a wide
range of dimensionality reduction techniques [54, 84, 132, 147, 151, 156, 160, 164, 196, 216,
240, 247], indexing structures [8, 37, 38, 45, 51, 63, 74, 88, 127, 131, 140, 148, 188, 202],
and search algorithms [87] to speed up the search under different measures and conditions.
These conditions include (a) quering in a static, streaming or distributed setting, (b) potential
additional constraints on the search space, (c) guarantees on the completeness of the results
(i.e., exact or approximate search), and (d) the available computational resources (e.g., main
memory, disk, or cloud, CPU, GPU, or FPGA), among others [81, 82].

These research efforts in both effectiveness and efficiency have been fruitful; similarity search
algorithms now serve as fundamental building blocks in numerous data analysis pipelines
across various domains. For instance, in industrial settings, similarity search enables pre-
dictive maintenance by identifying historical patterns similar to current machinery behav-
ior [6]. In healthcare, it aids in diagnosis by finding similar patient trajectories [142] and
detecting anomalies in vital signs [68]. More recently, similarity search has become inte-
gral to modern machine learning applications, particularly in Retrieval-Augmented Gener-
ation (RAG) systems, where it helps to “ground” large language models by retrieving rel-
evant context from knowledge bases [144]. Other emerging applications include financial
market analysis for detecting changes in the economic climate [181], smart citymanagement
through traffic pattern analysis [254], and environmental monitoring through the detection
of similar weather patterns [176].

1.2 Problem Statement
Despite the maturity of similarity search as a research field, current approaches suffer from a
fundamental limitation: they predominantly focus on pairwise relationships between indi-
vidual objects, like correlations between two stock prices or the similarity between two audio
recordings. However, as many domain scientists (e.g., physicists, biologists, social scientists)
have observed, our world is inherently multivariate, with complex relationships between
multiple objects withmultiple attributes [9, 10, 43, 48, 111, 137, 149, 172, 183, 199, 215, 251].
For example, in a social network, the similarity between two users is not just based on their
friendship status, but also on their shared interests, the groups they are part of, and the con-
tent they have interacted with. In a similar vein, the neurons in our brain do not just fire
based on a single stimulus, but on a combination of multiple stimuli with complex interac-
tions between them [10]. Consequently, by only looking for pairwise relationships in univari-
ate data, we are potentially missing crucial information that could lead to more accurate and
meaningful results.

To address this challenge, this thesis proposes to extend the traditional similarity search
paradigm beyond its current univariate, pairwise focus. Specifically, as illustrated in Fig-
ure 1.1, we explore two fundamental extensions of the original similarity search problem:

1. Data-level extension: We develop methods for searching pairwise relations in multi-
variate data, offering a more complete view of the objects or phenomena that are be-
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Figure 1.1: Visualization of the two extensions of the similarity search problem using weather sensor
data between cities as an example. Under the data-level extension, we measure pairwise similarities

between MTS (e.g., temperature, wind speed, and precipitation) of different cities. Under the
relation-level extension, we measure the combined similarity between three UTS (e.g., temperature) of

different cities.

ing compared. Where a univariate data object captures a single attribute or variable,
a multivariate object captures multiple co-evolving variables, providing a richer rep-
resentation of the underlying phenomena [243]. For instance, consider a sensor mea-
suring weather conditions at a certain location, resulting in a time series; a sequence of
data points collected over time. If the sensor records only temperature, the resulting
data is a univariate time series (UTS). If the sensor records multiple attributes, such as
temperature, humidity, and air pressure, the resulting data is amultivariate time series
(MTS). This example is visualized in the left panel of Figure 1.1, where we measure
pairwise similarities between MTS (e.g., temperature, wind speed, and precipitation)
of different cities.

2. Relation-level extension: We introduce techniques for discovering multivariate or
high-order relations in univariate data, enabling the detection of complex patterns in-
volving multiple data objects simultaneously. This is visualized in the right panel of
Figure 1.1, where we measure the combined similarity between three UTS (e.g., tem-
perature) of different cities.

Note that their combination – searching for multivariate relations between multivariate ob-
jects – represents the most complete form of similarity search, and should ultimately be the
end goal of the field to solve efficiently. However, as even these partial extensions have
been largely unexplored in literature, it is important to first understand their unique chal-
lenges and potential solutions to form a solid foundation for tackling the complete exten-
sion. Therefore, in this thesis, we focus on advancing both partial extensions independently,
while keeping in mind their eventual unification. This step-by-step approach allows us to
methodically tackle the increasing complexity while establishing the necessary theoretical
and practical groundwork.
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Similar to decades of research on classic similarity search, we take a holistic approach to these
extensions, focusing on both the quality of the results (i.e., effectiveness) and the efficiency of
the algorithms. Particularly, wewill be (a) performing large-scale evaluations that investigate
the best distance measures and preprocessing steps, (b) developing novel algorithms that
yield results within time frames appropriate for their applications, and (c) conducting case
studies that evaluate the practical applicability of ourmethods. Through these contributions,
we aim to advance the field of similarity search by developing effective and efficient methods
for multivariate similarity search that better reflect the inherent complexity of real-world
phenomena.

This leads us to the central research question of this thesis:

Is it possible to extend the traditional similarity search paradigm to the multivariate
setting, enabling the discovery of better and more meaningful patterns in datasets?

1.3 Contributions & Outline
The main contributions of this thesis are organized into two parts, following the data-level
and relation-level extensions introduced earlier.

Chapter 2 lays the groundwork for multivariate similarity search. It introduces essential
notation, formalizes the two problem settings, and reviews existing research to contextualize
our contributions.

Part I: Pairwise Similarity Search on Multivariate Time Series. This part focuses on the
data-level extension, developing methods for comparing multivariate data objects. As the
title of this part suggests, we focus on time series as a representative type ofmultivariate data.
The reasoning behind this scope is twofold: (a) time series are the most common and widely
studied form ofmultivariate data in similarity search literature [21, 24, 73, 118, 126, 136, 194,
213, 218, 219], and (b) the techniques developed for time series can often be generalized to
other types of multivariate data with appropriate adaptations [73, 78]. The contributions in
this part are as follows:

Chapter 3presents a comprehensive evaluation of distancemeasures forMTS. It introduces a
novel taxonomy based on normalization, temporal modeling, and channel dependency, and
provides practical guidelines for selecting appropriatemeasures based on extensive empirical
evaluations.

Chapter 4 introduces MS-Index, a novel and efficient algorithm for subsequence search in
MTS. It significantly outperforms existing approaches while guaranteeing complete results,
making multivariate subsequence search practical for large-scale applications.

Part II:Multivariate Similarity Search onUnivariateData. This part explores the relation-
level extension, developing methods for detecting high-order relationships in datasets com-
posed of univariate data objects. In contrast to Part I, which focused on time series data, this
part is not limited to a specific data types, applying to any univariate data representation,
such as vectors, sequences, or single-channel images. The contributions in this part are as
follows:
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Chapter 5 introduces CorrelationDetective (CD), an efficient algorithm for detectingmulti-
variate correlations in large univariate datasets. We provide theoretical analysis of the prob-
lem and present pruning strategies that make the search practical. We then extend CD to
support streaming data through an incremental maintenance scheme. Through compre-
hensive evaluation on real-world applications, we demonstrate the effectiveness of both the
static and streaming versions of the algorithm.

Chapter 6 generalizes theCD algorithm into a comprehensive, measure-agnostic framework
for efficient multivariate similarity search, naming it the Similarity Detective (SD) frame-
work. This framework shows how to efficiently answer any multivariate similarity search
query by decomposing the problem into key properties and providing an optimization suite
that adapts to different distancemeasures and query types. Through extensive evaluation, we
demonstrate the framework’s effectiveness across various similaritymeasures and real-world
applications.

Chapter 7 presents a case study applying the SD framework to the sparse representation
problem in signal processing and machine learning. It demonstrates that SD achieves com-
petitive or superior performance compared to established methods in terms of representa-
tion error, sparsity level, classification accuracy, and computational efficiency.

Finally, Chapter 8 summarizes our contributions and discusses their impact on the field. It
identifies promising directions for future research and discusses open challenges in multi-
variate similarity search.
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CHAPTER 2

Foundations of Multivariate
Similarity Search

Research in similarity search over the past three decades has resulted in an estab-
lished set of foundational techniques, including a rich variety of distance measures,
dimensionality reductionmethods, and specialized indexing structures. This chap-
ter provides an overviewof these core concepts as they form the groundwork for our
extension into the multivariate domain. It establishes the necessary background
and terminology used throughout this thesis, from formal definitions of multivari-
ate data to the key algorithms and data structures that enable efficient search. Addi-
tionally, we position our work within the broader research landscape by discussing
related work in both similarity search on multivariate time series and multivariate
similarity search on univariate data.

2.1 Definitions and Notation
We now introduce the notation and definitions used throughout this thesis. See Table 2.1
for an overview of the full nomenclature.

Data Objects. A data object x represents any piece of data that captures a specific entity or
phenomenon over which we can definemeaningful distance or similarity measure, meaning
that we can reason about whether these entities are similar or not. A dataset of n data objects
is denoted asD = {x1, . . . ,xn}.

Data objects can be multivariate, meaning they are composed of c individual data objects
(called channels), with each channel covering one variable or aspect of the measured entity.
An object is univariate when c = 1, and multivariate when c > 1. For multivariate data
objects, the j-th channel is denoted as x(j).

Vector Data. The most common representation of a data object is through a real-valued
vector x ∈ Rm, where m is the dimensionality of the vector, also denoted as |x|. A mul-
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tivariate vector is a collection of c vectors, represented as a matrix x ∈ Rc×m. Common
examples include images (where channels represent color components), text embeddings
(where channels represent different semantic aspects), and audio signals (where channels
represent different frequency bands).

Time Series. Time series are a special case of vector data where the values are ordered by
time. For a time series t, each element ti represents an observation at time step i. A unique
property of sequence data such as time series is that we can definemeaningful subsequences:
a subsequence of length l starting at timepoint o is denoted as to,l = [to, . . . , to+l−1], where
1 ≤ o ≤ |t| and 1 ≤ l ≤ |t| − o + 1. By definition of the general data object, a univariate
time series (UTS) has c = 1, while a multivariate time series (MTS) has c > 1 channels,
with each channel representing a different variable observed over time (e.g., temperature,
humidity, and wind speed recorded by a weather station).

Distance Measures. The distance between two data objects x and y is denoted as d(x,y),
with d : X × X → R+

0 , where X is the space of data objects. In contrast to distance
measures, similarity measures sim(x,y) quantify how similar two objects are, with sim :
X × X → R+

0 . While distance measures assign low values to similar objects, similarity
measures assign high values to similar objects. Similarity measures can often be derived
from distance measures through transformations, such as sim(x,y) = 1

d(x,y)+1 [163].

Similarity Search Queries. There are two types of similarity search queries: k-Nearest
Neighbors (k-NN) queries and r-range queries. We will now present them in their classi-
cal form, meaning that they consider pairwise distances between univariate objects. After-
wards, we discuss how each of these definitions is extended to the two multivariate settings
we consider in this work.

A k-NN query aims to identify the k data objects within a datasetD that exhibit the smallest
distances from a query object q [81].

Definition 1 (k-Nearest-Neighbor Query). Given an integer k and a query object q,
a k-NN query retrieves the set of objects R ⊆ D s.t. any object t /∈ R has a distance
from the query q greater than the distance of q with any object in R. Formally, R =
{{tR1

· · · tRk
} ⊆ D | ∀tR∈R,tR′ /∈Rd(q, tR) ≤ d(q, tR′)}.

An r-range query, alternatively, identifies all data objects inD whose distance from a query
object q falls below a specified threshold r [81].

Definition 2 (r-Range Query). Given a distance threshold r and a query object q, an
r-range query retrieves the set of data objects R ⊆ D s.t. the distance between q and
any object t ∈ R is less than or equal to r. Formally,R = {t ∈ D | d(q, t) ≤ r}.

Alternatively to the definitions above where the query includes a specific query object, the
query can also be defined to find all high-similarity combinations (i.e., pairs in this case)
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Table 2.1: Nomenclature

x A data object
q Query object
m Dimensionality of data object (e.g., length of time series)
x(j) Channel j of x
x

(j)
i Value i of channel j of x

to,l Subsequence of a time series t of length l starting at index o
t̃ Approximation of t
t̂ Normalized version of t
D A dataset of data objects
n Number of objects in the datasetD
cD Total number of channels in the dataset
cq The set of channels of an object q
d(x,y) Distance between objects x and y
sim(x,y) Similarity between objects x and y

within a dataset. A good example of this is correlation analysis, where the goal is to find all
pairs of objects with a correlation above a certain threshold, in order to create a correlation
network [10]. As such, a k-NN query can be generalized to a top-k query, which retrieves
the k most similar pairs of objects in a dataset.

Definition 3 (Top-k Query). Given an integer k and a query object q, a top-k query
retrieves the setR of pairs of objects inD s.t. any pair of objects (x,y) ∈ Rwithx ̸= y
has a distance smaller or equal to the distance of any pair of objects not in R. For-
mally, R = {{(xR1

,yR1
) · · · (xRk

,yRk
)} ⊆ (D ×D) | ∀(x,y)∈R,(x′,y′)/∈Rd(x,y) ≤

d(x′,y′)}.

Similarly, an r-range query can be generalized to a threshold query, which retrieves all pairs
of objects in a dataset whose distance falls below a specified threshold τ .

Definition 4 (Threshold Query). Given a distance threshold τ and a query object q, a
threshold query retrieves the set R of pairs of objects fromD s.t. the distance between
any pair of objects x,y ∈ R with x ̸= y is less than or equal to τ . Formally, R =
{(x,y) ∈ D ×D | d(x,y) ≤ τ ∧ x ̸= y}.

It is worth noting that while the presented definitions follow the literature convention of us-
ing distance functions, they can be trivially adapted toworkwith similarity functions instead.
This adaptation involves substituting the distance function dwith a similarity function s and
reversing the inequality operators. Specifically, while k-NN and top-k queries seek minimal
distances, their similarity-based counterparts search for maximal similarities. Likewise, r-
range and threshold queries that identify distances below a threshold transform into queries
that find similarities above a threshold.

Orthogonal to the distinction between top-k and threshold-based queries, similarity search
on time series can also be categorized based on the type of matching performed between the
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query and candidate time series; whole-search or subsequence search [81]. Whole-search
evaluates the distance between complete time series, requiring both query and candidate
series to have identical lengths [81].

Definition 5 (Whole-Search Query). A whole-search query retrieves the setR of time
series inD similar to a query series q, with |t| = |q| for all t ∈ R.

In contrast, subsequence search considers the distances between an entire query series and
all |q|-length subsequences of a candidate series [81]. This case allows the time series from
which the candidate subsequences are extracted to be longer than the query.

Definition 6 (Subsequence Search Query). A subsequence search query retrieves the
set R of subsequences to,l of time series t ∈ D similar to a query series q, with l = |q|
and 1 ≤ o ≤ |t| − |q|+ 1.

There exist two variants of subsequence search; (a) fixed-length search, where the query
length |q| is predetermined and fixed across queries, and (b) variable-length search, where
the query length is not fixed and can vary between queries [81]. Below, we extend the defi-
nitions above to the two multivariate settings introduced in Section 1.2.

2.1.1 Pairwise Similarity Search onMultivariate Time Series (Part I)

The similarity search queries defined above can be directly extended to multivariate objects
by using appropriate distance measures that handle multiple channels. When working with
multivariate objects (c > 1), all definitions remain identical, with the only modification be-
ing that the distance function dmust be capable of comparing thosemultivariate objects. For
instance, when using Euclidean distance, a multivariate extension of the Euclidean distance
would be applied instead of the standard univariate version. We discuss such multivariate
distance measures for time series in detail in Chapter 3.

2.1.2 Multivariate Similarity Search on Univariate Data (Part II)

Multivariate similarities (also known as high-order similarities) are a generalization of pair-
wise similarities that consider relationships between multiple entities, in this case, multiple
univariate data objects. While pairwise similarity considers how close two objects are to each
other, multivariate similarity examines the more complex relationships and interdependen-
cies between multiple objects that may not be visible when considering only pairs (e.g., in
time series data, ice cream sales only go up when temperature is high and precipitation is
low). The goal of multivariate similarity search is to identify groups of two or more objects
that demonstrate strong collective relationships, which can reveal complex interactions in
the underlying processes that generated the data.

This extension requires modifying the traditional similarity search definitions in two key
aspects: (1) the similarity function must operate on sets of objects rather than individual
objects, and (2) the query results must return sets instead of individual matches. Formally,
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we denote the set of all subsets ofD of size at most p as the power set P≤p(D) = {G ⊆ D |
2 ≤ |G| ≤ p}.

To illustrate this concept, consider a multivariate similarity measure that first computes
the element-wise average of two vectors a and b, and then calculates the correlation be-
tween this average and a third vector c. This measure can be expressed as sim((a, b), c) =
corr(a+b

2 , c). In this case, the group consists of all three vectors, but there is a specific order
in which they are combined: the first two vectors are averaged before comparing them with
the third. This ordered combination is essential for some multivariate similarity measures,
while for others, such as the multipole measure [10], the order is irrelevant. The multipole
measure, for instance, quantifies the linear dependence of a set of vectors based on the eigen-
values of their matrix representation, treating all vectors in the group uniformly.

We capture this difference in order sensitivity though distinguishing between two types of
multivariate similarity measures: (1) one-sided measures sim(·), which take in a single set
of objects and measures their collective relationship, and (2) two-sided measures sim(·, ·),
which take in two sets of objects and measure how similar the sets are to each other (often
by comparing some aggregate representation of each set). The example provided earlier can
be classified as a two-sided measure, as it compared two sets of objects {a, b} and {c}.

We now present the definitions formultivariate top-k and threshold queries under both one-
sided and two-sided measures, noting that the corresponding k-NN and r-range definitions
can be derived by constraining the first object in the left-most set to be the query object q.
Note that, for these definitions, we use similarity measures rather than distance measures, as
similarity measures naturally extend to multiple arguments, whereas distance measures are
traditionally defined as binary functions which could lead to confusion.

Definition 7 (One-Sided Multivariate Top-k Query). Given an integer k and a max-
imum set size p, a one-sided multivariate top-k query retrieves the set R of sets of
data objects G from the power set P≤p(D) such that any other set of objects G′ /∈ R
has a similarity smaller than the similarity of any set of objects in R. Formally, R =
{{G1, . . . , Gk} ⊆ P≤p(D) | ∀G∈R,G′ /∈Rsim(G′) ≤ sim(G)}.

Definition 8 (One-SidedMultivariateThresholdQuery). Given a similarity threshold
τ and a maximum set size p, a one-sided multivariate threshold query retrieves the set
R of sets of data objects G from the power set P≤p(D) such that the similarity in any
set of objectsG ∈ R is at least τ . Formally,R = {G ∈ P≤p(D) | sim(G) ≥ τ}.

Definition 9 (Two-Sided Multivariate Top-k Query). Given an integer k and max-
imum left set size pl and right set size pr , a two-sided multivariate top-k query
retrieves the set R of pairs of sets of data objects (G,H) with G ∈ P≤pl

(D)
and H ∈ P≤pr

(D) such that any other pair of sets of objects (G′,H ′) /∈
R has a similarity smaller than the similarity of any pair of sets of objects in
R. Formally, R = {{(G1,H1), . . . , (Gk,Hk)} ⊆ P≤pl

(D) × P≤pr (D) |
∀(G,H)∈R,(G′,H′)/∈Rsim(G′,H ′) ≤ sim(G,H)}.
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Figure 2.1: Normalized daily closing prices for stocks traded at the Australian Securities Exchange

Definition 10 (Two-Sided MultivariateThreshold Query). Given a similarity thresh-
old τ andmaximum left set size pl and right set size pr , a two-sidedmultivariate thresh-
old query retrieves the set R of pairs of sets of data objects (G,H) with G ∈ P≤pl

(D)
andH ∈ P≤pr (D) such that the similarity in any pair of sets of objects (G,H) ∈ R is
at least τ . Formally,R = {(G,H) ∈ P≤pl

(D)× P≤pr
(D) | sim(G,H) ≥ τ}.

Intuitively, onemight assume that highmultivariate similarities always require high pairwise
similarities between the members of a set. This would suggest that sets could be identified
post-hoc by analyzing the results of pairwise similarity search queries through clustering or
community detection methods [91]. However, this assumption only holds when the mul-
tivariate similarity measure is merely a sum of pairwise similarities, which is often not the
case in practice.

To illustrate this, let us return to the earlier example of a multivariate similarity measure that
combines a and b through averaging before comparing with c. In this case, even if a and b
individually show no correlation with c, their combined signal might strongly correlate with
c. A strong example of this is shown in Figure 2.1, which presents the stock prices (i.e., time
series) of three companies traded at the Australian Securities Exchange. In this example, the
pairwise Pearson correlation ρ between any two of the three time series is relatively low (i.e.,
ρ(MCP,QAN) = 0.41, ρ(MCP,RDF) = 0.56, ρ(QAN,RDF) = −0.47). Yet, when we
average the time series of QAN and RDF, the resulting time series AVG shows a strong cor-
relation with MCP (ρ(AVG,MCP) = 0.95).1 This emergence of collective patterns that are
not visible in pairwise comparisons exemplifies the non-linear nature of multivariate simi-
larities and represents one of the fundamental challenges in multivariate similarity search,
which we explore extensively in Part II of this thesis.

1Weighted averages of stock prices are commonly considered in riskmanagement to evaluate portfolio performance,
diversity, and volatility [186].
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Figure 2.2: DFT transformation example: A time series (left) decomposed into its frequency
components (right), showing the magnitude of the first 10 DFT coefficients.

2.2 Time Series Approximation Methods
Thecomputational cost of similarity search grows rapidly with the dimensionality of the data
objects, e.g., with the length of the vectors or time series [7, 18]. Time series, specifically,
tend to be extremely high-dimensional as they often span long periods of time with data col-
lected every few seconds (or evenmilliseconds in the case of some sensors) [45]. As distance
measures typically operate over all these dimensions, computation can become prohibitively
expensive. Furthermore, the high dimensionality of time series data can lead to the curse of
dimensionality, where the volume of the space increases so much that the available data be-
comes sparse. This sparsity makes it difficult to find meaningful patterns and increases the
likelihood of spurious results [18].

To address this challenge, researchers have developed various dimensionality reduction tech-
niques that transform time series into compact, lower-dimensional representations while
preserving essential characteristics for similarity comparison. These approximation meth-
ods generally fall into two categories: techniques that preserve time-domain characteris-
tics (e.g., PAA [132], SAX [151]) and those that capture frequency-domain properties (e.g.,
DFT [88], SFA [216]). The choice of approximationmethod depends on the specific require-
ments of the application, such as the type of patterns to be preserved, the desired compres-
sion ratio, and characteristics of the original data.

In this section, we examine an approximation technique that has significantly influenced the
field: Discrete Fourier Transform (DFT) approximation [88, 177, 203, 222]. This technique
continues to serve as a building block for modern time series analysis systems (including
our work), and has spawned numerous variants and optimizations [54, 84, 132, 147, 151,
156, 160, 164, 240, 247].

DFT Approximation. DFT approximation is a fundamental technique for dimensionality
reduction in time series analysis [88, 177, 203, 222]. It transforms a time series from the time
domain into the frequency domain by decomposing it into a sum of sinusoidal components,
where each component represents a specific frequency in the original signal.
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Given aUTS t ∈ Rm, the DFT produces a complex vector of equal length, where each coeffi-
cient represents both the amplitude and phase of a sinusoid at a particular frequency. These
coefficients are ordered by increasing frequency, with the first coefficients capturing the low-
frequency (slow-changing) components and later coefficients representing high-frequency
(rapid) fluctuations. Figure 2.2 illustrates this transformation: the time domain signal (left)
is decomposed into its constituent frequencies (right), where the magnitude of each DFT
coefficient reveals the strength of that frequency component in the original signal.

The key insight behind DFT approximation is that most real-world time series can be accu-
rately represented using only their low-frequency components [88]. By retaining only the
first f DFT coefficients (typically f ≤ 3 for many applications [88]), we can create a com-
pact approximation t̃ ∈ Cf that preserves the essential characteristics of the original series,
as demonstrated in Figure 2.3.

A crucial property that makes DFT approximation particularly valuable for similarity search
is that it provides a lower bound on the Euclidean (L2) distance between time series [177].
Specifically, for two UTS t, q ∈ Rm with DFT approximations t̃, q̃ ∈ Cf :

d(t, q) ≥

√∑f
i=1 |t̃i − q̃i|2

m
=

d(t̃, q̃)√
m

(2.1)

This lower bound becomes tighter as f increases, eventually converging to the exact dis-
tance when all coefficients are included. To illustrate, note that the green line in Figure 2.3
– composed of the first f = 10DFT coefficients – more closely follows the original time se-
ries (blue) than the orange line, which uses only the first f = 3 coefficients. Consequently,
lower-bounding the distance to the original time series with an approximation of f = 10will
be more accurate than with f = 3. This lower-bounding property enables efficient similar-
ity search by first comparing the low-dimensional DFT approximations and only computing
exact distances when the lower bound distance is below a certain threshold.

For MTS, the DFT approximation extends naturally by applying the transform indepen-
dently to each channel, resulting in an f × c dimensional approximation. This channel-
wise application preserves the lower-bounding property while reducing the dimensionality
of each component series.

2.3 Indexes and Data Structures
Even with efficient approximation methods, searching through large collections of time se-
ries remains computationally challenging when comparing the query directly against every
candidate sequence in the database. To address this challenge, specialized index structures
organize the data in ways that enable efficient pruning of the search space. These structures
often leverage lower bounds on distances to eliminate large portions of the dataset from con-
sideration without computing exact distances, significantly reducing the computational cost
of similarity queries while guaranteeing no false dismissals. Notice that the usage of lower
bounds creates a clear interplay with the approximation methods discussed in Section 2.2;
approximations that come with a lower bounding property are particularly well-suited to be
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Figure 2.3: The price of a stock over time (blue), and its reconstruction through its first three DFT
coefficients (orange), and first ten DFT coefficients (green).
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Figure 2.4: An example of an R-tree with 6 data points p1, . . . , p6. The tree has 3 levels, with the root
node containing all data points.

used in conjunction with index structures. This synergy between approximation methods
and index structures is crucial: the tighter the lower bound provided by the approximation,
the more effective the index can be at pruning the search space. In this section, we examine
one particularly influential index structure: the R-tree.

2.3.1 R-Trees

AnR-tree is a tree-based index structure that is commonly used for indexing spatial data [28,
107]. The key idea behind the R-tree is to group nearby objects into Minimum Bounding
Rectangles (MBRs) that tightly enclose all objects in the group. The MBRs are then recur-
sively grouped into smaller MBRs, forming a tree structure where each node represents a
group of objects [107]. An example of an R-tree can be seen in Figure 2.4. R-trees can be
constructed either top-down or bottom-up. Top-down construction involves starting with
a single MBR that contains all the data points, and then recursively splitting the MBRs into
smaller MBRs until a certain threshold is reached. The balance of the tree and the qual-
ity of the partitioning is determined by the choice of the split strategy, for which many
were proposed in literature such as the Quadratic Split [107], the Linear Split [107], and
the R*-tree topological split strategy [28]. Bottom-up construction (or bulk loading), on
the other hand, starts with the data points as individual MBRs, and then merges them into
larger MBRs based on a certain leaf size L and partitioning strategy. Bottom-up construc-
tion generally results in less overlap betweenMBRs, but it requires the data to be completely
known in advance. A popular bulk loading algorithm is the Sort-Tile-Recursive (STR) algo-
rithm [143]. This algorithm constructs nodes by sorting the children based on their coor-
dinates in each dimension (using the middle in case the children are rectangles instead of
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points), and then recursively partitioning the entries into groups of size ⌈NL ⌉
1/d, where N

is the number of entries to index, L is the desired leaf size, and d is the dimensionality of
the tree. For example, given a 1D space with entries [1, 2, . . . , 10] and L = 2, the algorithm
would partition the entries into [[1, 2], [3, 4], [5, 6], [7, 8], [9, 10]], to subsequently create the
nodes [[1, . . . , 4], [5, . . . 8], [9, 10]], etc.

2.4 Related Work
This section establishes the context of our work within the broader research landscape. We
first examine the emerging field of MTS similarity search (i.e., Part I), followed by a discus-
sion of multivariate similarity measures for univariate data (i.e., Part II). Note that here we
focus on the overarching themes and approaches that shape the field; specific related work
for each subproblem is addressed in their respective chapters.

2.4.1 Pairwise Similarity Search onMultivariate Time Series (Part I)

Similarity search on MTS has become an emerging topic in time series analysis throughout
the last few years, as evidenced by several recent works in the field. The commonmotivation
for these works is the recognition that the focus of time series research has been predomi-
nantly on UTS, with MTS receiving considerably less attention, despite their prevalence in
real-world applications. Furthermore, they argue that the existing body of research on UTS
is not directly applicable to MTS, and that the latter requires its own research efforts.

For instance, Bagnall et al. [24] noted that the field of MTS classification is in a position sim-
ilar to where UTS classification was a decade ago, with evaluations typically limited to few
datasets and lacking statistical rigor. To address this, they introduced the UEA MTS classi-
fication archive. Building on this foundation, Ruiz et al. [211] conducted the first large-scale
experimental evaluation of MTS classification algorithms. Furthermore, in the domain of
distance measures, Yekta et al. [219], Shifaz et al. [218], and Yang et al. [243] pointed out
that virtually all attempts to improve time series methods in the last two decades focused on
the univariate case, with most researchers incorrectly assuming that generalization to mul-
tivariate cases was trivial. In response, these works demonstrated that the generalization
of univariate distance measures to the multivariate case is not straightforward, and subse-
quently proposed extensions of existing univariate distancemeasures as well as new distance
measures specifically designed for MTS. In the domain of indexes, Vlachos et al. [230] and
Yu et al. [247] extended usage of the R-tree and the Locality Sensitive Hashing (LSH) frame-
work to MTS similarity search through modifications to the representation of the inserted
data. Lastly, in the context of motif discovery, Yeh et al. [244] demonstrated that previous
attempts to generalize motif discovery to multidimensional cases by finding patterns across
all dimensions simultaneously were too constraining and would not produce meaningful
results except in contrived situations.

While each of these works makes valuable contributions to their respective subdomains,
their focused nature reveals a concerning fragmentation in the field of MTS research. Each
study approaches its specific subdomain—be it individual distance measures, indexing solu-
tions, or motif discovery—largely in isolation, with limited discussion of how their insights
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might generalize to other problems or domains. This siloed approach risks creating incom-
patible solutions and duplicating efforts, potentially slowing the overall progress of the field.

In this thesis, we aim to take a more holistic approach to MTS similarity search by devel-
oping solutions in a more systematic and transferable manner. Specifically, by individually
addressing the two core aspects of similarity search – effectiveness (normalization and dis-
tance measures) and efficiency (search algorithms) – we first conduct thorough literature
reviews to identify the current state of the art and then systematically develop solutions that
can be adapted across different subproblems and domains. Additionally, through careful
analysis and reflection of each work, we aim to extract broader insights that can inform re-
searchers and practitioners on how to adapt existing univariate solutions to the multivariate
domain. In that, we aim to both advance the current state of the art inMTS similarity search
and provide a foundation for future research that can build on our findings.

2.4.2 Multivariate Similarity Search on Univariate Data (Part II)

In contrast to similarity search onMTS, which has emerged as a distinct research area, mul-
tivariate similarity search—the search for high-order relationships between multiple uni-
variate objects—remains largely unexplored. However, the concept has been extensively
discussed across various scientific domains, albeit under different names and with domain-
specific definitions.

For instance, in physics, Santoro et al. [215] explored what they term “high-order depen-
dencies” in time series, focusing on characterizing group-wise temporal relationships. In
neuroscience, Agrawal et al. [10] investigated “multivariate relationships” using correlation
networks. The concept appears in biology and medicine as “epistasis,” where Carlborg et
al. [43] and Mitra et al. [172] studied gene-gene interactions in complex traits and autism
spectrum disorders, respectively. In meteorology, Liess et al. [150] examined multivariate
relationships under the term “teleconnections,” while in finance, Chen et al. [48] and Per-
lin et al. [199] explored multi-pairs trading strategies. We further discuss these works in
Chapter 6.

These domain-specific approaches share similar limitations to those we observed in MTS
research. Each field has developed its own specialized solutions, working in isolation from
others and often reinventing similar concepts under different names. Moreover, these so-
lutions typically emerge from outside the computer science community and thus often fail
to leverage decades of progress in efficient similarity search techniques. For example, San-
toro et al.’s [215] approach to computing high-order correlations, while novel in its domain,
proves computationally inefficient for large-scale applications.

This thesis aims to bridge this gap by providing a unified framework for multivariate sim-
ilarity search. Rather than treating each domain’s solution as a separate case, we develop
a general definition that aligns with the established literature on similarity search while
also covering the various domain-specific requirements. By elevating the discussion from
domain-specific implementations to a general framework, we aim to offer more systematic
and transferable solutions.
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CHAPTER 3

A Structured Study of Distance
Measures for Multivariate Time

Series

How do we measure similarity between multivariate time series in a meaningful
and effective way? This question, simple in concept, shows to be profoundly com-
plex when dealing with time series that suffer from a variety of distortions, such
as temporal misalignments, scale differences, and noise. Appropriately handling
these distortions is crucial for achieving high-quality results in similarity search on
multivariate data. This chapter confronts this challenge by systematically evaluating
the tools we use to handle distortions and quantify similarities: distance measures.
We move beyond simply listing measures and introduce a structured framework
for understanding them, organized along three axes: how they normalize data,
model time, and handle dependencies between channels. Through an extensive
empirical evaluation, we test these measures to reveal what truly works, debunk-
ing long-standing misconceptions and culminating in a practical set of guidelines
for researchers and practitioners working with multivariate time series. As we will
see, the intuitions built on simple, univariate data do not always hold true in the
multivariate setting.

The contents of this chapter have previously appeared in d’Hondt et al. [73, 80] and
Paparrizos et al. [192].

3.1 Introduction
The quality of the results of a similarity search task is highly dependent on the distance mea-
sure used to compare the time series. The design of such measures is non-trivial though, as
— in contrast to other data types (e.g., text) — time series data has a temporal aspect that
plays a crucial role in effective comparison [81]. Furthermore, as noted in Chapter 1, the dif-
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ficulty in formulating a suitable distance measure stems from the lack of a clear formulation
of what actually makes up a meaningful similarity [193]. Namely, as humans, we can eas-
ily identify perceptually similar time series by ignoring a variety of distortions in the series,
such as temporal misalignments, scaling differences, and noise irrelevant to the comparison.
However, the subliminal concepts guiding this process are complex and context-dependent,
making them difficult to mathematically formalize [86].

The difficulty of handling various distortions in time series has resulted in the development
of dozens of distance measures over decades of research. Paparrizos et al. [193] introduced
a taxonomy categorizing measures into five groups: (a) lock-step measures, which compare
values at corresponding time points and aggregate the differences across time, (b) sliding
measures, which find the optimal shift between two time series, (c) elasticmeasures, which
allow one-to-many mappings of time steps to handle local temporal distortions, (d) kernel
measures, which implicitly project time series into a higher-dimensional space using a ker-
nel function, and (e) embedding measures, which explicitly transform time series to new
representations that then serve as the new basis for comparison. Paparrizos demonstrates
that no single measure can effectively address all types of distortions simultaneously. This
becomes even more challenging in the context of MTS, as distortions may or may not be
propagated across channels [219]. For instance, in motion capture data, a phase shift in one
joint’s movement might affect multiple related joints, while in medical time series, an arti-
fact in one sensor reading might be independent of other measurements [228]. Moreover,
channels can exhibit complex correlations that evolve over time, making it difficult to deter-
mine whether similarities should be assessed independently per channel or jointly across all
channels [219]. These additional complexities have led to various approaches for handling
channel dependencies in MTS measures, from treating channels independently to incorpo-
rating cross-channel correlations through sophisticated mathematical frameworks.

Despite extensive efforts in developing distance measures, misconceptions about their prop-
erties and the trade-offs between accuracy and efficiency persist, due to the limited focus
on performing comprehensive evaluation studies [193]. Recent works managed to debunk
several of these misconceptions by performing large-scale evaluations across a variety of
datasets and measures [74, 193]. Unfortunately, these evaluations were restricted to UTS,
leaving the challenges associated with MTS under-explored. The handful of existing studies
on distances for MTS have key limitations [24, 218], including (a) mainly focusing on lock-
step and elastic measures while disregarding competing families such as sliding and kernel
measures, (b) considering only a single normalization, and (c) performing limited statistical
analysis. With these limitations, the guidance these studies offer remains limited.

Motivated by these issues, in this chapter we aim to provide a rigorous comparison of MTS
distance measures. Namely, to accurately map the current landscape of measures, we take
a systematic approach that considers three key axes: (a) Normalization, which involves
the rescaling of time series as a preprocessing step, (b) the Temporal Model, which deter-
mines howmeasures address temporal distortions between time series, and (c) theChannel-
DependencyModel, which determines the criteria to address correlations between channels,
either by assuming independence across all channels (channel-independent) or incorporating
interdependencies (channel-dependent). These three axes serve as the basis for categorizing
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Table 3.1: Summary of our experimental evaluation of 30 standalone MTS measures (46 variants in
total when considering channel-dependency models and ensembles) across two channel-dependency

models (I: independent, D: dependent) and three downstream tasks (CLS: classification, CLU:
clustering, AD: anomaly detection). The last two columns show the summary of prior evaluation

studies [24] and [218].

Temp.
Model Measures Dep. Models,

#Norms
Downstream

Tasks [24] [218]

Lock-step 11 (I, 13) CLS, CLU, AD 1 | (I,1) | CLS 1 | (I,1) | CLS
Sliding 1 (I & D,13) CLS, CLU, AD 7 7

Elastic 5 (I & D, 13) CLS, CLU, AD 1 | (I&D,1) | CLS 5 | (I&D,1) | CLS
Kernel 4 (I & D, 13) CLS 7 7

Feature 2 (I, 13) CLS 7 7

Model 2 (I & D, 13) CLS 7 7

Embedding 5 (I & D, 13) CLS 7 7

Ensemble 2 (I & D, 13) CLS 7 7

and comparing existing MTS distance measures, facilitating the selection and discovery of
effective preprocessing techniques and new measure designs.

Guided by these three key axes, we present the most comprehensive study of MTS distance
measures to date, where we implement, parameterize, and evaluate a total of 30 standalone
MTS measures. Furthermore, we (a) conduct a meta-analysis on 13 normalizations, to de-
termine whether existing methods outperform the case of not normalizing (Nonorm), (b)
propose a taxonomy of eight categories (seven temporal models + measure ensembles), and
(c) explore two channel-dependency models, providing guidelines on how to implement
each model for each measure category and normalization method. Lastly, as a byproduct
of the study, we provide an easy-to-use library with implementations of all evaluated mea-
sures [5].

To quantify the discriminative power of eachmeasure, we evaluate their accuracy in the one-
nearest-neighbor (1NN) classification task across all 30 datasets from the UEA archive [24],
under both supervised and unsupervised parameter settings. We also perform two addi-
tional experiments on clustering and anomaly detection to extend our findings beyond clas-
sification. Alongside accuracy comparisons, we evaluate measures on their runtime perfor-
mance across varying time series lengths and numbers of channels in MTS. We validate our
results and findings using two statistical tests to assess the significance of differences, one
for pairwise comparisons and the other for evaluating global performance across multiple
measures.

In summary, the results reaffirm previous findings on distance measures in the context of
MTS, confirming that: (a) Z-score normalization is not the best normalization technique, (b)
various lock-step measures outperform Euclidean distance, and (c) newer elastic measures
outperform Dynamic Time Warping (DTW) [212] in the supervised setting. Furthermore,
our results show that: (a) slidingmeasures offer the best trade-off between accuracy and run-
time efficiency on tasks where distortions obscure effective comparison (i.e., classification,
clustering), (b) lock-stepmeasures are the best choice for taskswhere distortions are themain
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concern (i.e., anomaly detection), (c) embedding measures, including deep-learning-based
methods, are not superior to traditional measures, (d) current normalization techniques do
not significantly improve accuracy onmultivariate data, and (e) channel-dependent variants
of measures generally outperform their channel-independent counterparts, with the excep-
tion of elastic measures. Table 3.1 compares statistics of our experimental evaluation against
related studies [24, 218], highlighting the key observations that motivated this research and
demonstrating the comprehensiveness of our work.

We start with the related work in the field of distance measure evaluations (Section 3.2).
Then, we present our contributions:

• We present three axes that ensure the comprehensiveness of our evaluations onMTSmea-
sures: normalization, temporal model, and channel-dependency model (Section 3.3).

• We provide a complete overview of existing measures, structured by the introduced mea-
sure properties (Section 3.4).

• We conduct an evaluation of 30 standalonemeasures across 30 datasets with 13 normaliza-
tion techniques, measuring their performance in terms of accuracy and runtime efficiency
on three downstream tasks: classification, clustering, and anomaly detection (Section 3.5).

• We provide guidelines for MTS measures selection (Section 3.6).

Finally, we conclude with the implications of our work and a discussion of challenges and
new directions (Section 3.7).

3.2 Related Work
In this section, we review recent experimental studies on time series distance measures, em-
phasizing the relevance of our work and illustrating how it aligns with, or challenges prior
research. Additional details on individual distance measures within each category are pre-
sented in Section 3.4.

Recently, Paparrizos et al. [193] introduced a taxonomy that classifies univariate distance
measures into five distinct categories and conducted a comprehensive comparison to chal-
lenge long-standing misconceptions in the field. The experimental results yielded four key
conclusions: (a) alternative normalization methods can outperform Z-score normalization,
(b) other lock-step distance measures surpass the widely used Euclidean distance, (c) sliding
measures demonstrate competitive performance compared to elastic measures in supervised
and unsupervised settings, and (d) DTW is not always the best-performing elastic measure,
with newermeasures likeMove-Split-Merge (MSM) outperforming it. Inspired by this work,
we extend this taxonomy to MTS, introduce three new categories, and propose a principled
approach to extending UTS distance measures to MTS. Our study partly confirms the four
main conclusions of the study of [193] in the multivariate case, but also uncovers several
discrepancies and novel findings: (a) Not normalizing (Nonorm) is currently the best choice
for MTS, (b) elastic measures for MTS only outperform sliding measures under supervised
parameter tuning, and (c) state-of-the-art deep-learning-based measures are not superior
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to traditional measures. Furthermore, our study additionally considers ensemble methods
and includes two extra downstream tasks on clustering and outlier detection to extend our
findings beyond classification.

Shokoohi-Yekta et al. [219] proposed two extension strategies for extending DTW to the
multivariate case: channel-dependent (DTW-D) and channel-independent (DTW-I) strategies.
In DTW-D, all channels are treated collectively and share a single warping path, whereas
in DTW-I, each channel is treated independently with its own warping path. The authors
demonstrate the relevance of each variant through real-world examples of RGB images (i.e.,
matrices with three channels). Namely, the authors address the case of uneven color fad-
ing in manual illustrations in sixteenth-century manuscripts, a case where DTW-I is more
appropriate as it treats each color separately. Conversely, in the case of photos that are uni-
formly faded due to sun exposure or scanning artifacts, the authors show that DTW-D is
more appropriate as it corrects for hue shifts across all channels.

Bagnall et al. [24] introduced the UEA archive, one of the largest collection of datasets for
MTS classification. The work also includes an evaluation on Euclidean distance, DTW-D,
and DTW-I, comparing the effects of a single normalization method as well as Nonorm.
Unfortunately, due to the limited range of measures considered (only Euclidean distance
and two DTW variants) and the lack of statistical testing (only accuracies are reported), it
is challenging to draw general conclusions from this study about MTS distance measures
as a whole. Shifaz et al. [218] argued that the channel-dependency extension strategies are
also applicable to elastic measures besides DTW.They extended four additional measures to
MTS and conducted evaluations on the UEA archive. Similar to [219], the authors of [218]
concluded that there exists no superior measure or extension strategy that consistently out-
performs others.

We revisit and extend these comparisons by exploring a broader range of measures, normal-
izations, and downstream tasks, and by considering parameter tuning to ensure comparison
of measures in their best possible form. Particularly, our study (a) considers measures from
seven categories rather than only lock-step and elastic measures, (b) considers 13 normaliza-
tion methods (including 5 novel ones) rather than one, (c) evaluates measures on clustering,
anomaly detection, and classification, and (d) analyzes results in a principled manner, with
both pairwise and grouped comparisons, supported by statistical tests. As such, the study
provides a robust evaluationwith amore complete view of the full landscape ofMTS distance
measures (cf. Table 3.1).

3.3 Primer on Comparing Multivariate Time Series
We will first establish the necessary background and describe the three axes that will form a
structured framework for our comparison of MTS distance measures; (a) normalization, (b)
temporal models, and (c) channel-dependencymodels. The role of these axes in the process-
ing pipeline is visualized in Figure 3.1. Normalization is a critical preprocessing step, which
corrects for distortions in the form of scale imbalances and offsets. As we will show in Sec-
tion 3.5.1, the choice of normalization methods is non-trivial, as it can have notable impact
on the accuracy of distancemeasures. The temporal model and channel-dependencymodel,
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Figure 3.1: Visualization of the role of the three axes of the taxonomy in the processing pipeline of
similarity search, using weather data with temperature, precipitation, and humidity as channels. Axis 1,
normalization, is applied first to bring the data into a comparable scale, then axis 2, temporal models, is
applied to handle temporal distortions, and finally axis 3, channel-dependency models, determine how
the transformations of the previous two channels are applied to the different channels of the MTS.

as fundamental properties of MTS distance measures, serve as the basis for our measure cat-
egorization. By incorporating these two models, our study enables evaluation at both the
level of individual measures and the level of models. As such, the results can ultimately aid
the design of future measures and the choice between existing ones. We will now establish
some key terminology, definitions, and data assumptions that will be used throughout the
chapter. We then introduce the three axes and their role in the comparison of MTS.

3.3.1 Data Assumptions

Recall from Section 2.1 that we consider anMTS datasetD as a set of n two-dimensional ar-
rays, i.e.,D = [x1,x2, . . . ,xn] ∈ Rn×c×m. In this chapter, we consider each MTS to have
the same number of channels, and each channel to have the same length, as not all distance
measures support comparison of time series of varying length and number of channels. We
reflect on this assumption in Section 3.6. Following standard practices [23, 24, 74, 193, 218,
231], we consider the sampling rates of all time series the same. To ensure equal lengths and
no missing values for all MTS, we applied polyphase resampling [110] and linear interpo-
lation to the data. As such, we create a standardized test bed for our evaluation, consistent
with [24].

3.3.2 Axis 1: Normalization

Normalization is a common preprocessing step to mitigate distortions caused by differences
in scale, variance, or offsets [133]. As for all distortions, these differences can hinder the
identification of similar patterns between time series and are therefore crucial to address be-
fore further analysis. To illustrate the relevance of normalization, consider two examples:
(a) two stocks following similar price patterns but trading at different volumes, and (b) two
recordings of the same song but played at different octaves. Directly comparing the raw val-
ues in these cases could lead to key issues: the first case suffers from a difference in scale,
while the second case has a difference in offset. Although time series samples share similar
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patterns that are likely relevant for several tasks (e.g., portfoliomanagement or song recogni-
tion), they can still produce large dissimilarity scores due to these distortion. This highlights
the need for normalization.

Compared with the univariate case, the extra channels of MTS introduce new challenges.
On the one hand, when considering channels generated by different devices or entities, the
nature of the distortions can vary between channels, requiring different corrections to be
applied to each channel independently. On the other hand, this independent normalization
strategy overlooks the interdependencies between channels andmay lead to suboptimal per-
formance (further discussed in Section 3.3.4). Despite existing surveys on the normalization
of UTS [193], multivariate-specific normalization techniques remain unexplored. Particu-
larly, existing works on MTS distances have (at best) only considered applying Z-score nor-
malization on each channel independently [23, 219], without regard for other methods such
as Min-Max scaling or normalization based on the entire MTS (e.g., normalize with the
global mean and standard deviation).

In this work, we consider a range of 8 normalization techniques, and extend them to the
multivariate case with two strategies. We briefly introduce the techniques in the context of
UTS here, and explain their extension to the multivariate case in Section 3.3.4. See [193]
for a more detailed description of the techniques and their properties. There exist 8 com-
mon normalizationmethods: (a)Z-score normalization (denoted further as Z-score), which
transforms a time series s.t. it has zero-mean and unit-variance, (b) Min-Max normaliza-
tion (MinMax), which scales the time series to a fixed range, (c)Meannormalization (Mean),
which combines part of Z-score and MinMax s.t. the data has zero-mean and is scaled to
a fixed range, (d)Median normalization (Median), which divides the time series by its me-
dian, (e) Unit-length normalization (Unit), which scales the time series to unit length, (f)
Adaptive scaling [60] (Adaptive), which works on pairs of time series and scales them by
their normalized dot product, (g) Sigmoid normalization (Sigmoid), which uses the logistic
function to scale or “activate” the time series, and (h) Hyperbolic tangent normalization
(Tanh), which uses the hyperbolic tangent function to scale the time series. Additionally, to
evaluate the effect of normalization in general, we introduce a ninth option: (i) Nonorm,
which performs no normalization on the data.

3.3.3 Axis 2: Temporal Models

The temporal model of a time series distance measure defines how the time dimension is
handled in the comparison. This involves the strategy of handling temporal distortions (e.g.,
by aligning the time steps in the original space or constructing a new representation to ad-
dress the distortion). In contrast to resampling, imputation, and normalization, temporal
misalignments are “pairwise distortions”; they only arise in the context of comparing two
time series, and are therefore handled on the fly by the distance measure during the compar-
ison. As such, the temporalmodel is a key property of a distancemeasure, and can be used as
the basis for categorization. Furthermore, as these concepts only regard the time dimension,
they are not specific to univariate orMTS distancemeasures. The authors of [193] categorize
UTS distances into five families of measures: lock-step, sliding, elastic, kernel, and embed-
dingmeasures. We adopt this categorization for MTS as well and extend the taxonomy with
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Figure 3.2: Visualization of the seven temporal models, where the horizontal axis represents time.

two additional families, feature-based andmodel-basedmeasures, which reflect recent in-
novations in the field. Additionally, we introduce the concept of ensemblemeasures, which
combine the distance scores from multiple base measures to improve the accuracy and ro-
bustness of the comparison. At a high level, lock-step, sliding, and elastic measures focus on
handling temporal distortions in the original space, differing in their freedom to align time
points. Kernel, feature-based, model-based, and embedding measures focus on implicitly
or explicitly transforming the time series to handle distortions. We will review the detailed
information in Section 3.4. The taxonomy of temporal models is visualized in Figure 3.2.

3.3.4 Axis 3: Channel-Dependency Models

In the multivariate case, questions may arise whether the transformations of normalizations
and temporal models should be derived and performed on the whole MTS, or individually
per channel. For example, in the case of a sliding measures, should the optimal shift be de-
rived across channels or can each channel be shifted independently? This question holds
for all normalizations and temporal models, and determines howmeasure-specific concepts
like scale, optimal shift and warping paths should be derived and applied. The answer to this
question is defined as a channel-dependency model, and serves as a property of distancemea-
sures and normalizations for MTS. We identify two channel-dependency models: channel-
independent and channel-dependent, and provide their realizations for each normalization
and temporal model below.

Channel-independent model. The channel-independent model involves treating the chan-
nels as independent UTS, normalizing and computing distances channel-by-channel. For
normalization, this implies that statistics used in the normalization are computed for each
channel independently. For the temporal model, this implies that temporal distortions are
handled independently over channels, and that representations are derived for each channel.
Then, the distances between channels are aggregated to form a final distance.
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Note: Warping paths are not shared.
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Figure 3.3: Visualization of the alignment and resulting warping paths when utilizing either a
channel-independent (left) or channel-dependent (right) extension of DTW.

Channel-dependent model. The channel-dependent model involves treating the channels
as a single entity, applying normalization and computing distances over all channels simulta-
neously. This essentially implies that distortions—either temporal or in scale—are assumed
to be shared across all channels. For example, the dependent version of elastic measures
aims to find one global warping path for an entire MTS, rather than individual warping path
for each channel (Figure 3.3). In contrast to channel-independent extensions, the channel-
dependent extension of distance measures is specific to its temporal model. In the next sec-
tion, we will demonstrate how to extend a representative measure for each temporal model
to be channel-dependent. For normalization methods, the channel-dependent extension
involves rescaling time series based on global statistics rather than channel-specific ones.
For example, channel-dependent Z-score normalization involves computing the mean and
standard deviation over all channels, and subtracting and dividing each channel with these
values. Note that this model is not applicable to all normalizations. For example, Sigmoid
normalization includes no such statistics so it is inherently channel-independent. Only the
followingmethods have a channel-dependent extension: Z-score, Min-Max, Mean, Median,
and Unit-length.

Channel weighting. An additional challenge with multivariate data is controlling the in-
fluence of each channel. This can be relevant in two scenarios: (a) when channels differ
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in scale, the distance score might be biased towards specific channels, and (b) when some
channels are more important than others to the task at hand (e.g., only one channel is pre-
dictive of the class label). Case (a) is a matter of normalization; both channel-dependent
and channel-independent normalizations can rescale channels to control their impact on
the distance. Case (b) is a matter of the distance measure itself; all temporal models and
channel-dependency models provide the conceptual freedom to weigh channels differently
in the distance computation. This, however, always requires some form of supervision, ei-
ther by learning weights through ground-truth training data as done by some embedding
measures [92, 243, 248], or through the input of a domain expert. Naturally, optimal chan-
nel weightings are highly task and dataset-dependent. As the aim of this study is to obtain
general guidelines on the selection of normalizationmethods and distance methods without
prior knowledge of the specific task or dataset, we will not consider any form of supervised
channel weighting in our experiments.

3.4 Multivariate Distance Measures
In this section, we provide more detailed definitions of each temporal model and present
an overview of the measures to be evaluated in Section 3.5. Here, we only include the for-
mal definitions of representative measures to illustrate the extension of univariate distance
measures to a multivariate setting. A complete overview of all measures and their formal
definitions can be found in Appendix E.

Furthermore, we only discuss temporalmodels in the context of the channel-dependentmodel.
The channel-independent versions ofmeasures can be derived by applying the univariate dis-
tance measure to each channel individually, and taking the sum of the resulting distances.
We indicate the channel-dependency model of each measure by adding a suffix to the mea-
sure name. For example, SBD-D and SBD-I denote the channel-dependent and indepen-
dent variants of multivariate SBD, respectively.

Lock-step measures compare values at corresponding time points between two UTS and
aggregate these differences across time. The lack of temporal alignment makes lock-step
measures applicable to cases where temporal distortions are unlikely to exist in the time se-
ries, making distortion corrections unnecessary and potentially harmful. Consequently, due
to the lack of any form of temporal alignment or transformation, we deem lock-step mea-
sures inherently channel-independent, and therefore do not consider a channel-dependent
variant. To illustrate the concept of multivariate lock-step measures, we provide an example
formula for the Lp distance, defined as:

Lp(x,y) = p

√√√√ c∑
i=1

m∑
j=1

|x(i)
j − y

(i)
j |p. (3.1)

Notice that this distance is equivalent to the univariate Lp distance taken over the flattened
time series, i.e., Lp(x,y) = Lp([x

(1), . . . ,x(c)], [y(1), . . . ,y(c)]). In our evaluation, we
selected representative measures that demonstrated strong performance in the univariate
case [193], including Euclidean, L1, Lorentzian, Avg(L1, L∞), Canberra, Chord, Clark,
Emannon4, Jaccard, Soergel, and Topsoe, as detailed in [193].



A Structured Study of Distance Measures for Multivariate Time Series

3

31

Sliding measures shift one time series relative to another to find the alignment that mini-
mizes distance. To extend sliding measures to the multivariate case in a channel-dependent
manner, a single optimal shift is derived and applied uniformly across all channels. To
illustrate this concept, we consider the Shape-Based Distance (SBD) [191]. The channel-
dependent SBD (SBD-D) involves finding the optimal shift w only along the time dimen-
sion that maximizes the 2D Normalized Cross-Correlation (NCC2) between x and y, and
substracts that from 1:

NCC2w(x,y) =

c∑
i=1

∑m−w
j=1 x

(i)
j · y

(i)
j+w∥∥x(i)

∥∥
2
·
∥∥y(i)

∥∥
2

(3.2)

SBD-D(x,y) = 1−max
w

(NCC2w(x,y)) (3.3)

Based on the convolution theorem [15], the NCC2 can be computed efficiently (O(m logm)
rather than O(m2)) in the frequency domain using Fast Fourier Transform (FFT) and In-
verse FFT (IFFT) as follows:

NCC2(x,y) =

c∑
i=1

IFFT (FFT (x(i)) ∗ FFT (y(i)))∥∥x(i)
∥∥
2
·
∥∥y(i)

∥∥
2

(3.4)

where the operator ∗ represents the complex conjugate in the frequency domain. Note that
Equation 3.4 computes theNormalizedCross-Correlation for all possible time-windows (i.e.,
shifts) through one computation, outputting a vector of similarities (i.e., one for each shift)
rather than a single value as withNCC2w . Consequently, maxw(NCC2w(x,y)) is derived
as the maximum value in this output vector.

Sliding measures are particularly useful in cases where time series can suffer from phase
shifts. In our evaluation, we focus exclusively on SBD [191] as a sliding measure due to its
highly competitive performance in the univariate case [193].

Elastic measures handle temporal distortions in time series by deriving a non-linear map-
ping (i.e., alignment) between time points, minimizing the distance between the aligned se-
ries. The mapping of each time point makes elastic measures very applicable to cases where
the temporal distortions in time series can be complex, i.e., when individual readings can
be delayed, repeated, or missing. With the channel-dependent extension, these mappings
are constructed simultaneously for all channels at each time point, using three atomic op-
erations: diagonal, vertical, and horizontal movements. Each atomic operation incurs a
specific cost, denoted as cD , cV , and cH for diagonal, vertical, and horizontal movements,
respectively. The optimal alignment is determined using dynamic programming, with the
total alignment cost (i.e., distance) being the sum of the selected movements. Formally, the
recursive alignment cost up to time points i and j for two MTS is defined as:

Cost(i, j) = min


Cost(i− 1, j − 1) + cD diagonal
Cost(i− 1, j) + cV vertical
Cost(i, j − 1) + cH horizontal

(3.5)
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where the border conditions are specific to the individual measures. Elastic measures vary
in the cost functions assigned to eachmovement type and the constraints they impose on the
alignment process. For instance, in DTW, the cost is calculated as the squared Euclidean dis-
tance between corresponding data points, and the difference betweenDTW-I andDTW-D is
displayed in Figure 3.3. In our evaluation, based on elastic measures’ performance in [193],
we consider the five representative measures: DTW [212], Longest Common Subsequence
(LCSS) [230], Edit Distance with Real Penalty (ERP) [49], Time Warping Edit Distance
(TWE) [167], and Move-Split-Merge (MSM) [221].

Kernel measures implicitly map the raw time series data to a higher-dimensional space us-
ing a kernel function. Similar to the kernel trick in machine learning, this transformation
allows for capturing non-linear relationships between time series without explicitly comput-
ing the high-dimensional representation. The intuition is that some patterns in time series
that are difficult to compare in the original space become more easily distinguishable in this
transformed space. For example, two time series that differ by a complex non-linear trans-
formation (e.g., a phase shift, or non-linear scaling) might appear similar when projected
into an appropriate kernel space, just as non-linearly separable data points become linearly
separable in kernel-based classification. The extension of kernel measures differs according
to the base measures on which the kernel functions are applied. For example, the depen-
dent extension of the Shift-Invariant Kernel (SINK) relies on the channel-dependent ver-
sion of NCC (NCC2). In this work, we consider four kernel measures: one using a lock-step
base (Radial Basis Function (RBF) [65]), two using an elastic base (Global Alignment Kernel
(GAK) [66], Kernel Dynamic Time Warping (KDTW) [166]), and one using a sliding base
(SINK [190]).

Feature-basedmeasures transform a raw time series to a feature vector based on pre-defined
features, e.g., mean, variance, slope, entropy, etc. Feature-based measures differ in the fea-
tures used to describe the MTS and the distance measure used to compare the feature vec-
tors. In this work, we consider two widely adopted feature sets: (a) the CAnonical time
series CHaracteristics set (catch22) [159], and (b) the TSFresh feature set [59]. Accordingly,
we propose two feature-based methods, referred to asDCatch22 andDTSFresh, which both
use the Euclidean distance to compare the feature vectors of two MTS. While conceptually
possible, both methods were initially proposed for UTS, lacking a straightforward extension
to incorporate multivariate features (e.g., capturing inter-channel correlations). Therefore,
they are inherently channel-independent and require the development of new features to
create a channel-dependent variant, which is beyond the scope of this work.

Model-based measures construct probabilistic models to represent time series — either a
single model for the entire MTS in channel-dependent cases or separate models for each
channel in channel-independent cases — which are then used as proxies for computing dis-
tances. Model-based measures differ in the model used to represent the MTS, and the dis-
tance measure for comparing the models. In this work, we consider two types of models:
Multivariate Gaussian Models (Gauss) and Hidden Markov Models (HMM) [27], and com-
pare them using the Kullback-Leibler (KL) divergence as a distance measure, which has a
closed form for Gaussian models and can be approximated for HMMs [100].



A Structured Study of Distance Measures for Multivariate Time Series

3

33

Embedding measures project the time series into a latent space for capturing the most im-
portant characteristics, allowing for the calculation of dissimilarity. In constrast to feature-
based measures, embedding measures use implicit features, meaning that the features are
learned from the data rather than being pre-defined. Embedding measures differ in their
choice of the embedding method. For example, the extension process of Generic Represen-
tation Learning (GRAIL) [190] directly depends on the multivariate SINK, its core kernel
function for representation learning. In this work, we consider five embedding measures:
TS2Vec [248] and TLoss [92], two deep learning-based embedding methods, GRAIL [190],
the best-performing embeddingmethod in [193], and Principal Component Analysis (PCA)
similarity factor (DPCA) [243] and Eros (DEros) [243], two embedding methods based
on PCA projections that are inherently channel-dependent. TS2Vec and TLoss were trans-
formed to distance functions by taking the Euclidean distance over the embeddings obtained
by the encoder-based models.

Ensemble measures combine the distance scores of multiple measures to improve robust-
ness. They cannot be classified as a temporal model, but rather as a “meta-model” that com-
bines the strengths of individual measures. This is achieved by aggregating (e.g., averaging)
the distance scores of the individualmeasures, optionally with weights assigned to eachmea-
sure. As the distances scores of differentmeasures can have varying ranges and distributions,
distances are normalized across a set of training MTS before aggregation. In this work, we
consider two ensembles: (i) SBD-D + DTW-I and (ii) SBD-D + MSM-I, with Minmax nor-
malization applied to the distance scores before averaging.

Time complexities: Thedifferences in the temporal models’ approaches to handling tempo-
rality and distortions lead to varying computational complexities. Namely, lock-step mea-
sures, which process each value in the MTS only once, have a linear complexity with re-
spect to the number of channels and time steps, O(cm), making them the most efficient.
Sliding measures utilize FFTs to compute distances efficiently, resulting in a complexity of
O(cm logm) for SBD-I andO(cm log cm) for SBD-D. For elastic measures, computation of
the optimal time-alignment worst-case requires to compare all pairs of time points, resulting
in a quadratic complexity ofO(cm2) for both channel-dependent and channel-independent
versions. Kernel measures and ensembles inherit the complexities of their base measures.
The complexities of feature-based, model-based, and embeddingmeasures are highly depen-
dent on the underlyingmethods used to extract features, fitmodels, or learn representations,
respectively; and thus do not have a general complexity. Empirical efficiency is investigated
in Section 3.5.4.

3.5 Evaluation
The purpose of our evaluation is threefold: (a) to evaluate the discriminative power of indi-
vidual measures, (b) to analyze what normalizationmethods, temporal models, and channel
dependencymodels are best suited forMTS, and (c) to determine whether previous findings
on UTS also hold for theMTS case [193]. With this evaluation, we aim to lay the foundation
for future research, paving the way for a practical handbook to guide the selection of MTS
distance measures in similarity search.
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Table 3.2: Parameter spaces for MTS distance measures. d denotes the number of input channels for
MTS comparison. Specifically, d = c for channel-dependent measures (using all channels), and d = 1

for channel-independent measures.

Distance
Measure Parameter Range

DTW δ ∈ {0, 1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11, 12, 13, 14, 15, 16, 17, 18, 19, 20, 100}

LCSS δ ∈ {5, 10, 20, 50, 100}
ϵ ∈ {0.001, 0.005, 0.01, 0.05, 0.1, 0.5, 1.0, 2.0} ∗

√
d

MSM c ∈ {0.01, 0.1, 1, 10, 100, 0.5, 5, 50, 500} ∗
√
d

TWE λ ∈ {0, 0.25, 0.5, 0.75, 1} ∗
√
d

ν ∈ {0.00001, 0.0001, 0.001, 0.01, 0.1, 1.0}
SINK γ ∈ {1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 20, 100, 1000}
GAK γ ∈ {0.01, 0.05, 0.1, 0.25, 0.5, 0.75, 1, 5, 10, 15, 20}

KDTW γ ∈ {2−15, 2−14, 2−13, 2−12, 2−11, 2−10, 2−9, 2−8, 2−7, 2−6, 2−5

2−4, 2−3, 2−2, 2−1, 20}
RBF γ ∈ {−1, 1}

GRAIL γ ∈ {1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11, 12, 13, 14, 15, 16, 17, 18, 19, 20, 100, 1000}
TS2Vec Embedding size ∈ {40, 80, 160, 320, 640}
TLoss Embedding size ∈ {40, 80, 160, 320, 640}
DPCA σ2

covered ∈ {50%, 60%, 70%, 80%, 95%, 100%}

Datasets: Weuse theUEA archive for experiments on classification and clustering. TheUEA
archive is the largest set of labeled datasets for MTS classification, comprising of 30 labeled
real-world datasets fromdiverse domains, with varying number of channels and lengths [24].
We adopt the predefined train-test splits, which have been widely used in MTS tasks [23,
169, 211, 218, 219]. Following the creator’s recommendation [24], we resample shorter time
series to match the length of the longest for each dataset, and impute missing values using
linear interpolation. Table 3.3 summarizes the datasets in the UEA archive, including the
number of time series, channels, time points, and classes. For anomaly detection (AD), we
use the TSB-AD-M archive [155], which is one of the largest collections of datasets for AD
on MTS, consisting of 200 real-world time series with labeled anomalous time points (i.e.,
ground truth anomalies) and varying lengths and channels.

Evaluation framework: In line with prior works [24, 193, 218], we evaluate the performance
of distance measures on classification, clustering, and anomaly detection using k-NN-based
algorithms (i.e., 1-NN classifier for classification, k-means for clustering, and a 1-NN detec-
tor for AD), which are well-suited to this evaluation for three key reasons [74, 193]: (a) they
reflect a similar workflow to time series similarity search tasks, the primary application of
distance measures [81], (b) they are parameter-free and straightforward to implement, and
(c) they solely depend on the discriminative power of distance measures. Our evaluation
is structured into two phases: a parameterization phase, where we determine the best pa-
rameters for each measure and dataset, and a performance phase. The performance phase
consists of six analyses, three of which focus on the axes of MTS comparison in the con-
text of classification (Section 3.5.1), two focus on the validation of findings in clustering and
anomaly detection (Section 3.5.2-3.5.3), and one is a runtime analysis, where we focus on the
accuracy-to-runtime trade-off of the measures (Section 3.5.4).
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Dataset #MTS #Channels #Time-points Classes
ArticularyWordRecognition (AWR) 575 9 144 25
AtrialFibrillation (AF) 30 2 640 3
BasicMotions (BM) 80 6 100 4
CharacterTrajectories (CT) 2858 3 182 20
Cricket (CR) 180 6 1197 12
DuckDuckGeese (DDG) 100 1345 270 5
EigenWorms (EW) 259 6 17984 5
Epilepsy (EPI) 275 3 206 4
EthanolConcentration (EC) 524 3 1751 4
ERing (ER) 60 4 65 6
FaceDetection (FD) 9414 144 62 2
FingerMovements (FM) 416 28 50 2
HandMovementDirection (HMD) 467 10 400 4
Handwriting (HW) 1000 3 152 26
Heartbeat (HB) 409 61 405 2
JapaneseVowels (JV) 640 12 29 9
Libras (LB) 360 2 45 15
LSST (LSST) 4925 6 36 14
InsectWingbeat (IW) 50000 200 78 10
MotorImagery (MI) 378 64 3000 2
NATOPS (NO) 360 24 51 6
PenDigits (PD) 10992 2 8 10
PEMS-SF (PSF) 440 963 144 7
Phoneme-Spectra (PS) 6668 11 217 39
RacketSports (RS) 303 6 30 4
SelfRegulationSCP1 (SR1) 561 6 896 2
SelfRegulationSCP2 (SR2) 380 7 1152 2
SpokenArabicDigits (SAD) 8798 13 93 10
StandWalkJump (SWJ) 27 4 2500 3
UWaveGestureLibrary (UWGL) 440 3 315 8

Table 3.3: A summary of the 30 datasets in the UEA Multivariate Time Series Classification archive,
2018 [24].

Parameterization: To ensure comparison of measures in their best possible form, we start
by fine-tuning their parameters (where applicable) under two experimental settings: (i) su-
pervised setting, where the optimal model parameters are selected on the training set of
each dataset using Leave-One-Out Cross-Validation (LOOCV), (ii) unsupervised setting,
where we derive a default parameter setting for each measure by analyzing which single set
of values performed generally well across all datasets. Note that for clustering and anomaly
detection only the unsupervised setting is considered as both methods are inherently unsu-
pervised tasks. We employ a broad parameter range for each measure, and account for both
channel-dependency models where applicable. Parameterization was performed across dif-
ferent normalizations, though optimal parameter values showed to be fairly similar across
different normalizations. The parameter ranges for all measures are shown in Table 3.2. The
default parameters (i.e., unsupervised setting) are presented alongside the results in the re-
spective sections (e.g., Table 3.6).
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Statistical analysis: We assess the significance of the differences in performance between
measures, normalizationmethods, and channel-dependencymodels using twowidely adopted
statistical tests [23, 74, 193, 218]. Specifically, for pairwise comparisons, we employ one-
sided Wilcoxon tests [235] with α = 0.05, following the guidelines of [71]. For global com-
parisons, we apply the Friedman test [95] followed by a post-hoc Nemenyi test [182] with
α = 0.1 to determine the significance of differences (referred to as the Friedman-Nemenyi
test). Such global comparisons are then visualized by critical diagrams (e.g., Figure 3.5),
which show the average rankings of the compared methods, with horizontal lines connect-
ing methods that exhibit insignificant differences.

Platform and implementations: We conduct our experiments on a server with a 2 GHz
AMD EPYC 7713 processor and 1 TB of RAM, running Ubuntu 22.04.3 LTS. All measures
are implemented in Python 3.8.5. We use the hmmlearn library [141] for HMMs, the scipy
library [229] for PCA, and the sktime library [157] for feature-basedmeasures. Experiments
for runtime analysis are evaluated in a single-threaded fashion without use of acceleration
libraries such as numba or Cython. All reported times exclude data loading and preprocess-
ing (i.e., resampling, imputation, and parameterization), and are averaged over 10 runs to
account for variations due to system load. All code used in this work is publicly available [5].

3.5.1 Task 1: Classification

The following presents the evaluation of distance measures on the task of classification. The
analysis is organized into three subsections, each focusing on one of the taxonomy axes.

Normalization Methods

We consider 13 unique normalizations, along with Nonorm, and assess their effect on the
classification accuracy of multivariate distance measures. In UTS literature, Z-score nor-
malization has long been regarded as the optimal choice [8, 88, 102]. Paparrizos et al. [193]
debunked this though based on a large-scale evaluation of univariate distance measures. In
MTS literature, previous evaluations of multivariate distance measures have not systemati-
cally evaluated the impact of normalizationmethods, focusing only onNonormandZ-score-
I, at best [211, 218]. To address this gap, we extend the analysis of [193] to the multivariate
case, conducting a meta-analysis to evaluate whether their findings on normalization apply
to MTS as well.

Figure 3.4 presents the average ranks of normalization methods based on the classification
accuracies across measure-dataset combinations. The results indicate that Z-score-I — the
natural extension of the popular UTS normalization — consistently underperforms com-
pared to other normalization methods across the temporal models; it ranks 12th in the
overall meta-ranking and ranks 8th or lower for all temporal models except elastic mea-
sures. Our findings confirm and extend the conclusion of [193] that Z-score is not the best
normalization method, showing that this also holds true for MTS. Additionally, we observe
that Nonorm consistently outperforms other methods; ranking first overall and placing in
the top four across all temporal models except kernel measures. This indicates that normal-
izations do not always offer improvements over the natural baseline of no normalization, as
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Figure 3.4: Meta ranking of normalization methods.

also observed in previous studies on the UEA archive [211, 218]. In those studies, this find-
ing was interpreted as a sign that the scales and variances of channels serve as discriminatory
factors in classification tasks, and that normalization removes this information. While we
recognize the validity of this hypothesis, we now also show that channel-dependent normal-
izations — that should better preserve this information — also do not significantly improve
uponNonorm. This suggests that the loss of channel-specific information is not the only fac-
tor at play, and that the existing normalization methods themselves (i.e., designed for UTS)
may not be well-suited for MTS data.

To gain deeper insight into the performance of normalization methods, we evaluate the sta-
tistical significance of the differences between the methods using the Friedman-Nemenyi
test. The results (connecting lines in Fig. 3.5) reveal that no single method or group of meth-
ods performs statistically better than the others, neither on a global level, nor when consider-
ing specific temporal models. This, combined with the fact that Nonorm ranks first overall,
suggests that current normalization methods, which are direct extensions of methods for
UTS, do not significantly improve classification accuracy for most temporal models. This
implies that existing normalization approaches do not generalize well to the multivariate
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(a) Normalizations on all categories (b) Normalizations on Lock-step measures

(c) Normalizations on Sliding measures (d) Normalizations on Elastic measures

Figure 3.5: Ranking of normalization methods based on the average of their ranks across measures and
datasets.

case, and highlights the need for new MTS-specific normalizations that better accommodate
the multivariate nature of the data. In the current absence of those methods, we will use
Nonorm as the default for the remainder of our analyses.

Temporal Models

The objective of the next round of experiments is (a) to identify the best-performing mea-
sure within each temporal model, but also (b) to compare the performance of these temporal
models as a whole. To make such an evaluation feasible, we employ an approach first pro-
posed in [193] that starts with lock-step measures, comparing each to a baseline, and based
on the results, decide whether to update the baseline before proceeding to the next tempo-
ral model. This method enables a dynamic evaluation, continuously refining comparisons
with a reasonable baseline to achieve accurate and reliable results. We begin with Euclidean
distance as the baseline, since it is the most widely used measure in the literature [193].

Lock-step measures. Table 3.4 presents the pairwise comparison of lock-step measures un-
der Nonorm based on the Wilcoxon test, using Euclidean distance as the baseline, and each
measure ordered by its average rank across datasets. The results show that three lock-step
measures, Avg(L1, L∞), L1, and Lorentzian, significantly outperform the baseline. This
confirms and extends a key finding from [193] that Euclidean distance is not necessarily the
best lock-step measure in the multivariate case, and that Avg(L1, L∞), L1, and Lorentzian
offer superior alternatives. To identify the best-performing lock-step measure, we recom-
pute the average ranks for the top-performing measures, and assess their significance us-
ing the Friedman-Nemenyi test. The results (Fig. 3.6a) show (a) additional evidence that
Avg(L1, L∞) and Lorentzian significantly outperform Euclidean, and (b) that Lorentzian
ranks the highest, making it the new baseline for subsequent comparisons.
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Table 3.4: Pairwise comparison of lock-step measures with Euclidean under Nonorm, with measures
ordered by their average rank across datasets. 3, 7, and ≈ indicate significantly better, worse, or equal

performance compared to the baseline based on the Wilcoxon test (α = 0.05). “>”, “=”, and “<”
indicate how many datasets the given combination performs better, equal, or worse than the baseline,

respectively.

Measure Diff Average Accuracy > = <

Avg(L1, L∞) 3 0.6321 18 4 8
Lorentzian 3 0.6334 20 2 8
Jaccard ≈ 0.6507 15 7 8
L1 3 0.6321 21 2 7

Chord ≈ 0.6261 15 1 14
Topsoe 7 0.5589 11 0 19
Soergel 7 0.4153 9 1 20
Clark 7 0.4462 8 0 22

Canberra 7 0.3104 8 1 21
Emanon4 7 0.3246 6 0 24
Euclidean ≈ 0.6264 0 30 0

Table 3.5: Pairwise comparison of sliding measures with Lorentzian (Nonorm). See Table 3.4 for
column descriptions.

Measure Diff Average Accuracy > = <

SBD-D 3 0.6817 19 0 11
SBD-I ≈ 0.6520 17 0 13

Lorentzian ≈ 0.6334 0 30 0

Sliding measures. Table 3.5 presents the pairwise comparison of sliding measures with
Lorentzian, all underNonorm. Weobserve that only SBD-D significantly outperformsLorent-
zian; SBD-I shows better performance on most datasets but without reaching statistical sig-
nificance. These findings are validated through a Friedman-Nemenyi test (Fig. 3.6b), where
both sliding measures rank higher than Lorentzian, with SBD-D showing statistical signifi-
cance. These findings demonstrate that SBD-D’s ability to address global misalignments can
increase classification accuracy. Moreover, the superior performance of SBD-D over SBD-I
suggests that the additional flexibility in temporal alignment provided by SBD-I does not
always lead to better accuracy and may result in overly liberal alignments. We explore this
difference between channel-dependency models further in Section 3.5.1. As SBD-D outper-
formed the previous baseline, Lorentzian, SBD-D will be used as the new baseline for the
following experiment on elastic measures.

Elasticmeasures. Wenow present a comparison of elastic measures, both in supervised and
unsupervised settings, with SBD-D as the baseline on a downsampled version of the UEA
archive. The reason for downsampling the original archive is that variants ofMSM and TWE
were very time-consuming; the classification process exceeded server’s time limit of 7 days
on 7 different datasets. All datasets that had over 500 MTS in their training/testing size, 500
channels, or 500 time points per MTS, were downsampled in their respective dimensions,
using stratified sampling to select MTS, random sampling to select channels, and polyphase
resampling [110] to reduce the number of time points.
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(a) Lock-step vs. Euclidean (b) Sliding vs. Lorentzian

Figure 3.6: Ranking of lock-step and sliding measures under Nonorm based on the average of their
ranks across datasets.

(a) Elastic vs. SBD-D (Supervised) (b) Elastic vs. SBD-D (Unsupervised)

Figure 3.7: Ranking of elastic measures under Nonorm across UEA datasets, using (a) supervised and
(b) unsupervised tuning for their parameters

The results in Table 3.6 demonstrate that only MSM-I and TWE-I significantly outperform
SBD-D, but only in the supervised setting. This shows that SBD-D, being parameter-free, is
a highly competitive baseline, with most elastic measures unable to outperform it in either
the supervised or unsupervised setting. Furthermore, we conclude that (a) elastic measures
are highly sensitive to parameter settings, with fixed values often not being optimal across all
datasets, and that (b) the ability to handle local temporal distortions does not necessarily lead
to improved accuracy. We also assess the significance of the differences when considering
multiple elastic measures alongside the baseline. Figures 3.7c-d reinforce previous findings,
showing that MSM-I and TWE-I outperform SBD-D significantly under supervised tuning,
but not in the unsupervised setting. These findings align with those from the univariate
case reported in [193], allowing us to both confirm and extend two key conclusions to the
multivariate setting: (a) elastic measures are not necessarily superior to sliding measures
and (b) alternative elastic methods can outperform DTW in the supervised setting. While
tuning parameters is crucial for the performance of elastic measures, substantially increas-
ing the computational load as it requires a grid search over the full parameter range. This
cost comes on top of already high theoretical complexity of elastic measures, as discussed
in Section 3.4. This computational load may hinder the application of elastic measures on
large-scale datasets. Further details are provided in the runtime analysis in Section 3.5.4. In
view of this observation, we retain SBD-D as the running baseline for the next comparison.

Kernelmeasures. Table 3.7 shows the performance of kernel measures compared to SBD-D,
evaluated on the downsampledUEA archive discussed in Section 3.5.1. We observe here that
no measure is able to significantly outperform SBD-D; only GAK-D and SINK-D are able to
match the performance of SBD-D with and without tuning. KDTW-I and RBF perform sig-
nificantly worse, even with supervised parameter tuning. We further observe no statistical
significance in a grouped comparison (Fig. 3.8), where GAK-D ranks slightly higher than
SBD-D in the supervised setting but not in the unsupervised setting. These findings can be
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Table 3.6: Pairwise comparison of elastic measures under Nonorm against SBD-D. See Table 3.4 for
column descriptions.

Measure Parameter Tuning Diff. Average Accuracy > = <
MSM-I LOOCV 3 0.6573 20 2 8

c = 0.5 ≈ 0.6525 18 0 12
DTW-I LOOCV ≈ 0.6570 16 3 11

δ = 100 ≈ 0.6529 16 2 12
δ = 10 ≈ 0.6413 15 2 13

TWE-I LOOCV 3 0.6561 21 2 7
λ = 0.5, ν = 0.01 ≈ 0.6325 13 1 16

MSM-D LOOCV ≈ 0.6384 13 3 14
c = 0.5 ∗

√
d ≈ 0.6200 15 2 13

DTW-D LOOCV ≈ 0.6296 13 1 16
δ = 100 ≈ 0.6276 12 2 16
δ = 10 ≈ 0.6237 12 2 16

ERP-D δ = 100 ≈ 0.6301 14 2 14
LCSS-I LOOCV ≈ 0.6385 16 0 14

δ = 5, ϵ = 1.0 7 0.5456 6 0 24
TWE-D LOOCV ≈ 0.6298 13 2 15

λ =
√
d, ν = 0.0001 7 0.6184 13 3 14

ERP-I δ = 100 ≈ 0.6400 12 3 15
LCSS-D LOOCV 7 0.5969 9 3 18

δ = 10, ϵ = 0.5 ∗
√
d 7 0.4981 5 3 22

SBD-D — — 0.6496 0 30 0

attributed to the sensitivity of kernel measures to their scaling parameter, which influences
the similarity between data points in the kernel space and, consequently, impacts the clas-
sifier’s decision boundaries. Naturally, the optimal scaling parameter is dataset-dependent,
requiring tuning for good performance. This sensitivity also explains why kernel measures
are generally paired with classifiers that adaptively learn these decision boundaries, such as
Support Vector Machines (SVM) [64], rather than being used as a standalone measure with
1-NN classifiers. Still, what is particularly surprising is that none of the measures signifi-
cantly outperformSBD-D; not even thosewith an elastic foundation likeGAK-DandGAK-I.
This comes in contrast to the UTS cases, which showed that kernel measures — when prop-
erly tuned — were able to improve upon the performance of their base measures [193], e.g.,
KDTW versus DTW. This discrepancy may hint that the temporal alignment happening in

(a) Kernel vs. SBD-D (Supervised) (b) Kernel vs. SBD-D (Unsupervised)

Figure 3.8: Ranking of kernel measures under Nonorm across UEA datasets, using (a) supervised and
(b) unsupervised tuning for their parameters
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Table 3.7: Pairwise comparison of kernel measures under Nonorm normalization with SBD-D as a
baseline. See Table 3.4 for column descriptions.

Measure Parameter Tuning Diff. Average Accuracy > = <
GAK-D LOOCV ≈ 0.6302 16 2 12

σ = 0.5 ≈ 0.6140 14 2 14
SINK-D LOOCV ≈ 0.6482 10 3 17

γ = 5 ≈ 0.6404 11 3 16
GAK-I LOOCV ≈ 0.6440 12 0 18

σ = 0.05 7 0.5950 6 2 22
KDTW-D LOOCV ≈ 0.6256 12 2 16

σ = 64 7 0.5769 8 2 20
SINK-I LOOCV ≈ 0.6270 9 3 18

γ = 5 7 0.6166 7 1 22
KDTW-I LOOCV 7 0.6142 9 0 21

σ = 32 7 0.5372 2 2 26
RBF LOOCV 7 0.5845 4 0 26

γ = −1 7 0.5757 3 0 27
SBD-D - - 0.6496 0 30 0

these measures does not generalize well to the multivariate case, and either better temporal
or channel-dependency models may be required for optimal performance. We leave this for
future investigation.

Feature-based, model-based, and embeddingmeasures. Moving on to the final three tem-
poralmodels, we again observe that thesemeasures perform significantlyworse than SBD-D.
To prevent only comparing against an overly strong baseline, we report comparison of these
measures to Euclidean distance on the downsampled archive in Table 3.8. From the results
we observe that onlyGRAIL-D, TS2Vec-D, andTS2Vec-I significantly outperformEuclidean
distance in both the supervised and unsupervised settings; all other measures except TLoss,
GRAIL-I, and KLGauss-D perform significantly worse in the comparison. These obser-
vations are reinforced by the global comparisons in Figure 3.9, where most methods rank
lower than Euclidean distance (though not significantly), with GRAIL, TLoss, and TS2Vec
being the only exceptions. Still, the results also show that these measures still do not outrank
SBD-D.

For embedding measures, the unexpectedly poor performance from the PCA-based mea-
sures (DPCA andDEros) may be due to the fact that current PCA-based approaches in the
MTS context primarily capture correlations between channels. When these correlations are
not strongly indicative of class labels, they may lead to suboptimal performance. Looking at
the deep-learning-based embeddingmeasures, we see that TS2Vec performs a lot better than
TLoss. This ranking is in line with the results in [248], where TS2Vec outperformed TLoss
on the UEA archive when paired with a supervised SVM classifier. However, it also shows
that they are very dependent on the type of classifier used, as the accuracies reported here
with 1-NN classifiers are significantly lower than those reported in [248] for both methods.
Most importantly, TS2Vec, being the state-of-the-art encoder-based deep learning meth-
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(b) Model-based vs. Euclidean(a) Feature-based vs. Euclidean

(c) Embedding vs. SBD-D and Euclidean (d) Sliding + Elastic Ensembles (Supervised)

Figure 3.9: Ranking of different measure families under Nonorm based on the average of their ranks
across datasets.

ods, still performs worse than SBD-D (Figure 3.9), demonstrating that deep-learning-based
measures do not necessarily outperform traditional measures in the MTS domain.

As shown in Table 3.8 and Figure 3.9a, we observe the low performance of feature-based
measures compared to Euclidean distance. This can be attributed to two key reasons: (a)
DCatch22 and DTSFresh primarily focus on global properties of the time series, overlook-
ing critical local information that the considered embedding measures do capture in their
features, and (b) the feature-based measures included in this study consider only channel-
independent features, neglecting channel-dependent characteristics. Further exploration of
these two directions represents a potential future work.

For model-based measures, we note that the considered measures employ models that as-
sume the time series to be i.i.d samples from a distribution, overlooking the temporal struc-
ture critical to time series classification. Namely, while HMMs can conceptually capture
temporal dependencies, the limited number of hidden states (fewer than 5) likely restricts
their focus to long-term trends, missing short-term patterns. We therefore conclude that
whilemodel-based approaches are promising, simple probabilistic models like Gaussian dis-
tributions and HMMs are not yet effective as demonstrated from this study. Future work
should therefore investigate utilizing models that can better capture temporal patterns in
time series.

Ensemble measures. Finally, we evaluate the ability of ensemble measures to improve upon
the performance of their base measures. Motivated by the findings up to now, we combine
SBD-D with MSM-I and DTW-I to investigate if we can surpass the current state-of-the-
art performance of supervised MSM-I and unsupervised DTW-I. Our results (Fig. 3.9d)
show that this is not the case; while combining SBD-D with DTW-I seems to improve upon
the performance of their individual components (i.e., DTW-I and SBD-D), the ensemble of
SBD-D and MSM-I does not improve upon the performance of MSM-I alone. This shows
that ensembles are not guaranteed to improve upon the performance of their components,
and thus that careful selection of the ensemble members is crucial. Furthermore, we stress
that there currently exist no principled approach to aggregating distance scores; the current



3

44 Evaluation

Table 3.8: Pairwise comparison of representation-based measures under Nonorm with Euclidean as a
baseline. See Table 3.4 for column descriptions.

Measure Parameter Tuning Diff. Average
Accuracy > = <

Em
be
dd
in
g

TS2Vec-I LOOCV 3 0.6538 21 2 7
Embedding length = 320 3 0.6409 19 3 8

TS2Vec-D LOOCV 3 0.6559 23 0 7
Embedding length = 320 3 0.6454 19 1 10

GRAIL-D LOOCV 3 0.6371 16 2 12
γ = 2 3 0.6337 18 0 12

GRAIL-I LOOCV 3 0.6241 18 2 10
γ = 2 ≈ 0.6144 15 6 9

TLoss-I LOOCV ≈ 0.6159 13 1 16
Embedding length = 320 ≈ 0.6088 12 0 18

TLoss-D LOOCV ≈ 0.6129 13 0 17
Embedding length = 320 ≈ 0.6038 12 1 17

DEros — 7 0.4842 10 2 18
DPCA LOOCV 7 0.2793 7 0 23

Covered Variance = 95% 7 0.3031 10 1 19

Fe
at
. DCatch22-I — 7 0.4977 10 4 16

DTSFresh-I — 7 0.4102 10 2 18

M
od
el

KLGauss-D — ≈ 0.5191 10 1 19
KLGauss-I — 7 0.4322 11 1 18
KLHMM -D h = 2 7 0.4164 9 1 20
KLHMM -I h = 2 7 0.4406 8 0 22
Euclidean — — 0.5846 0 30 0

method of averaging and Minmax scaling is a simple example introduced for this study,
though a lot of work remains to be done in this area to determine the optimal ensembling
approach.

Channel-Dependency Models

We now investigate whether the channel-independent model delivers better performance
than the channel-dependent model. Note that with the current results, it is not meaningful
to analyze the impact of channel-dependency models on normalizations, as no normaliza-
tion method shows significant impact on performance. Therefore, we limit ourselves to the
comparison of channel-dependent vs. channel-independent measures in this section. This
aspect should be reconsidered when new normalization methods are proposed that demon-
strate significant improvements over Nonorm.

Previous studies have consistently suggested that the optimal channel-dependency model
is data-dependent, as it reflects the nature of distortions inherent to the dataset [218, 219].
To validate this claim beyond elastic measures, we conduct a comprehensive analysis across
all temporal models. Specifically, our methodology involves evaluating measures that have
channel-dependent and channel-independent variants, and tallying the number of times
each variant outperforms its counterpart for each dataset.
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Figure 3.10: Histogram of the number of measures whose channel-dependent variant outperforms the
channel-independent variant, and vice versa, for each dataset. Stars indicate significant differences
between the models according to a two-sided Wilcoxon test (p < 0.1). More information for the

datasets is included in Table 3.3.

Table 3.9: Pairwise comparison of channel-dependent vs. independent model for different temporal
models.

Measures Diff. > = <
All dependent ≈ 180 42 175
Sliding-D 3 19 3 8
Elastic-D 7 60 14 76
Kernel-D 3 53 10 27

Model-based-D ≈ 33 6 21
Embedding-D ≈ 38 8 44

Independent measures ≈ 0 360 0

The results in Fig. 3.10 reveal that there are indeed datasets where the channel-dependent
variant outperforms its counterpart for most measures (i.e., the left-most bars), and vice
versa (i.e., the right-most bars). Furthermore, the star-highlighted bars indicate that the
channel-dependent model significantly outperforms the independent model on six datasets,
while the opposite is true for two datasets. The remaining datasets show no significant dif-
ference between the models, which might be counterintuitive in some cases when only con-
sidering the ratio of wins and losses (i.e., Dep. > Indep., and Dep. < Indep.).

Notice, however, that the Wilcoxon signed-rank takes into consideration both the magni-
tude and direction (i.e., sign) of the differences in accuracy. For instance, on the Stand-
WalkJump (SWJ) dataset, the channel-dependent model was better on 3/14 measures, tied
on 1 measure, and was worse on 10/14 measures. Even though this distribution of wins and
losses is similar to that of EthanolConcentration (EC), aWilcoxon test on the raw accuracies
of the two models yields a p-value of 0.322 in the case of SWJ, and 0.008 in the case of EC.
Consequently, significant differences between the models can not be concluded for SWJ as
— despite the skewed ratio in losses to wins — the differences in accuracies when Dep. <
Indep. were relatively small.
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Based on our findings, we validate the claim that the choice of the channel-dependency
model is data-dependent. Therefore, the optimal choice of channel-dependencymodel should
be determined through training and validation, as suggested by the introduction of adaptive
DTW (DTW-A) in [219].

To gain deeper insights into the two channel-dependency models, we perform a pairwise
comparison between them for each temporal model. Table 3.9 shows that there is no sta-
tistically significant difference between the two models in general. However, we do observe
significant differences at the level of temporal models. Specifically, for sliding and kernel
measures, the dependent model significantly outperforms the independent model, whereas
for elastic measures, the channel-independent model is significantly better. Furthermore,
we observe that although no statistical difference is observed for model-based and embed-
ding measures, the channel-dependent model outperforms its counterpart in at least half of
the comparisons. These findings indicate that, in general, independent consideration of time
series channels is advantageous only for elastic measures. This conclusion also aligns with
our previous findings in Section 3.5.1. This discrepancy between elastic measures and the
other temporal models can be attributed to the types of distortions that they aim to correct
for. Sliding measures, for example, correct for shifts between time series, which are typically
caused by uncalibrated sensor arrays or different starting points of measurements. Conse-
quently, those shifts are likely to be the same for all channels, favouring channel-dependent
alignment in case such distortions are present. Elastic measures, on the other hand, correct
for local distortions through time warping, which are generally caused by short-term events
or measurement errors like sensor latency or jitter. The nature of such distortions make that
they are more likely to happen only in one or a few channels, and not across all channels,
which makes that channel-independent alignment is more effective in these cases.

3.5.2 Task 2: Clustering

To extend our findings on classification to other downstream applications, we perform a
study on clustering. For this experiment, we use Partitioning AroundMedoids (PAM) [128],
a clustering algorithm that iteratively updates k medoids, which are actual time series from
the dataset, and assigns each time series to its closest medoid until convergence. Themethod
is parameter-free besides the choice of k, and performance directly depends on the distance
matrix of the respective measure, making it an appropriate proxy to evaluate distance mea-
sures. In view of computational feasibility, we focus on the most prominent lock-step, slid-
ing, and elastic measures under unsupervised parameter settings, as their comparisons con-
stitute the main findings of our study so far and as clustering is inherently an unsupervised
task. Furthermore, we conduct the evaluation on the UEA archive with Nonorm and report
the average performance over 10 random initializations to mitigate variance.

Table 3.10 presents the pairwise comparison of Lorentzian and SBD variants with Euclidean
distance, based on theRand Index (RI) [206]whichmeasures the similarity between the clus-
ter assignment of PAM and the ground truth of the dataset, with a value of 1 indicating per-
fect agreement and 0 indicating no agreement. The results reconfirm our finding that sliding
measures with SBD-D significantly outperform lock-step measures. Lorentzian again out-
performs Euclidean among the lock-step measures, though lacking statistical significance in
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Table 3.10: Pairwise comparison of lock-step and sliding measures with Euclidean and elastic measures
with SBD-D on the task of clustering on the UEA archive (Nonorm). See Table 3.4 for column

descriptions.

Clustering
Method Parameters Diff Avg. RI > = <

SBD-D — 3 0.7522 20 0 10
SBD-I — 3 0.7408 18 0 12

Lorentzian — ≈ 0.6979 15 3 12
Euclidean — ≈ 0.6647 0 30 0

DTW-D δ = 100 ≈ 0.7048 17 2 11
DTW-I δ = 100 ≈ 0.7384 17 0 13
ERP-I δ = 100 ≈ 0.7296 17 0 13
MSM-D c = 0.5 ∗

√
d ≈ 0.6785 14 0 16

MSM-I c = 0.5 ≈ 0.7117 16 0 14
ERP-D δ = 100 ≈ 0.7001 16 0 14
TWE-I λ = 0.5, ν = 0.01 ≈ 0.7119 17 1 12
TWE-D λ =

√
d, ν = 0.0001 7 0.6582 11 0 19

LCSS-I δ = 5, ϵ = 1.0 7 0.6638 8 0 22
LCSS-D δ = 10, ϵ = 0.5 ∗

√
d 7 0.6205 6 0 24

SBD-D - ≈ 0.7522 0 30 0

this case. Furthermore, the comparison of elastic measures with SBD-D in Table 3.10 shows
that SBD-D ranks first in terms of average performance, and that again no elastic measure
significantly outperforms SBD-D with unsupervised parameters, which is consistent with
the findings from Section 3.5.1. In conclusion, the study on clustering demonstrates the
generalizability of our previous findings from the classification task.

3.5.3 Task 3: Anomaly Detection

We also perform a study on anomaly detection (AD), which involves computation of dis-
tances between MTS subsequences to identify anomalous periods in a time series. We con-
sider the top-performing lock-step, sliding, and elasticmeasures under unsupervised param-
eter settings. MSM and TWE measures are excluded in this study for their extremely high
computation cost (estimated 3-4 months of computation time). We employ 1-NN detection
as our AD algorithm [205], which involves computing for each w-length subsequence in
anMTS, the closestw-length subsequence from that sameMTS.The distance between them
indicates the anomaly score for each subsequence, where high values indicate greater dissim-
ilarity from the rest of the time series, suggesting a higher likelihood of an anomaly. In our
experiment we use w = 100 and a stride of 50 (the number of time points to shift between
consecutive subsequences) to keep the experiment tractable for expensive measures.

Table 3.11 presents the average Volume Under Surface Precision-Recall (VUS-PR) [189] of
the measures across datasets of the TSB-AD-M archive [155], which contains 200MTS with
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Table 3.11: Pairwise comparison of lock-step, sliding, and elastic measures on the TSB-AD-M archive,
using a 1NN anomaly detector. See Table 3.4 for column descriptions.

ADMethods Diff Avg. VUS-PR > = <

Lorentzian 7 0.4238 62 8 130
SBD-D 7 0.3720 69 6 125
DTW-D 7 0.3909 55 5 140
DTW-I 7 0.3694 46 4 150
SBD-I 7 0.2469 58 2 140

Euclidean ≈ 0.4413 0 200 0

annotated (i.e., ground truth) anomalies. The table also shows the number of datasets where
each measure significantly outperforms, is equal to, or is outperformed by Euclidean dis-
tance, as well as statistical significance of the differences. We observe a clear discrepancy
with the results on classification and clustering: here Euclidean distance significantly out-
performs all other measures. The ranking of measures is almost perfectly inverse to the
rankings observed for classification and clustering. While these results might seem counter-
intuitive, they are actually in line with expectations for AD. Namely, where it is imperative
for classification and clustering to ignore or correct for distortions, AD actually focuses on
identifying distortions, as these frequently correspond to anomalies. As lock-step measures
do not address distortions, their distance score will be more sensitive to them, making it a
key indicator to identify an anomaly. Sliding and elastic measures, on the other hand, cor-
rect for distortions in their distance computation, thereby losing critical information. These
observations show the importance of considering the downstream task in measure selection
for similarity search, and particularly, to what case of similarity search this task belongs: the
case where distortions should be corrected for, or the case where distortions are the target.

Additionally, the strong performance of Euclidean distance can be attributed to the sub-
sequence-based nature of anomaly detection. When computing distances between subse-
quences, we inherently compare each subsequencewith all possible windows of the reference
time series, which naturally compensates for phase shifts that would otherwise disadvantage
lock-step measures. This observation helps explain why Euclidean distance performs com-
parably in this context to how slidingmeasures performed in classification and clustering, as
it is able to capture the distortions that sliding measures are designed to correct for. While
this hypothesis aligns with our theoretical understanding, we note that it cannot be directly
validated through classification experiments as currentMTS classification archives like UEA
only contain whole time series classification tasks, not subsequence classification tasks; there
currently exist no open-source datasets for subsequence classification tasks.

3.5.4 Runtime Analysis

Up to this point, our analysis has focused exclusively on the discriminative power of themea-
sures. In practical applications, the computational efficiency of these measures is equally
critical. Figure 3.11a presents a comparative analysis of the accuracy-to-runtime perfor-
mance of the top measures per category on the task of classification. The reported accura-
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cies are averaged across all 30 datasets from the downsampled UEA archive [24] under the
supervised setting, while the runtime represents the median inference time over five runs on
the AtrialFibrillation dataset. We focus on this dataset as taking the average runtime over
all datasets would be misleading due to the significant variation in dataset sizes — com-
puting a meaningful average across datasets where runtimes range from seconds to days is
impractical. The AtrialFibrillation (AF) dataset serves as a good representative case, being
medium-sized in the number of time points (640), which is the main differentiating factor
in the computational complexity of the measures (i.e., practically all temporal models scale
linearly with the number of time series and channels, as shown in subsequent experiments).
At the same time, AF is small enough to allow running the more computationally expen-
sive methods multiple times, which is not possible on largest datasets in the archive as such
measures would take would take multiple hours or even days to complete a single run. All
reported times exclude data loading and preprocessing (i.e., resampling, imputation, and
parameterization), and are averaged over 10 runs to account for variations.

In line with the theoretical analysis in Section 3.4, we observe that lock-step measures are
generally the fastest, with the top-performing lock-step measure, Lorentzian, exhibiting a
runtime of only 0.004 seconds on AtrialFibrillation dataset, albeit with a relatively modest
accuracy of 0.60. SBD-D and SINK-D, both of which leverage FFT, also lie on the Pareto
frontier, i.e., the sets of methods that achieve the highest accuracy at a given runtime. These
measures outperform lockstep by a significant margin in downstream accuracy, with SBD-D
reaching up to 0.65, while maintaining a relatively low runtime of 0.05 seconds. Elastic
measures do achieve marginally higher accuracies (≈ 0.66), yet this improvement requires
a high computational cost, with MSM-I taking 4982 seconds and DTW-D taking 297 sec-
onds, making them 4-5 orders of magnitude slower than SBD-D. Again note though that
elastic measures and their kernel variants require parameter tuning in the absence of do-
main experts, which further multiplies the runtime proportional to the parameter searching
space (which is not included in the reported runtimes). For instance, given our parameter
space forMSM, the total runtime would approximate 3 hours (including both parameteriza-
tion and inference) on this relatively small dataset, assuming parallel execution of validation
runs. Considering the quadratic complexity of elasticmeasures, this would result in weeks of
runtime on the largest datasets in the UEA archive, as observed during the execution of our
experiments. Lastly, feature-based, model-based, and embedding measures generally fall
below the Pareto frontier with exception of GRAIL, which remains near the Pareto frontier
by benefiting from high inference speed through dimensionality reduction.

Note that TS2Vec and TLoss were excluded from this analysis due to their dependency on
GPU acceleration, making them incomparable to all other CPU-based measures. Regard-
ing measure scalability, the results in Figure 3.12 reveal that lock-step, sliding, elastic, and
kernel measures scale accordingly to their theoretical complexity w.r.t. the length of the
time series (cf. Section 3.4). Furthermore, we see that current model-based measures scale
linearly with the length of the time series, and that GRAIL scales identically to SBD due
to their reliance on FFT. Regarding the number of channels c, Figure 3.13 reveals that em-
pirical scaling w.r.t. c can deviate substantially from the theoretical worst-case complexity.
Namely, we find for elastic measures that while both channel-dependency variants share the
same theoretical complexity, the channel-dependent variants of measures often exhibit sub-
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Figure 3.11: Accuracy-to-runtime comparison across all categories.
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stantially lower runtimes. This is possibly due to the construction of a single warping path,
reducing the overhead from resursive method calls and enabling vectorization to compute
the cost of alignments. In summary, these findings emphasize the importance of selecting
temporal and channel-dependency models that balance accuracy and runtime in practical
applications.

3.6 Summary of Observations and Guidelines
Our evaluation revealed several key observations about MTS distance measures:

1. Normalization methods: While MinMax and Mean normalization has been considered
optimal for UTS [193], we find that existing normalization methods do not significantly
improve classification accuracy compared to no normalization (Nonorm), suggesting a
need for MTS-specific normalization approaches.

2. Channel-dependency models: Contrary to previous studies that only considered channel-
dependency for elasticmeasures [218, 219], we show that the choice of channel-dependency
model impacts all temporal models, with the optimal choice generally being the channel-
dependent variant except for elastic measures, where channel-independent variants gen-
erally performs better.

3. Deep-learning-based measures: Unlike their success in other domains, deep learning-
based measures do not necessarily outperform traditional measures in the MTS domain,
even with supervised tuning.

4. Feature-based measures: underperform due to their focus on global properties and lack
of channel-dependent features.

5. Ensemble measures: While ensemble methods have led to consistent improvement for
UTS [153], we find their effectiveness for MTS heavily depends on the selection of com-
ponents, with no guarantee of improvement. This hints towards the need for a further
study on principled approaches for selecting and combining ensemble components in
the MTS domain.

6. Optimal measure choice: In contrast to previous work that focused solely on classification
as a downstream task [24, 193, 218], we show through evaluating on classification, clus-
tering, and anomaly detection that the optimal choice of measure depends strongly on
whether the downstream task requires correction or preservation of distortions.

Guidelines for Measure Selection.

Based on these observations, we provide the following guidelines for selecting a distance
measure for MTS similarity search when the downstream task requires correction of distor-
tions (e.g., classification, clustering, pattern matching):

• In the general case, we recommend SBD-D, a parameter-free slidingmeasure that handles
global misalignment, offering highly competitive performance at low computational cost.
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Table 3.12: Guidelines for measure selection.

Available time Best temporal model Best measure
Limited time (< ms) Lock-step Lorentzian

General case (ms — sec) Sliding SBD-D
Unlimited time (days) Elastic MSM-I + tuning

• In the case of runtime performance being the primary concern, lock-step measures are
the optimal choice. Among them, Lorentzian outperforms the commonly used Euclidean
distance, making it the recommended choice for performance.

• In the case maximizing accuracy being the primary concern and runtime is not a con-
straint, a channel-independent elastic measure likeMSM-I with supervised tuning is the
best option. However, it is noted that this measure requires significant runtime on large
datasets for both parameterization and inference.

• In the case of selecting a channel-dependency model for a given distance measure, we
recommend only employing the channel-independent variant for elastic measures. For all
other measures, the channel-dependent variant is generally preferred.

We summarize these guidelines in Table 3.12.

When the downstream task requires preservation of distortions (e.g., anomaly detection), we
provide the following guideline:

• Choose a measure family that does not correct for distortions. Lock-step measures are
themost efficient and effective choice here, with the recommended choice being Euclidean
distance.

Note that these guidelines were obtained by studying distance measures in the context of
MTS of equal length and equal number of channels. Appropriate preprocessing steps are
expected to be performed (prior to analysis) to ensure the applicability of these guidelines.

3.7 Reflection and Conclusions
In this chapter, we addressed the data-level extension of similarity search by conducting a
structured evaluation of MTS distance measures. Our goal was to understand how to effec-
tively compare MTS, a fundamental prerequisite for building efficient search algorithms.

Chapter summary. We benchmarked 30 standalone measures across 8 categories and 2
channel-dependency models, utilizing 13 normalization methods on 30 datasets, and evalu-
ating over 3 downstream tasks with proper parameter tuning. This evaluationwas structured
along the three key axes of MTS comparison: normalization, temporal model, and channel-
dependency model. Our results extend findings of prior works to the multivariate case
but also provide insights specific to MTS distances: (a) SBD-D offers the best accuracy-to-
runtime trade-off across all temporal models, delivering performance comparable to elastic
measures while being significantly faster and parameter-free, (b) no existing normalization
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method provides significant benefit over not normalizing, highlighting the need for MTS-
specific normalizations to be developed, and (c) channel-independent variants of measures
prove beneficial only for elastic measures.

Transferable insights. These findings have broader implications for the field of multivari-
ate similarity search. First, they demonstrate that the principles that work well for UTS do
not translate directly to the multivariate setting – a key insight that motivates the design of
future distance measures. Second, our comprehensive evaluation framework, considering
normalization, temporal models, and channel dependencies, establishes a methodology for
evaluating future developments in MTS distance measures.

Limitations and path forward. While our evaluation provides a comprehensive overview, it
is not exhaustive. The performance of distance measures can be application-dependent, and
our findings are based on a specific set of datasets and tasks. Furthermore, this chapter fo-
cused on the effectiveness of distance measures, leaving the challenge of their efficient com-
putation largely unaddressed. Many of the best-performing measures, particularly elastic
ones, are computationally expensive, making them impractical for large-scale search with-
out specialized indexing techniques. These insights are particularly valuable as we move
forward to tackle the computational challenges of multivariate similarity search in the next
chapter.

Reflection on research question. Reflecting on our central research question of extending
similarity search to themultivariate setting, this chapter hasmade significant progress on the
data-level extension to multivariate time series. Our evaluation has demonstrated that it is
indeed possible to effectively comparemultivariate time series, albeit with important caveats.
The strong performance of SBD-D shows that we can achieve meaningful multivariate simi-
larity search without sacrificing computational efficiency. However, our findings about nor-
malization and channel dependencies reveal that simply extending univariate approaches is
insufficient – truly effective multivariate similarity search requires techniques specifically
designed for the multivariate nature of the data. This validates our thesis’s premise that
extending similarity search to the multivariate setting requires fundamental rethinking of
existing approaches.
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CHAPTER 4

Efficient Subsequence Search
in Multivariate Time Series

Having established what constitutes an effective comparison for multivariate time
series, we now turn to the critical question of how to perform that comparison
efficiently. Specifically, we focus on the problem of subsequence search, which in-
volves finding occurrences of a query pattern within longer time series. This prob-
lem is fundamental to many applications, such as anomaly detection and pattern
recognition, but it poses significant computational challenges due to the high di-
mensionality and complexity of multivariate time series data. In this chapter, we
introduce the MS-Index, a novel algorithm designed to efficiently perform k-NN
subsequence search in multivariate time series. Our approach combines a unique
indexing strategy with the efficiency of accelerated distance computation to reduce
search times to mere milliseconds, even for large datasets. Specifically, a compre-
hensive experimental evaluation across 34 datasets demonstrates that theMS-Index
outperforms state-of-the-art methods by orders of magnitude, achieving speedups
of up to 1000x.

The contents of this chapter have previously appeared in d’Hondt et al. [78] and Pelok
& d’Hondt [198].

4.1 Introduction
As introduced in Chapter 1, this thesis explores two fundamental extensions to similarity
search: the data-level extension for comparing multivariate data, and the relation-level ex-
tension for detecting multivariate patterns. This chapter focuses on the data-level extension,
specifically addressing the challenge of efficient subsequence search in MTS.

While Chapter 3 established guidelines for selecting appropriate distancemeasures forMTS,
the computational challenges of efficiently searching for similar MTS remain unresolved.
This is particularly true for subsequence search (cf. Section 2.1.1), where we need to find
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Figure 4.1: Example query and 1NN for MTS of synthetic airplane data. Altitude and landing gear are
the query channels. The highlighted boxes (red) are the considered subsequences.

similar occurrences of a query pattern within longer time series. The need for such flexible
search capabilities is evident in many real-world scenarios. For example, when analyzing
patient data, a doctor might need to find similar occurrences of a short-term pattern in a
patient’s vital signs (e.g., heart rate and blood pressure) to understand the root cause of their
condition. This requires three key capabilities that current solutions lack: (a) native support
for MTS, (b) comparison of subsequences rather than whole time series, and (c) the flexi-
bility to select relevant channels at query time (e.g., only the sensors relating to the patient’s
relevant vital signs). Another notable example requiring such capabilities is the analysis of
sensor data from airplanes [32], where the user is analyzing the failed landing of an airplane
due to a malfunctioning landing gear, and wants to find similar occurrences in historical
data to understand the root cause. In this case, the user might select the period of time of
the failed landing (i.e., the left time series in Fig. 4.1) as well as the relevant channels (high-
lighted red in the figure) to find similar occurrences in historical data.

While much work has been done to create scalable search algorithms for subsequence search
on univariate datasets, the work on MTS search is still rudimentary. Current solutions only
support searching for whole time series (whole-search) instead of subsequences, and only
on a fixed, pre-determined set of channels. When these solutions are extended for subse-
quences, their performance suffers significantly, and handling multiple channels only exac-
erbates the problem. In summary, existing algorithms fall short in at least one of the fol-
lowing ways: (a) they natively support only UTS, and their extension to MTS is non-trivial,
(b) they are focused onwholematching, and their performance becomes unacceptable when
inserting subsequences, or, (c) they rely on restrictive assumptions of the user query, such
as user-defined thresholds on each channel.

In this chapter, we propose MS-Index, a novel algorithm for k-nearest neighbor (k-NN)
subsequence search on MTS under Euclidean distance. MS-Index allows for selection of
the query channels at query time and works for both normalized and un-normalized subse-
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quences, allowing the user to choose whatever is most appropriate for their use case.1 MS-
Index supports fixed-length queries, i.e., it requires the length of the query to be known at
index construction. The algorithm is exact: it always returns the correct and complete result.

MS-Index differs from existing methods in three ways. First, it is designed specifically for
MTS, leveraging the additional pruning potential that comes with multiple channels. Sec-
ond, it combines index-powered pruning of the search space with efficient distance compu-
tation on the remaining candidates through the convolution theorem (MASS) [15, 178]. This
is done with the help of an R-tree that indexes Discrete Fourier Transform (DFT) approxi-
mated subsequences on all channels, and a two-pass search algorithm that prunes candidates
based on the lower-bound distance to the query. To the best of our knowledge, this is the first
time an index has been combined with MASS for subsequence search; previous works have
only used each of these techniques in isolation [88, 178], arguing for either an index-based or
a sequential-scan approach. Third, it utilizes two novel methods to tighten the lower bound
distance to the query, further improving the pruning potential of the search. These methods
are generic, meaning that they can be applied to any search solution that uses R-trees and/or
DFT approximations.

Our key contributions are as follows:

• We introduce MS-Index, a novel index and algorithm for k-NN subsequence search on
MTS under Euclidean distance (Section 4.3).

• We propose a general set of optimizations to further improve any search solution using
R-trees and/or DFT approximations (Section 4.3.4). These are shown to improve the per-
formance of MS-Index by a factor of 4.

• We provide a general approach to extending current solutions for UTS to themultivariate
case, which provide baselines for our evaluation (Section 4.4).

• We conduct a thorough evaluation ofMS-Index across 33 datasets, comparing it to a range
of baselines, and showing that MS-Index outperforms the state-of-the-art by two orders
of magnitude for both raw and normalized subsequences (Section 4.5).

4.2 Background
This section provides the necessary background for understanding our contribution. We
build upon the foundational concepts introduced in Chapter 2, which covered key tech-
niques for time series representation (such as DFT approximation) and efficient indexing
structures (such as R-trees). Rather than repeating these preliminaries, we focus here on
defining the distance measure used throughout this chapter and reviewing related work spe-
cific to our subsequence search problem.

1Supporting normalized subsequences is more challenging than indexing normalized time series, as it cannot be
done through preprocessing the data. Furthermore, while Chapter 3 established that not normalizing is actually
the best option forMTS, in view of the wide usage of z-normalization for UTS [8, 88, 102, 133], we still add support
for it here, so users have the option to use it if they want to.
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Table 4.1: Overview of related work

Name Ref Type Notes

U
TS W

ho
le VA+ file [90] Index

ISAX2+ [39] Index
DSTree [232] Index

Su
b.

ST-index [88] Index

KV-Match [238] Sequential Custom definition of
normalized subsequences

MASS [178] Sequential

M
TS

W
ho
le

Vlachos [230] Index Does not support
normalized subsequences

Su
b. Bhaduri [32] Index Only supports

r-range queries
MS-Index (ours) Index

Distance. In linewith previous studies onMTS similarity search [24, 213, 218, 219, 230, 243],
we use Euclidean distance (ED) tomeasure the distance between time series, which is defined
over MTS as:

d(x,y) = ||x− y||2 =

√√√√ ∑
i∈cxy

t∑
j=1

(x
(i)
j − y

(i)
j )2 (4.1)

with cxy = cx∩cy the common channels ofx andy, and t = min(|x|, |y|) the length of the
shortest time series. Note that this definition corresponds to the multivariate Lp definition
in Chapter 3, with p = 2. ED was chosen due to its simplicity, efficiency, well-understood
properties for univariate data, its natural extension to themultivariate case, and its popularity
in the literature [24, 32, 230].

It is important to note that while our findings in Chapter 3 showed that lock-step measures
like ED are generally outperformed by other temporal models (particularly slidingmeasures
like SBD) inMTS classification tasks, the subsequence search setting fundamentally changes
the dynamics of distance measures. In subsequence search, we inherently compute the dis-
tance between the query and all possible windows over the reference time series, which natu-
rally compensates for temporal misalignments that would otherwise disadvantage lock-step
measures. This window-based comparison effectivelymirrors the core principle behind slid-
ing measures like SBD, which finds the optimal alignment between time series by consid-
ering all possible shifts. The key difference is that in subsequence search, this alignment is
built into the problem definition rather than the distance measure itself. This relationship
between subsequence search and sliding measures combined with the findings of Chapter 3
provides theoretical backing for why simpler lock-step measures can be effective in this spe-
cific context.

4.2.1 Related Work

We first discuss related work on UTS, followed by recent work on MTS. An overview of all
related work is given in Table 4.1.
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UTS whole-matching. To the best of our knowledge, the most complete comparison of
similarity search algorithms for UTS whole-matching is that of Echihabi, et al. [81]. In their
work, the authors compare 10 solutions, including 7 indices, 2 sequential-scan algorithms,
and 1 hybridmethod. The results show that the best solution depends on the number of time
series in the dataset and their length. Index-based algorithms generally outperform the other
algorithms forUTSwhole-matching. For small datasets that fit inmemory, VA+ file [90] and
iSAX2+ [39] are the best, with VA+ file dominating on long time series. For larger datasets,
the DSTree index [232] outperforms all others. DSTree is a tree-based index that uses the
Extended Adaptive Piecewise Constant Approximation (EAPCA) summarization technique
to estimate the distance of the query to groups of time series. The tree differentiates time
series at each node based on themean and variance in their summarization, and dynamically
increases the resolution of the summarizations at each level to obtain increasingly tighter
bounds on distances during search. Whole-matching indices can be naively extended to
support subsequence search by treating each subsequence as an individual time series, and
adding it in the index. However, given the large number of subsequences per time series if
|q| ≪ mT this approach overwhelms the indices and degrades their performance. We verify
this hypothesis in Section 4.5.

UTS subsequence search indices. Multiple indices have been proposed for UTS subse-
quence search. The ST-index [88] for r-range queries first extracts a DFT approximation of
each subsequence of length |q| in a time series. These 2f -dimensional vectors form a trail
in the 2f -dimensional space, which is segmented into sub-trails using MBRs.2 The MBRs
are then indexed in an R*-tree [28], to enable efficient search. More recents improvements
through Dual Match and General Match [96, 173] use different window types to reduce in-
dex size. However, these extensions inherently restrict the indices to raw subsequences, as
supporting normalized subsequences would require a complete redesign. Our work adopts
the idea of indexing DFT approximations in an R-tree but (a) focuses on MTS, (b) removes
explicit time series segmentation, (c) leverages convolution theorem for faster distance com-
putation, and (d) employs a different search algorithm to support k-NN queries with ad-hoc
selection of query channels. Another notable index is KV-Match [238], which indexes sub-
sequences within a single time series using the means and variances of disjoint windows
over the time series. The index supports both normalized and raw subsequences, though for
normalized subsequences it restricts the search space to subsequences with similar means
and variances to the query before normalization. KV-Match can be adapted to our problem
setting by (a) building one KV-Match per time series and iteratively querying each, and (b)
dropping the filter on means and variances before querying normalized subsequences.

Another notableUTS subsequence search index is KV-Match [238], which focuses on query-
ing for similar subsequences within a single time series. KV-Match works by building an
index that stores disjoint windows over the reference time series based on their mean and
variance. At query time, subsequences are queried that have similar means and variances to
parts of the query time series. The index supports both normalized and raw subsequences
under Euclidean distance and DTW, and arbitrary length queries. However, when querying

2The dimensionality of the DFT approximation is 2f because each of the f Fourier coefficients has a real and an
imaginary part.
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for normalized subsequences, KV-Match limits the search space by only considering subse-
quences with similar means and variances to the query before normalization, to better acco-
modate their indexing approach. Still, the algorithm can be adapted to support querying a
database of time series building one KV-Match per time series and iteratively querying each,
and dropping the filter on means and variances before querying normalized subsequences.
Accordingly, we adapt KV-Match and compare it to our method in Section 4.5.

Other UTS subsequence indices include L-match [89] and TS-index [46], which we do not
consider further because: L-match improves KV-Match’s indexing time but has higher query
time; and TS-index uses Chebyshev distance rather than our Euclidean distance. As we show
in Section 4.5, our work outperforms both ST-index and KV-Match, which (by transivity)
also suggests how our work is expected to relate to L-match.

UTSsubsequence search sequential scans. Mueen’sAlgorithm for Similarity Search (MASS)
[178] is an exact subsequence search algorithm that computes the distance between a query
q and all subsequences of a time series t in time O(|t| log |t|) rather than the exhaustive
O(|t||q|) time. It does so through the convolution theorem, which states that the cross-
correlation (i.e., sliding dot product) of two raw time series is equivalent to the point-wise
multiplication of their Fourier transforms [15]. Namely, the convolution theorem states that
the dot-products ⟨·, ·⟩ between q and all subsequences of t of length |q| can be computed
through:

[⟨q, t1,|q|⟩, . . . ⟨q, t|t|−|q|+1,|q|⟩] = F−1(F (q)⊗ F (t)) (4.2)
where F , F−1, and⊗ are the Fourier transform, inverse Fourier transform, and point-wise
multiplication, respectively. Then, as theL2 distance between two vectorsx and y is defined
as d(x,y) =

√
||x||2 + ||y||2 − 2⟨x,y⟩, MASS computes the distance between q and all

subsequences of t in time O(|t| log |t|) using Eq. 4.2 and the sliding squared sums of q and
t. MASS can be used as a subsequence search algorithm for MTS, by repeating the distance
computation for each channel separately and summing the results to obtain the multivariate
L2 distance. We will be using MASS in this work, as a subroutine in our algorithm.

MTSwhole-matching. Thefirst index forMTSwhole-matchingwas proposed byVlachos et
al. [230], focusing on r-range queries under DTWand LCSS distance, besidesL2 distance. It
works by splitting theMTS intoMBRs that span across the time, channel, and value axes, and
storing those in an R*-tree [28]. Then, at query time, aMinimum Bounding Envelope (MBE)
is constructed for the query, which covers all the possible matching areas of the query under
warping conditions. This MBE is further decomposed into MBRs and probed in the R*-tree
to efficiently find the candidates. However, using the method for subsequence search under
L2 distance essentially reduces to a version of Dual Match [96] (without the use of DFTs),
which – as discussed earlier – prevents the index from supporting normalized subsequences.

MTS subsequence search. Recently, we proposed a novel algorithm for variable-lengthMTS
subsequence search named MULISSE [198], as a multivariate extension of the state-of-the-
art UTS subsequence search algorithm ULISSE [152]. MULISSE extends iSAX2+ [39] rep-
resentations to multiple channels and introduces channel-aware node splitting for improved
pruning. To accommodate for the vast search space of variable-length subsequence search,
the ULISSE index (and thus MULISSE) uses a lightweight design that sacrifices pruning
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power for a reduced index size. MULISSE can be applied to fixed-length search by restrict-
ing the query length range to a single value, as we show in Section 4.5. However, note that
the lightweight design of MULISSE is specifically tailored for variable-length search, where
the index must store information about subsequences of all possible lengths. However, for
fixed-length search, this focus on minimal index size is less critical, meaning that a more
specialized index could achieve better query performance through tighter bounds andmore
effective pruning strategies while still keeping the index size manageable. This is exactly the
approach taken by the MS-index, and shown to be effective in our experiments.

To the best of our knowledge, the only other solution for MTS subsequence search is by
Bhaduri, et al [32]. The method answers r-range queries under Euclidean distance by index-
ing subsequences per channel based on distances to univariate reference points. However,
its reliance on channel-level thresholds prevents support for k-NN queries, which require
simultaneous querying of all channels. Adapting the method to our problem setting would
require non-trivial modifications likely to degrade its performance, so we do not consider it
further in our work.

Summary. Concluding, literature includes amultitude of similarity search solutions forUTS
and MTS data under different query types and solution designs. However, only few of the
existing solutions can be directly applied/extended to our problem setting. Namely, all MTS
solutions either (a) do not support querying on normalized subsequences [230], or (b) op-
timize for index size rather than query performance [198] (MULISSE). There are UTS so-
lutions that could be extended to MTS, though at the cost of query performance and index
efficiency. This is either because (a) they are not build for subsequence search (DSTree), (b)
they are sequential scan algorithms (MASS), or (c) they are simply designed for UTS (ST-
index). Therefore, in this work we propose a method that is custom-built for our problem,
and we evaluate it against alternative solutions based on the most promising methods from
related work.

4.3 MS-Index for Subsequence Search on Multivariate Time Series
MTS subsequence search involves two key challenges. First, the number of subsequences
in the dataset grows rapidly, even for fairly small datasets. For a dataset with n time series,
each of length t, an exhaustive search would require computing the L2 distance between all
n ∗ (t − |q| + 1) subsequences and the query q, with each computation costing |cq| ∗ |q|
time. Second, the requirement to support ad-hoc selection of query channels precludes the
use of approximations that involve merging channels, such as PCA [243].

Our solution, named MS-Index, addresses these challenges by combining the pruning po-
tential of an index with the efficiency of the MASS algorithm for exact distance computa-
tion. The solution involves three key steps (cf. Figure 4.2): (a) summarizing the MTS sub-
sequences through DFT approximations, (b) building an R-tree index on these approxima-
tions, and (c) at query time, using the index to heavily prune the candidate subsequences, fol-
lowed by an exact distance computation on the remaining candidates usingMASS.Through
these steps,MS-Index is able to prune over 99%of the candidate subsequences for a variety of
datasets at a very low cost, thereby achieving a speedup up to 100x to compared to the state-
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Figure 4.2: Summarization and indexing of MTS subsequences. We represent the indexed
subsequences of three MTS in the feature space with blue, green, and orange nodes. Time-neighbouring

subsequences are connected with lines.

of-the-art. We also propose a number of optimizations to further improve the efficiency of
the search process (Section 4.3.4). These novel optimizations are interesting in their own
right, as they can be applied to any search algorithm that uses DFT approximations and/or
spatial indices, such as [61, 88, 90, 177, 203, 230].

We would like to stress that, despite the use of DFTs, which is an approximation technique,
MS-Index remains an exact algorithm. Approximation only influences the bounding effi-
ciency and pruning power (i.e., the speed) of MS-Index, and not the accuracy or complete-
ness of its results. Specifically, after applying dimensionality reduction, the distances be-
tween objects in the R-tree are lower-bounds on the actual distances. This potentially leads
to false positives, but never false negatives as we query the R-tree with a threshold that is
an upper bound on the actual k-NN distance (i.e., without dimensionality reduction). We
formally prove this in Appendix A.

We now present the key components of MS-Index, starting with time series summariza-
tion (Section 4.3.1) and indexing (Section 4.3.2), followed by the query execution algorithm
(Section 4.3.3), and the optimizations (Section 4.3.4).

4.3.1 Summarizing All Subsequences with DFTs

As discussed in Section 2.2, a key challenge in working with time series is their length. Using
a subset of DFT coefficients to approximate time series has been extensively used in the lit-
erature [88, 90, 177]. This approach is effective because it provides a compact representation
that enables efficient lower-bounding of distances between time series. However, our anal-
ysis of real-world time series revealed two important observations that can further improve
the accuracy of such approximations;

Observation 1: The first f coefficients are not always the top f coefficients in terms of their
contribution to the total energy of the time series; there exist domains where certain high-
frequency contributions are also substantial. This is illustrated in the two plots in Figure 4.3,
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which show the absolute and cumulative contribution to the total energy and distance across
DFT coefficients, extracted from 100 time series with real-world temperature readings at dif-
ferent locations (see Section 4.5 for details on the dataset). Both lines show a 90% confidence
interval over a wide range of measurements (i.e., all 100 time series to form the line for en-
ergy, and all 100*99/2 pairwise distances to form the line for total distance). The figure shows
a sudden jump in the energy contribution at the 62nd coefficient, which indicates that this
coefficient has a substantial contribution to the shape of the time series and should thus be in-
cluded in the approximation. The top f most significant coefficients can be derived similarly
to the configuration process in other adaptive summarization techniques [105, 190, 241]; by
computing statistics on a sample of the dataset pre-index construction.

Observation 2: Thecontribution ofDFT coefficients to the total distance between time series
is evenmore significant than their contribution to energy. Intuitively, this means that the top
coefficients are not only larger in scale, but also vary much more between time series. This
evident from Figure 4.3, which shows that the cumulative contribution to distance increases
much faster than the contribution to energy, implying that one can already cover ∼80% of
the total distance with the top 5 coefficients, even though these only cover roughly∼60% of
the total energy.

MS-Index exploits these observations to create accurate approximations of time series subse-
quences, adapted to the dataset at hand. In particular, we summarize the MTS in the dataset
as follows. First, before index construction, we extract a small uniformly random sample
S of subsequences of length |q| from different time series in the dataset,3 and derive the
average relative distance contribution (ARDC) of each DFT coefficient and each channel to
the Euclidean distance between these subsequences (i.e., the process that generated the plots
in Figure 4.3). Then, for each channel in the dataset, the top f coefficients with the largest
ARDC are derived, with f chosen such that the total ARDC of the top f coefficients is above
a certain threshold dtarget (e.g., 90%). Parameterizing the algorithm on dtarget rather than f
allows the algorithm to adapt the size of the summarization to the dataset at hand, ensur-
ing a predetermined level of accuracy of the approximations. Those top f coefficients are
then used to compute the DFT approximations of all |q|-length subsequences in the dataset.
Notice that the summation in Equation 2.1 can be over any permutation or subset of co-
efficients; as long as the same coefficients are used for both subsequences the bound still
holds.

In the following, with t̃ we will denote the matrix of size c× f that stores the DFT approxi-
mations for subsequence t. Also, t̃′ will be used to denote the feature vector of subsequence
t, which is of length c ∗ f and is constructed by flattening the matrix t̃ (step 2 in Fig. 4.2).

3The sample size is a parameter of the algorithm, and is typically set to 100 subsequences. This value was chosen
after empirical testing on different datasets, showing non-noticeable differences in performance with larger sample
sizes.
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Figure 4.3: Cumulative and absolute percentage of total distance and energy across DFT coefficients on
the temperature channel of a weather dataset.

4.3.2 Indexing of the MTS

The next step involves indexing the generated feature vectors in an R-tree (step 3 in Fig. 4.2),
in order to enable efficient query execution.⁴ Notice, however, that the total number of fea-
ture vectors is O(n ∗ |t|), which can lead to a large and inefficient R-tree when the number
of time series n is large, negatively impacting the query execution performance.

We mitigate this problem as follows. First, we build the R-tree in a bottom-up fashion with
leafs containing more than one entry (i.e., leaf size L > 1), to reduce the number of nodes
in the tree. Once the leafs are constructed, we revisit them and modify their internal rep-
resentation, to allow pruning of multiple subsequences (i.e., entries) with a single distance
computation. Particularly, for each leaf that contains two or more entries, we group together
all entries that originate from time-neighbouring feature vectors of the sameMTS, i.e., feature
vectors corresponding to a series of subsequences that are a single time shift apart (e.g., ti,|q|,
ti+1,|q|, ti+2,|q|, . . .). These groups correspond to a continuous subsequence of the origi-
nal MTS. We represent these groups with a single entry that contains: (a) the start and end
position of the continuous subsequence, and, (b) a Minimum Bounding Rectangle (MBR)
that encloses all feature vectors in the group. For example, assume a leaf Λ that includes
the following subsequences: Λ = {X |q|

10 ,X
|q|
11 ,X

|q|
12 ,Y

|q|
40 ,Y

|q|
41 }, withX and Y being two

different MTS. We compress these five entries into two, representing the relatively larger
subsequences Λ′ = {X |q|+2

10 ,Y
|q|+1
3 }. These entries are now represented with Minimal

Bounding Rectangles (MBR) rather than with single points in the feature space, with the
start and end positions of the continuous subsequence stored in the entry along with the
MBR.

The intuition behind this grouping is that time-neighboring subsequences are typically very
similar due to their large overlap [88]. This means that their feature vectors are also similar,
often ending up in the same R-tree leaf. This allows many subsequences to be represented
by compact entries with tight MBRs, which both reduces the number of entries in the R-tree

⁴We also experimented with other spatial indexes like KD-trees [30], but found that the recall stage of our algorithm
(i.e., Line 14 in Algorithm 1) was the most time-consuming part of our solution, rather than the probing of the
index. We thus opted for using an R-tree to enable a more clear comparison with ST-index [88].
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Figure 4.4: Query execution in MS-Index. Numbers in tree nodes indicate the lower bound distance of
the respective MBR to the query.

and enables efficient distance computation with MASS. In our experiments, we observed
that time-neighboring subsequences are typically grouped into entries containing between
8 and 50 subsequences, depending on the characteristics of the dataset.

Consequently, the indexing process ofMS-Index is as follows. (a)Webuild anR-tree bottom-
up on the feature vectors of all subsequences in the dataset. In our running example with
X and Y , this step involves creating the leaf node Λ along with all other leafs that contain
the other subsequences in the dataset. In the recursion of the R-tree, we then create the
parent nodes of Λ, which contain the MBRs of the leafs (and are MBRs themselves), and
so on until we reach the root node. (b) We then revisit the leaf nodes and group together
all time-neighbouring entries (i.e., creating Λ′) to reduce the index size. After these steps,
we end up with an R-tree with each entry storing (a) an MBR covering the indexed feature
vectors, (b) the start and end positions of the subsequences in the original MTS, and (c) the
MTS identifier.

This index is visualized on the right of Figure 4.2, where the nodes represent the indexed
subsequences of different MTS (differentiated by color), and the edges connect time-neigh-
bouring subsequences of the same MTS.

4.3.3 Query Execution

We want to facilitate efficient execution of k-NN queries on arbitrary subsets of channels,
decided at query time. Our algorithm probes the index twice. The first probe is for finding
an upper bound on the distance to the k-th nearest neighbor, whereas the second probe
retrieves all entries within this distance to guarantee correctness of the answer, and computes
the exact result. The second probe is necessary to guarantee correctness of the answer.

Queries are executed as follows (cf., Alg. 1 and Figure 4.4, correctness proof follows). First,
we extract a feature vector Q̃′ of the queryQ (Alg. 1, line 1). Then, starting with a distance
threshold τk = ∞, we perform a best-first search on the R-tree, to find the k entries (i.e.,
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groups of |q|-length subsequences) with the smallest distance to Q̃′ (lines 2-7). Since the R-
tree relies on the feature vectors to compute all distances, the computed distances are lower
bounds (LBs) on the true distances to Q. Then, for each retrieved entry, we compute the
exact distances betweenQ and the |q|-length subsequences in the entry usingMASS, and set
the distance threshold τk to the k-th smallest distance found in this step (lines 8-11). Finally,
we perform a threshold query on the index, using τk ∗

√
|q| as the distance threshold, and

compute the exact distances for these entries with MASS to obtain the final k-NN (lines 12-
15).⁵ These results are then returned to the user along with the corresponding timestamps
of the subsequences, which are derived from the offset and the timestamp of the MTS. Since
the queryQ does not necessarily contain all channels (i.e., cQ ⊆ {1, . . . , c}), the R-tree is
only queried on the dimensions of the feature space that correspond to the channels in Q.
This is natively handled by the R-tree algorithm [214].

To illustrate this process, consider a query Q for which the 1-NN is the subsequenceX |q|
11

in leaf Λ′ from the previous section. The algorithm will return the entryX |q|+2
10 in the first

probe, as it has the smallest lower bounding distance toQ (Step 1 in Figure 4.4). It then com-
putesMASS(Q,X

|q|+2
10 ) on the original subsequences, which outputs the distances [8, 5, 6],

and addsX |q|
11 to the running 1-NN set as it corresponds to the smallest distance of 5 (Step 2).

Accordingly, the threshold is set to 5 ∗
√
|q| and the algorithm performs the second probe,

retrieving the entries Z|q|+2
23 andX

|q|+2
10 (Step 3). After computing the exact distances for

these entries with MASS, the algorithm returnsX |q|
11 as the 1-NN toQ (Step 4).

We provide a correctness proof of the algorithm in Appendix A.

4.3.4 Optimizations

We now present four optimizations of MS-Index aimed at improving the pruning power of
the index and the efficiency of the search process. These optimizations do not affect the
correctness of the algorithm or the final result – the algorithm still remains exact.

Tightening the DFT bounds. As discussed in Section 4.3.1, in most real-world datasets,
around 60%-80% of the distance between time series is covered by the top 2-5 DFT coeffi-
cients (which are generally also the first coefficients [88]). Formally, this concept is expressed
as:

d2(t, q) = (d2(t̃f , q̃f )︸ ︷︷ ︸
∼80%

+ d2(t̃f+, q̃f+)︸ ︷︷ ︸
∼20%

)/|q| (4.3)

where t̃f denotes the DFT approximation an MTS t using the top f coefficients, and t̃f+
denotes the set of c vectors composed of the remaining coefficients. In the DFT bound of
Eqn. A.1, we effectively throw away the second term, which leads to a lower bound of the
true distance. This bound can be computed very efficiently (inO(f)), but it may also lead to
a weaker pruning in the R-tree, and to unnecessary distance computations for subsequences
that are outside the final k-NN.
⁵Note that MASS is not executed on the feature vectors, but rather on the original subsequences, to ensure that the
distances are exact. This data is retrieved by chasing the pointers stored in the R-tree entries to the original MTS,
residing on disk.
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Algorithm 1: Query(I, q, k)
Input : An R-tree index I , a query MTS q, result set size k
Output:The top-k subsequences in I with the lowest L2 distance to q.

1 q̃ ← DFT(q, f)
2 R̂← PriorityQueue()
3 τk ←∞
4 for t̃ ∈ BeFS(I, q̃) do // First probe
5 if LB(q̃, t̃) > τk then break; // Early abort
6 R̂.push(S, LB(q̃, t̃))
7 if R̂.size() > k then τk ← R̂.peek().distance;
8 D ← {}
9 for S ∈ R̂ do // Derive threshold
10 D ← D ∪MASS(q, S)
11 τk ← KthSmallest(D, k)
12 R← {}
13 for S ∈ ThresholdQuery(I, q, τk ∗

√
q) do // Second probe

14 R← R ∪MASS(q, S)
15 return TopK(R, k)

We improve this lower bound such that it approaches the true distance more closely, by
introducing a correction term at the distance calculation that approximates (again by lower-
bounding) the distance over the remaining (|q| − f) coefficients without actually having to
compute these coefficients. Computing this correction term costsO(1) at query time for each
probed R-tree node, and substantially improves the pruning power of the index.

Namely, during index construction, after computing the DFT approximation for each sub-
sequence t, we also derive the part of t that is not covered by the top f -coefficients, called
its remainder tf+ = [t(1) − IDFT(t̃(1)), . . . , t(c) − IDFT(t̃(c))] with t̃(i) being the approx-
imation of channel i using the top f coefficients. Note that the remainder can be computed
solely based on the time series and its top f coefficients, and does not require knowing all
other |q|− f coefficients. The key observation here is that the distance between the remain-
ders of two time series captures the remaining ∼20% of their distance as shown in Eq. 4.3.
Then, Eqn. 4.3 can be rewritten to utilize the remainders:

d2(t, q) =
d2(t̃, q̃)

|q|
+ d2(tf+, qf+) (4.4)

The remainders are of length |q|, meaning that the cost is as much as computing the full dis-
tance on the original data (i.e.,O(|cq|∗|q|)). To avoid this cost at query time, we precompute
the distances of the remainders for each subsequence to a small fixed set of pivot points at in-
dex time, and store these distances in a map. Then, during query execution, we do the same
for qf+, and use the reverse triangle inequality to lower-bound the distance between qf+
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Figure 4.5: Different partitioning strategies for a 2-dimensional feature space; the STR algorithm (left)
and the proposed weighted partitioning (right), that leads to smaller MBRs and to tighter bounds. The

diagrams represent the feature space, and the points of different colors represent the DFT
approximations for subsequences of three different MTS (one color per MTS). For illustration,

time-neighboring subsequences are connected with a line.

and the remainders of the indexed subsequences through their distances to pivots. We refer
to this latter bound as the correction term. We apply this correction to Eqn. 4.4 as follows:

0 ≤ (|d(tf+,p)− d(qf+,p)|)2 ≤ d2(tf+, qf+)⇒
d2(t, q) ≥ d2(t̃f , q̃f )/|q|︸ ︷︷ ︸

DFT distance

+(|d(tf+,p)− d(qf+,p)|)2︸ ︷︷ ︸
Correction term

(4.5)

where p is a pivot. At index construction time, we derive k pivots by running k-means
clustering on a sample of the remainders of subsequences in the dataset. Then, during query
execution, the algorithmdetects the pivot closest to the query’s remainder, and uses this pivot
p to compute the bound, according to Eqn. 4.5. In Section 4.5 we show that this optimization
leads to a 2x speedup in query execution.

Tightening the MBRs. The pruning efficiency of the R-tree can be further enhanced by
reducing the volume of theMBRs for theR-tree nodes. TheR-tree is constructed in a bottom-
up fashion using the STR algorithm [143], briefly presented in Section 2.3.1. STR’s approach
of splitting the entries into an equal number of partitions per dimensionworks well when the
data is uniformly distributed at all dimensions, but it can lead to sub-optimal partitioning
when the data is skewed or concentrated in certain areas of the space. To illustrate the reason,
consider a simple example where the R-tree is used to index a two-dimensional space, with
the values in the first dimension ranging from 2 to 6, and in the second from 1.5 to 2.5 (see
Fig. 4.5). The first dimension will likely be the main contributor of theL2 distances between
different entries. Therefore, if we devote more splits/partitions on the first dimension while
constructing the R-tree, the resulting MBRs will be tighter in this dimension, leading to
tighter lower distance bounds and to a more aggressive pruning. The example in Fig. 4.5
illustrates this idea.

DFT approximations, in particular, are prone to have such a heavy concentration of vari-
ance in the first few dimensions, as discussed in Section 4.3.1. We leverage this observation
by weighing the dimensions (i.e., the number of coefficients per dimension) based on the
variance of their values, which is a good proxy for the contribution of the dimension to the
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distance between points, as follows. Namely, before constructing the R-tree, we use the sam-
ple S of subsequences extracted during the summarization step (Section 4.3.1) to estimate
the variance σ̂2

i of the distribution of feature vectors across each dimension i of the feature
space. Next, we compute ωi (the weight of dimension i) through softmax normalization of
the variances [36]. Then, given a desired leaf size L, the number of splits pi for a dimen-
sion i is determined by pi = ⌈(N/L)ωi⌉, withN being the total number of entries to index
in the whole dataset. This definition of pi ensures that the desired leaf size L is reached as∏c∗f∗2

i=1 ⌈(N/L)ω̂i⌉ ≈ N
L . This way, the algorithm effectively re-distributes the number of

partitions across the dimensions, such that it is proportional to the contribution of each di-
mension to the distance. In Section 4.5 we will show that this optimization leads to a 2-4x
speedup in query execution, due to more aggressive pruning at the index.

Distance browsing. Notice that, as the threshold τk used in the second probe is set to the k-
th smallest exact distance of the subsequences returned by the first probe, the second probe is
guaranteed to return a superset of the entries returned by the first probe. To avoid redundant
lower bound distance computations, we preserve the priority queue of entries used in the
best-first searches between the two probes, so that the second probe continues from where
the first one left off. This optimization is commonly used for querying spatial indices, and is
typically referred to as distance browsing [116].

Caching the DFT twiddle factors. MS-Index computes many Fourier transforms, both
during index construction and query execution. We optimize these computations by caching
the so-called twiddle factors of the Fourier transforms [98]. These twiddle factors are data-
independent constants that are used in the computation. In particular, computation of the
k’th DFT coefficient requires the k’th twiddle factor for each position j of the subsequence,
which is e−2πi·k·j/|t|, with |t| corresponding to the length of the time series. We therefore
precompute these twiddle factors, for |t| = |q| and save them in an array. Notice however
that for runningMASS on subsequences of length greater than |q|—which becomes neces-
sary because of the grouping at the leafs — we need up to |q| + L twiddle factors per DFT
coefficient, with L denoting the maximum leaf size. We therefore restrict the size of subse-
quences passed toMASS to powers of two, which allows us tomaintain a cache of reasonable
size, with twiddle factors for lengths in the range [|q|, |q| + 1, |q| + 2, |q| + 4, . . . , |q| +
2⌈log2 L⌉]. All subsequences are then zero-padded to the next allowed length. Finally, during
distance computation with MASS, we limit the output of MASS to only the distances of the
subsequences that do not include padded values.

4.4 Extending Existing Algorithms to the Multivariate Case
As mentioned in Section 4.2.1, there exist several efficient algorithms that address similarity
search for UTS. Therefore, a natural question is whether these algorithms can be extended
to queryMTS, and how they would perform in such a setting. We will now present a unified
extension – a wrapper algorithm – that can be used to extend any index-based UTS search
algorithm to work with MTS. We also note that this alternative design approach comes with
several deficiencies compared to MS-Index, such as low pruning power when the channels
are uncorrelated, as shown in Section 4.5. Still, it is a useful approach to enable comparison
of MS-Index with out-of-the-box extensions of UTS algorithms such as DSTree [232], ST-
index [88], and KV-Match [238] on MTS data.
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Algorithm 2: UTSBaseline(I, q, k)
Input : A set of channel-level indices I , a query MTS q, a result set size k.
Output:The top-k subsequences inD with the lowest distance to q.

1 R̂← {}
2 for i ∈ cq do // Iterate over indices
3 R̂← R̂ ∪Query(Ii, qi, k) // Query index
4 R̂← ExhTopK(R̂, q) // Comp. distances
5 for i ∈ cq do // Set thresholds
6 τi ← max

S∈R̂
d2(Si, qi);

7 R← {};
8 for i ∈ cq do // Re-query
9 Ri ← Query(Ii, q, τi);

10 R← R ∪ {t|t ∈ Ri ∧ d2(qi, ti) ≤ τi}
11 return ExhTopK(R, q);

The general approach is based on the well-known Threshold algorithm [87], which can be
used to derive a global top-k from multiple sorted lists with different attribute values of the
same objects, given a monotonic aggregation function to compute the target value on which
the top-k is based. In our case, the objects are the MTS subsequences in the dataset, the
values are the squared L2 distances to the query on a certain channel, and the aggregation
function is the rooted sum of these distances (cf. Eq. 4.1). The approach works as follows
(cf., Alg. 2): (a)We initialize one index (e.g., one DSTree or one ST-index) per channel, (b) at
query time, we first obtain an initial top-k estimate R̂i for each channel i ∈ cq by querying
the corresponding index (lines 2-3), where cq is the set of channel ids included in the query,
(c) for each MTS in the union of the local estimates, we go over all subsequences in the
MTS and compute the full distance to the query (i.e., using all query channels), constructing
an intermediate global top-k R̂ (line 4), (d) we set a distance threshold τi for each channel
i ∈ cq to the largest distance in R̂ on that channel (lines 5-6), (e) we re-query the channel-
level indices with their respective thresholds τi, compute the full distances to the query for
the results, update the global top-k accordingly, and return it as a final result (lines 7-11).
Notice that, since any subsequence that belongs to the global top-k must have a distance at
most τi on at least one channel i ∈ cq , the result of this algorithm is guaranteed to be correct.
Lastly, MASS is used to speed up the exact distance computations (lines 4 and 10).

We implemented this baseline approach using several state-of-the-art UTS algorithms, in-
cluding DSTree [232], ST-Index [88], and KV-Match [238]. As we will show in Section 4.5,
while this approach enables these algorithms to handle MTS queries, it exhibits significantly
lower pruning power compared to MS-Index, particularly when the channels in the dataset
are uncorrelated. This is mainly because each channel-level index operates independently,
without leveraging the relationships between channels.
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4.5 Evaluation
The purpose of our experiments was threefold: (a) to assess the scalability and efficiency of
MS-Index under various query configurations, (b) to compare MS-Index to other methods,
and (c) to test the effectiveness of the optimizations proposed in Section 4.3.4. Since our
method and all baselines are exact, our evaluation solely focuses on efficiency; experiments
on accuracy would always yield 100%.

Compared methods. First of all, we compare MS-Index toMULISSE [198], applying it to
fixed-length search by restricting the supported range of query lengths to |q|. This way,
MULISSE also exploits the knowledge of a preknown query length, which slightly improved
its performance without affecting the quality of the results. As no other method natively
supports k-NN MTS subsequence search, our other baselines comprise of SOTA methods
for UTS search extended through Algorithm 2.⁶ (a) ST-Index* [88], a well-known index for
subsequence search [173, 256], (b)KV-Match* [238], a SOTA index for subsequence search
on single long series, extended with per-MTS indices, and (c) DSTree* [232], an index for
whole-matching [81], adapted by indexing all subsequences. We also include two sequential
scan baselines: (a)MASS [178] applied to all MTS, and (b) Brute-force exhaustive compar-
ison.

DSTree*, ST-Index*, and KV-Match* were extended to handle MTS by using the algorithm
described in Section 4.4. Since KV-Match* was originally designed to query a single time
series, it was extended to support a dataset ofMTS by building an index for each channel and
each MTS in the dataset, and by iteratively performing the threshold query in lines 7-11 of
Algorithm 2 over all time series, updating the channel-level thresholds along the way. Fur-
thermore, since DSTree* supports only whole-matching, we used it by reducing our problem
to whole-matching by indexing all possible subsequences in the dataset. TheMASS baseline
also required a small modification for handling MTS efficiently. Precisely, as a preprocess-
ing step, the DFTs of the full MTS were computed per channel, and were stored in RAM for
later use. At query time, the DFTs of the query were computed, again per channel. Then,
we executed MASS to compute the per-channel L2 distances of all MTS with the query, and
summed up those per-channel distances to get the final distance for eachMTS subsequence.
Finally, we derived the k-NN from the final distances. Unless mentioned otherwise, all al-
gorithms are compared at their best possible configurations and with tuned parameters.

Hardware and implementations. All experiments were executed on a server equippedwith
a 64-core 2.4 GHz AMDGenoa 9654 processor and 128 GB of RAM.The code forMULISSE
(C++) was provided by the authors of [198], and was executed directly with the original pa-
rameters as described in the paper. The code for DSTree* (Java-11) was provided by the au-
thors of [232], and was called as a subroutine in Alg. 2. Due to the lack of publicly available
code, all other algorithms were implemented from scratch in Java-11. To prevent implemen-
tation bias in parallelism andmemorymanagement, all algorithms were run single-threaded,
and were implemented to operate fully inmainmemory. Our code is available onGithub [4].

Datasets. We used 32 real-world publicly available datasets from different domains, and a
set of synthetic datasets: (a) Stocks. Daily volumes, opening, closing, high, and low-prices of

⁶We add an asterisk to their names to differentiate them from their original versions.
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Table 4.2: Default query configurations.

Stocks Weather Synthetic Wind UEA (30x)
n 2000 1300 1600 1 all, see [24]
Avg. m 5590 8692 4096 432,000 see [24]
|q| 730 (2 y.) 1488 (2 mth.) 1024 1800 (1 h.) 20%
#Channels 5 4 64 10 see [24]

28678 stocks over the period Jan. 2, 1987 to Feb. 26, 2021 leading to an average of 5590 obser-
vations per MTS. (b)Weather. Segment of the ISD weather dataset [185] containing hourly
readings of wind speed, sea level pressure, atmospheric temperature, dew point temperature
of 13545 sensors taken between Jan. 1, 2020 andDec. 31, 2021, leading to an average of 8692
observations per MTS. (c)Wind. Sensor output of an active wind turbine sampled every 2
seconds for 10 days [180], resulting in a single MTS with 432,000 observations and 10 chan-
nels covering power output, rotor speed, wind speed, and other wind-related variables. (d)
UEA archive. Popular benchmark archive for MTS classification consisting of 30 labeled
real-world datasets from different domains [24], with varying number of MTS, channels,
and observations per MTS. The train and test splits for each dataset were merged, to form a
single dataset. (e) Synthetic. Random walk datasets with 1000 MTS, of 1024 channels and
4096 observations each. These datasets were generated similar to the synthetic dataset used
in [81, 82]. The data was drawn from a normal distribution with a mean of 0 and a standard
deviation sampled uniformly at random from the interval [0, . . . , 10], with starting points
sampled uniformly at random from the interval [0, . . . , 100].

We evaluated both raw and normalized subsequences, focusing on raw results and highlight-
ing normalized results only when they provide additional insights. The Stocks dataset serves
as our primary benchmark due to its size, with other datasets discussed in designated experi-
ments orwhen they reveal notable patterns. Table 4.2 summarizes the default query confirms
for each dataset. We include more details about the datasets in our code repository [4].

Queries and evaluation metrics. As per standard practice [81], we generated the query
workloads for each dataset by randomly selecting |q|-length subsequences from the dataset
and adding Gaussian noise with standard deviation 0.1∗σQi

on all channels. As part of sen-
sitivity analysis experiments, we also investigate varying noise levels and query generation
from out-of-dataset subsequences in Section 4.5.2. Unless otherwise stated, we query on all
channels of the dataset to ensure that the multivariate aspect of the problem is well repre-
sented. When querying on a subset of channels (as in Section 4.5.2), the query channels are
selected uniformly at random from all available channels. For each algorithm, wemeasured:
(a) initialization time, e.g., index construction index, (b) query execution time, and, (c) size
of the index and/or auxiliary data. We set a timeout of 12 hours for total execution time, and
report median results over 10 runs with 100 queries each.

Outline. Our experimental evaluation begins with a detailed analysis of parameter tuning
for the different algorithms (Section 4.5.1). We then examine index construction costs and
memory requirements (Section 4.5.2), followed by an extensive analysis of query perfor-
mance under various conditions including dataset size, query length, and number of chan-
nels. Finally, we evaluate the effectiveness of our proposed optimizations for improving
query performance (Section 4.5.2-4.5.2).
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Table 4.3: Average query time (ms) of MS-Index for different distance coverage (raw datasets).

dtarget Insectwingbeat Stocks Synthetic Weather
20% 10.93 9.33 3.06 5.91
40% 11.82 9.44 3.12 5.85
60% 13.98 9.37 3.04 4.69
80% 13.83 9.16 3.06 4.89
100% 42.06 9.72 3.28 5.13

Table 4.4: Average query time (ms) of MS-Index for different leaf size values. Leaf size is expressed as
a percentage of the total number of subsequences in each dataset (raw datasets).

Leaf size Insectwingbeat Stocks Synthetic Weather
0.0001 % 8.61 8.50 2.98 4.67
0.001 % 8.63 8.41 2.97 4.68
0.01 % 8.61 8.37 2.97 4.64
0.05* 9.01 8.16 2.98 4.61
0.1 % 10.79 8.36 3.01 4.69
1 % 22.70 11.83 3.62 5.06
10 % 31.63 28.57 4.00 6.54
100 % 38.12 158.10 4.59 100.87

4.5.1 Tuning the Algorithms

Several algorithms in our evaluation require careful parameter tuning to achieve optimal
performance. In this section, we analyze the impact of these parameters and justify our
choices for the main evaluation.

Number of DFT coefficients for MS-Index and ST-Index* Recall from Section 4.3.1 that
the number of DFT coefficients f – used to approximate each MTS channel in MS-Index
and ST-Index*– is derived based on the distance dtarget covered by the top-f coefficients,
rather than parameterizing the number of coefficients directly. For both algorithms, dtarget
was tuned through a grid search over the values [20%, 40%,…100%], across all datasets and
with queries on both raw and normalized subsequences. The results showed that a coverage
of 60% was the most robust choice for both algorithms across the datasets, resulting in a
query time at most 20% larger than the optimal choice for each dataset. Therefore, dtarget
was set to 60% for the following experiments.

Leaf size DSTree*, ST-Index*, andMS-Index support tuning of the leaf sizeL, i.e., themaxi-
mum number of entries per leaf. Similar to the number of DFT coefficients, we tuned the leaf
size for query time, ranging its value from 0.0001% to 100% (i.e., no constraints on the leaf
size) of the total number of entries to index. Looking at the results in Table 4.4, we see that a
leaf size of 0.05% provides consistently good performance across all datasets for MS-Index.
Therefore, this leaf size was chosen for all experiments. For ST-Index*, the optimal leaf size
was also 0.05%. For DSTree*, the optimal leaf size was found to be 10%. This contradicts the
results of Echihabi et al. [81], who showed that the optimal leaf size for query time was 0.9%
for time series of size 256. Both 0.9% and 10% had a similar query time in our experiments,
but the 10% choice had a substantially lower initialization cost. We stress that the described
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Figure 4.6: Scalability over number of MTS n on Stocks. (a) Initialization time for raw subsequences,
and (b) normalized subsequences. The y axes are presented in log scale.

configurations for both parameters have no impact on the correctness and completeness of
the results — they only impact the efficiency of the respective algorithms.

KV-Match* segment size The segment size parameter in KV-Match* controls the number
of piecewise means and variances used to index each subsequence. We found the optimal
segment size for both raw and normalized subsequences to be 1 for all datasets. For raw sub-
sequences, this implies that the index reduces to a single lookup table for each channel and
time series, with each subsequence indexed by its overall mean and variance. For normal-
ized subsequences, this implies that all subsequences end up in the same bucket as they are
all guaranteed zero mean and unit variance. This renders the index useless, and it implies
that KV-Match* has no pruning power in the normalized case. Instead, it reduces to MASS
with a small overhead.

4.5.2 Evaluation Results

Our experimental evaluation consists of a comprehensive analysis of all aspects of MS-Index
against competingmethods. We begin by examining initialization costs and index sizes, and
then continue by analyzing query performance under various configurations and optimiza-
tions.

Initialization time Figs. 4.6a-b show the initialization time of all index-based algorithms
on the Stocks dataset as the number of MTS (n) increases. All methods scale linearly with n,
which is expected since initialization of these methods requires iterating over all time series
subsequences. MS-Index and ST-Index* have comparable initialization times, both primar-
ily spent on computing DFT approximations. The remainder of the initialization cost relates
to index construction which for ST-Index* involves building channel-level trees (scaling lin-
early with the number of channels). In contrast, MS-Index builds a single tree for all chan-
nels, making it 2-3 times faster for this phase. DSTree* shows comparable initialization time
to other methods for normalized subsequences, but is two orders of magnitude slower for
raw subsequences. This difference occurs because raw subsequences with varying scales and
means cause DSTree* to create deep, unbalanced trees with costly node splitting operations,
while normalized subsequences lead to more balanced trees based on pattern differences.
KV-Match* and MULISSE have the lowest initialization time. This is because KV-Match*



Efficient Subsequence Search in Multivariate Time Series

4

75

Table 4.5: Index size (MB) and the corresponding percentage of the dataset size (MB) of different
algorithms across different Stocks dataset sizes.

Raw Normalized
n 1000 2000 3000 % 1000 2000 3000 %
Dataset size 210 430 641 100% 210 430 641 100%
MULISSE 14 15 16 5% 16 18 20 5%
KV-Match* 259 536 793 124% 10 20 30 5%
MASS 315 646 964 150% 315 646 964 150%
MS-Index 968 1923 2861 452% 1094 2248 3348 522%
DSTree* 1491 3230 4773 731% 620 1276 1900 296%
ST-Index* 2904 5771 8584 1355% 3282 6746 10045 1567%
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Figure 4.7: Scalability over dataset size on Stocks. (a) Query time for raw subsequences over number of
time series n, and (b) normalized subsequences. (c) Query time for raw subsequences with varying

query length. The y axes are presented in log scale.

only requires a small lookup table for each time series, and MULISSE is originally build and
parameterized for variable-length subsequence search, which adds an additional degree of
freedom to the problem and makes indexing performance a key priority.

Size of the data structures for each algorithm Table 4.5 presents thememory requirements
of each algorithm for the Stocks dataset both inMBand as a percentage of the dataset size. All
methods scale linearly with n, with MULISSE being the most space-efficient (storing only n
envelopes in a shallow iSAX tree), followed by KV-Match*, MASS, MS-Index, DSTree*, and
ST-Index*. MS-Index and ST-Index* have a worst-case space complexity ofO(n ∗ (mmax −
|q|)∗f ∗c), with ST-Index* requiring approximately three times more space thanMS-Index
due to its channel-level indices. Reflecting on the relative memory requirements, we see
that many methods require more than 100% of the dataset size to store their indices. While
this may sound counterintuitive, recall that these structures index the space of subsequences,
which is significantly larger than the dataset, given that subsequences overlap. Indicatively,
while a n = 1000 subset of Stocks is 210 MB large, storing all subsequences of length |q| =
730would require 133GBofmemory, implying thatMS-Index already compresses this space
by a factor of 138. Still, the memory footprint of subsequence indices may be a concern for
some applications, and is a commonly acknowledged limitation of thesemethods [152, 204].

Query time Figs. 4.7a-b present the query execution time for all methods, when executing
queries on subsets of the time series in the Stocks dataset. We see that MS-Index signifi-
cantly outperforms all other methods. In fact, it outperforms its closest competitor, MASS,
by over two orders of magnitude, and the other methods by over three orders of magnitude.
These results can be explained by the fact that MS-Index adds an efficient pruning stage
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Figure 4.8: Query time of algorithms on different datasets. The y axes are presented in log scale.

prior to MASS, which in itself already offers a big performance boost over the Brute-force
algorithm. A deeper investigation revealed that MS-Index reaches a median pruning effec-
tiveness of 99% across all datasets, i.e., 99% of the subsequences are already pruned from
the index and do not need to be compared with MASS. While ST-Index*, KV-Match*, and
DSTree* also act as pre-filters of MASS, their pruning power is significantly lower compared
toMS-Index, with pruning effectiveness of 52%, 65%, and 46% respectively on average on the
Stocks dataset with raw subsequences. This is because the pruning power of these methods
depends on the relative ordering of the subsequences to the partial (per-channel) results.
When this relative ordering differed significantly over the different query channels, it re-
sulted in relatively high thresholds for the per-channel distances (set in Lines 5-7 of Alg. 2),
and therefore to a high number of MASS-based comparisons. MS-Index avoids this issue
by querying all query channels simultaneously. Lastly, MULISSE performs second-slowest
(after Brute-force) with only 9% pruning rate. This shows that while its extremely memory-
efficient design achieves the smallest index size among all methods, this comes at the cost of
loose distance bounds that result in many exhaustive comparisons.

Query length Since query length must be specified before index construction, we evaluate
its impact on performance. Figure 4.7c shows that all algorithms except Brute-force are in-
variant to query length, as they useMASSwhich scaleswith subsequence length (O(|t| log |t|)
with |t| ≥ |q|) rather than query length. This suggests MS-Index’s performance is largely
independent of |q|, with only minor overhead from computing the query’s DFT, allowing
users to choose lengths that best fit their use case.

Different datasets Figure 4.8 presents the query execution performance across all datasets
using default query parameters from Table 4.2. For the 30 UEA datasets, we present av-
erage results as individual dataset results showed similar patterns. MS-Index consistently
outperforms all competitors with roughly two orders of magnitude advantage over MASS
and three orders over other methods. The exception is the UEA datasets, where MS-Index
outperforms MASS by only 5-7 times versus the 140-170x speedups on Stocks and Weather
(raw subsequences). This is because UEA datasets capture short, single events (e.g., a person
lifting their arm, or a duck producing a sound) rather than continuous long series withmulti-
ple events. Subsequences in such datasets are typically more similar to each other than those
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in the Stocks or Weather datasets. This creates more challenging queries for index-based
methods, further discussed in Section 4.5.2. Another notable observation is that MS-Index’s
advantage over competitors remains substantial also on extremely long time series, with a
22x speedup over MASS and a ∼100x speedup over other methods on the Wind dataset.
This is relevant, as such datasets are becoming increasingly common in domains such as
IoT and sensor data [180]. All in all, we can conclude that MS-Index is significantly faster
than all competitors across various datasets with different characteristics and from different
domains, confirming its robustness and general applicability.

Effect of query difficulty Pruning-based algorithms exploit the assumption that queries are
selective, i.e., that only a small fraction of the dataset is similar to the query, also known as
the “left-tail” assumption [18]. Their pruning power – and thus performance – depends on
the contrast between q and the indexed data; queries that are similar to either all or none
of the indexed entities will be more difficult to answer. This difficulty can be quantified by
the relative contrast [7] of a query – the ratio between distances to the closest and farthest
indexed entities, with lower values indicating more difficult queries. While the meaningful-
ness of queries with low relative contrast have been questioned [7, 44], they can be useful to
show the limits of the algorithms. Following common practice [19, 259], we test algorithm
sensitivity to query difficulty by adding varying noise levels and using out-of-distribution
queries (OOD). OOD queries were generated by splitting each time series into a head (80%)
and tail (20%), indexing only head subsequences, and sampling queries from tails. Figure 4.9
shows results for Stocks andWeather, with query noise ϵ representing the standard deviation
of added noise as a percentage of the original subsequence’s standard deviation. We observe
that the query times of index-based algorithms like MS-Index are inversely proportional to
query relative contrast (grey bars on secondary y-axis), consistent with theory and previous
work [19, 259]. Furthermore, normalized subsequence queries have lower relative contrast
than raw ones, confirming our hypothesis from the previous experiment that they are more
challenging for index-based algorithms. For high-noise or OOD queries, MS-Index’s prun-
ing power weakens, and it performs similarly to MASS (with a small overhead due to the
tree traversal). In these cases, sequential scan approaches are more appropriate as they don’t
rely on pruning. This suggests a future research direction: developing a “hybrid” approach
that chooses between MS-Index and MASS based on estimated query difficulty.
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Table 4.6: Relative contrast of queries and percentage of nodes pruned by MS-Index, over different
numbers of query channels on the DuckDuckGeese dataset (UEA).

Query channels |cQ| 16 64 256 1024

Rel. contrast Raw 62 107 110 120
Normalized 14.5 14.4 13.9 13.9

Perc. pruned Raw 70.54% 79.36% 92.20% 97.94%
Normalized 89.58% 84.66% 83.68% 83.61%

Number of query channels We investigate how the number of query channels influences
performance using the DuckDuckGeese dataset from UEA, which contains 1024 channels.
Figure 4.10a shows the query times for different methods on the DuckDuckGeese datasets,
indexing all 1024 channels but querying on progressively larger subsets of channels (using
uniform sampling to select which channels to query). The results show that MS-Index’s
query time scales sublinearly with the number of query channels, while other methods scale
linearly. This improvement comes from increased pruning power outweighing the cost of
additional distance computations. For instance, query time decreases from 8.4 to 4.4 ms be-
tween 8-16 channels, then grows slowly asmarginal channel selectivity diminishes. Table 4.6
confirms that MS-Index prunes 70.5-97.9% of R-tree nodes as channels increase from 16 to
1024when querying for raw subsequences, demonstrating effective use ofmultivariate infor-
mation.⁷ In contrast, DSTree* and ST-Index* suffer withmore query channels as their union
of per-channel results grows almost linearly. For normalized subsequences, MS-Indexmain-
tains superior performance but experiences a decreasing pruning power due to the curse of
dimensionality – as the number of channels increases, distances between points become
more uniform, reducing discriminative power [28, 165]. This effect is less pronounced for
raw subsequences, where the scale of values in a channel can still provide additional dis-
criminative information that can help in pruning. The relative contrast values in Table 4.6
confirm this: increasing with |cQ| for raw subsequences while slightly decreasing for nor-
malized ones.

⁷The pruning percentage of nodes is not the same as the pruning power (the ratio between number of considered
subsequences over all subsequences, around 99.9% for MS-Index), since many nodes in the tree contain groups of
subsequences.
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Amortizing the initialization costwith thequery execution cost Thecompared algorithms
come with different initialization costs. Therefore, the best algorithm for each use case de-
pends on the expected number of queries. For example, if we need to execute only a few
queries on a largeMTS dataset, algorithms that need to pre-process the dataset (such asMS-
Index and ST-Index*) will be slower than MASS, which has a lower initialization cost. To
compare the overall performance of all algorithms, we computed the amortized total cost of
each algorithm for different numbers of queries (i.e., the initialization and total query exe-
cution cost, amortized over all queries). Fig. 4.10b plots the amortized cost, for up to 3000
queries. As expected, for very few queries, MASS outperforms all others. However, MS-
Index becomes more efficient already after 45 queries. This difference becomes starker for
more queries, indicating that the initialization time ofMS-Index quickly pays off by enabling
significantly faster query times compared to all competing algorithms.

Effect ofDFTbound correctionoptimization Recall fromSection 4.3.4 that we can tighten
the distance bound using a triangle-inequality-based correction term, enablingmore aggres-
sive pruning at the cost of additional initialization overhead. We evaluate this correction’s
impact on both initialization and query times with varying number of pivots. Figure 4.11a
shows that adding just a single pivot improves query performance by a factor of 2, while
additional pivots yield marginal improvements. This is known as the coverage saturation
effect, where the effectiveness of pivot-based bounding stabilizes as the space becomes in-
creasingly well-covered with more pivots [22, 47]. In our case, diminishing returns after the
first pivot indicate that the space of remainders (i.e., the high-frequency DFT coefficients)
has low complexity: the data is concentrated around a single point. This observation is not
surprising, as – by definition – these remainders comprise lower-energy frequencies that
mostly represent noise following a normal distribution [129]. Nevertheless, the improve-
ment over not correcting shows that the remainders still contain valuable information. Our
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analysis shows pivot comparisons increase initialization time by 15%, 30%, and 75% for 1,
2, and 5 pivots respectively. Given the query time improvements, a single pivot provides the
best cost-benefit tradeoff.

Effect of the optimization for tightening the MBRs We now evaluate the impact of the
optimization for tightening the MBRs via weighted R-tree partitioning (Section 4.3.4). As
a baseline we use MS-Index with the R-tree constructed with uniform partitioning across
all channels. The results in Fig. 4.11b show that the weighted partitioning strategy generally
improves the query time by a factor of 1.5-3. This indicates that the weighted partitioning
strategy is effective in improving the pruning power of MS-Index, as it allows the R-tree to
better adapt to the characteristics of the dataset. This is particularly important for datasets
with a larger number of channels, such as DuckDuckGeese and Synthetic, where we can also
see that the performance gap between the two partitioning strategies is larger. To summarize,
from these results we conclude that the weighted partitioning strategy is beneficial.

4.6 Reflection and Conclusions
In this chapter, we addressed the efficiency challenge of similarity search on multivariate
time series (MTS) throughMS-Index, an algorithm for efficient subsequence search in mul-
tivariate time series. Building on our understanding of MTS distance measures from Chap-
ter 3, MS-Index bridges the gap between theoretical understanding and practical implemen-
tation of MTS search.

Chapter summary. MS-Index represents a fundamentally different approach to multivari-
ate time series search compared to existing solutions. Rather than treating each channel as
an independent time series, MS-Index constructs a unified representation that captures the
joint information across all channels. This is accomplished through a two-level architecture:
first, applying DFT-based approximations to create feature representations of subsequences,
and second, indexing these representations in a single R-tree structure that considers all
channels simultaneously. By adaptively selecting DFT coefficients based on their distance
contribution and employing weighted partitioning strategies, MS-Index achieves both high
pruning power and efficient distance computation across multivariate data.

Our experimental evaluation across 33 diverse datasets demonstrated thatMS-Index consis-
tently outperforms existing solutions by up to two orders ofmagnitude. The algorithm shows
robust performance across various dataset characteristics and query parameters, including
different query lengths and varying numbers of channels. Notably, MS-Index’s query time
scales sublinearly with the number of query channels, indicating that it effectively lever-
ages the additional information provided by multiple channels to improve pruning power.
This contrasts sharply with baseline approaches whose performance degrades linearly as the
number of channels increases.

Transferability of findings. The design principles uncovered through MS-Index are trans-
ferable to other similarity search contexts beyond subsequence search. First, combining the
summarizations of all channels into a single index works better than having separate indices
per channel. Second, when using such unified representations, it is important to apply dif-
ferent weights to different dimensions to account for the varying impact of channels on the
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overall distance, as we showed with our weighted partitioning strategy. Third, for subse-
quence search specifically, it is better to perform aggregation over time-neighboring subse-
quences after indexing rather than before, which preserves important information that the
index can use for effective pruning. Fourth, the technical improvements we developed for
DFT-based bounds – like pivot-based correction – can improve any indexing system that
uses DFT approximations, including those for UTS. Together, these principles provide a
useful template for extending similarity search algorithms to handle multiple channels while
maintaining speed and efficiency.

Limitations and opportunities for improvement. While MS-Index represents significant
progress, important limitations remain. The current algorithm requires the query length to
be known at index construction time, which constrains its flexibility in applications where
variable-length queries are needed. Our evaluation also revealed that MS-Index’s perfor-
mance significantly degrades for normalized queries with low relative contrast, such as when
querying with many channels or on highly similar subsequences. This limitation stems from
the curse of dimensionality making distance-based pruning less effective as distances be-
tween points become more uniform - a fundamental challenge affecting all spatial indexes.
This limitation could be addressed through hybrid approaches that adaptively switch be-
tween index-based search and sequential scanning based on the estimated query difficulty.

In conclusion, MS-Index shows how to effectively extend similarity search to handle multi-
ple channels. Our results clearly show that treating all channels together works much better
than handling them separately. The key lessons from our work - using unified data struc-
tures, combining information across channels, and adapting to different channel importance
- help create a more complete approach to multivariate similarity search. This avoids the
fragmented solutions we identified in Section 2.4.1.

Reflection on research question. This chapter directly advances our central research ques-
tion by demonstrating that efficientmultivariate similarity search is not only possible but can
be achieved with acceptable performance. Compared to naive extensions, MS-Index proves
that by properly accounting for the multivariate nature of the data in the index design itself,
we can overcome the computational challenges that initially motivated this thesis. Together
with our findings from Chapter 3, where we identified effective distance measures for MTS
comparison, we have now established both the theoretical and practical foundations formul-
tivariate similarity search: we can not only meaningfully compare multivariate time series
but also do so efficiently at scale.
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CHAPTER 5

Efficient Detection of
Multivariate Correlations

Real-world phenomena are rarely governed by simple pairwise interactions; more
often, they arise from the complex interplay of multiple entities or processes. This
chapter moves beyond traditional pairwise similarity to address the discovery of
these high-order similarities, specifically high-order correlations. Tackling this
problem is computationally daunting due to a combinatorial explosion in the search
space. To overcome this, we introduce Correlation Detective (CD), an efficient
algorithm that leverages novel bounding and pruning strategies to find meaning-
ful multivariate relationships in univariate datasets. We then extend this approach
to dynamic environments with CDStream, a variant designed for streaming data.
Our evaluation shows these methods consistently outperform state-of-the-art ap-
proaches by orders of magnitude, making the discovery of complex, high-order
patterns computationally tractable, opening new avenues for analysis in various
scientific domains.

Note: Part of the work presented in this chapter is the result of a joint work with
other authors, conducted as part of a previous degree [72, 170, 171] and is therefore
not considered a novel contribution in this thesis. Still, it is included as it is the basis
for the current work, and thus provides important context for the reader. We pro-
vide an overview of all contributions in this chapter in Appendix F, where each con-
tribution is explicitlymapped to the relevant degree. In short, the novel PhD contri-
butions include (a) significant algorithmic improvements to CD (a new top-k query
algorithm with novel optimizations), (b) a new streaming model for CDStream
that handles non-synchronized streams, and (c) a substantially expanded evalu-
ation with more datasets, query types, and baselines. Collectively, these changes
improved query performance by up to 77x on static data and enabled support for
asynchronous and non-aligned streams in the case of CDStream.

The contents of this chapter have previously appeared in d’Hondt et al. [79] and Mi-
nartz et al. [171].
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5.1 Introduction
Multivariate similarities, also known as high-order similarities, extend the concept of pair-
wise similarities to relationships among three or more variables. These variables may rep-
resent various forms of data, such as time series or other high-dimensional data stored as
vectors.1

As introduced inChapter 2, similarity search can be formulated in different ways. In contrast
to the previous chapters where we focused on query-centric definitions (k-NN and r-range
queries), in this chapter we focus on the “all-to-all” formulation (top-k and threshold queries
as defined in Section 2.1). The combinatorial nature ofmultivariate similarity search – exam-
ining relationships between multiple variables simultaneously – favors this broader search
perspective. Nevertheless, all methods presented in this chapter can be extended to near-
est neighbors and r-range definitions by constraining the combinations to always include a
specific query object.

Applications of multivariate similarities. In the last few years, search for high-order simi-
larities has emerged across various scientific domains, albeit under different names and with
domain-specific formulations. In neuroscience, researchers have identified “high-order in-
teractions” in fMRI time series that revealed how different brain regions work in cohort for
executing tasks [9, 10]. For instance, the activity of the left middle frontal region was found
to have a high correlation with the combined activity of the right superior frontal and left
inferior frontal regions during audiovisual stimulus processing. This insight suggests that
the left middle frontal has an integrative role of assimilating information from the other two
regions, which was not possible to find by looking only at pairwise correlations. In climate
science, detection of higher-order relationships (termed “teleconnections”) led to the char-
acterization of new weather phenomena and improved climate models [150]. In machine
learning, multivariate information-theoretic measures have increasingly served as learning
objectives or regularizers for training of neural networks aimed at optimizing the correlation
among multiple variables. Usage of such regularizers lead to improved robustness, general-
izability, and interpretability of the models [11, 53, 56].

Existing algorithms and measures. To address the challenges in these diverse application
domains, researchers have developed a variety ofmeasures and algorithms for detectingmul-
tivariate relationships, including Tripoles [9], Multipoles [10], Canonical Correlation Anal-
ysis (CCA) [119], and Total Correlation (TC) [183, 184, 234, 251]. While these domain-
specific approaches have yielded valuable insights, they fundamentally fail to address the
critical bottleneck in discovering strong multivariate similarities: the exponentially growing
search space comprising all possible time series combinations. The reason that this growing
search space is difficult to avoid is that pairwise similarities alone do not suffice to identify
all significant multivariate relationships in the data, as established in Chapter 2 and demon-
strated through the example in Figure 2.1. From a computational perspective, this implies
that apriori-like pruning techniques cannot be applied to the general case of multivariate
similarities.

1Although all presented methods in this chapter are applicable to both time series and vectors, we will mostly refer
to time series in this chapter, in line with the rest of the thesis.
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SELECT v1.vid, v2.vid, v3.vid
FROM vectors v1, vectors v2, vectors v3
WHERE v1.vid < v2.vid AND v1.vid != v3.vid AND v2.vid != v3.vid
AND pearson(avg(v1.vec, v2.vec), v3.vec) > 0.8

Figure 5.1: Example SQL query for a multivariate threshold query (cf. Definition 8) using Pearson
correlation and a threshold of 0.8.

Computational challenges. At the same time, using an exhaustive approach that evalu-
ates all possible combinations leads to combinatorial complexity, making it impractical for
even moderately sized datasets. To illustrate this complexity, consider the SQL query shown
in Figure 5.1, which implements a basic multivariate threshold search according to Defi-
nition 8. The query requires three joins (cartesian products) just to generate all possible
triplet combinations, resulting in cubic computational complexity. For perspective, with
just 100 time series, finding all strong ternary relationships would involve examining over
1 million combinations, while identifying quaternary relationships among 1000 time series
involves 1 trillion possibilities. Even generating and enumerating these combinations be-
comes prohibitively expensive. This underscores the need for intelligent algorithms that can
substantially reduce the search space and computational burden.

Limitations of existing methods. To tackle this computational challenge, existing algo-
rithms typically take one of three paths: (a) they use restricted definitions of multivariate
similarities that make apriori-like filtering possible [10, 183, 251], (b) they rely on hand-
crafted assumptions of the user query, which may be too constraining for other application
scenarios [9, 10, 251] or, (c) they provide approximate results that come with no guarantees
of accuracy [9, 10]. While these algorithms work well for their intended uses, they lack the
versatility needed for broader applications.

Beyond these computational limitations, a common concern when working with multivari-
ate similarities is the risk of discovering spurious correlations – relationships that appear
statistically significant but lack meaningful causal or practical importance [62]. While this
is a valid concern, the current lack of efficient computational methods actually hinders our
ability to address it effectively. Without systematic ways to discover and analyze multivari-
ate relationships at scale, data scientists are often forced to rely on ad-hoc approaches or ex-
amine only a small subset of possible relationships, potentially missing important patterns
while still being susceptible to spurious ones. A comprehensive solution should enable a
data-driven approach that can systematically explore the space of multivariate relationships,
allowing domain experts to apply their knowledge and additional validation techniques to
distinguish meaningful patterns from spurious ones. However, this systematic exploration
is currently impossible due to the computational limitations of existing approaches.

Our approach. To address these challenges, we take amore general approach in this chapter
that aligns with the overall direction of this thesis. First, we also consider similaritymeasures
that are not suitable for apriori-like pruning, expanding beyond the more constrained ap-
proaches in existing literature. Second, we abide by Ockham’s razor: we prioritize discovery
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of simpler multivariate similarities – those involving fewer time series – as these tend to be
more meaningful and easier to interpret than complex relationships over many time series.
This approach also helps to prevent overfitting, as relationships involving more variables are
more likely to produce spurious similarities that do not generalize well, a phenomenon that
was validated in the context of sparse representations in Chapter 7. Third, we develop mul-
tiple algorithm variants to suit different needs: an exact threshold algorithm that finds all
similarities above a specified value τ , and an exact top-k algorithm that identifies the top-k
highest similarities, as defined in Section 2.1.2. We also explore progressive result generation
and extend our methods to handle streaming data scenarios.

We evaluate our algorithms on 7 datasets and compare them to the state-of-the-art. Our
evaluation demonstrates that we outperform the existing methods, frequently by several or-
ders of magnitude. Finally, we show that the progressive version of the algorithm produces
around 90% of the answers in 10% of the time.

The remainder of the chapter is structured as follows. In the next section we formalize the
problem, and discuss the preliminaries and related work. We then propose the algorithmic
variants for the case of static data (Section 5.3), and the streaming extension of the algorithm
(Section 5.4). Section 5.5 summarizes the experimental results. We conclude in Section 5.6.

5.2 Preliminaries
We start with a discussion of the multivariate similarity measures that will be considered in
this work. We then formalize two additional constraints on the similarity search problem,
and discuss prior work on algorithms for multivariate similarity search.

5.2.1 Similarity Measures

In this chapter we will be focusing on two multivariate similarity measures: the two-sided
Multivariate Pearson Correlation (mPC) and the one-sided Multipole (MP). Note that as
this part of the thesis considers similarities over UTS, we define a time series v ∈ Rm as
a 1-dimensional time series rather than the 2-dimensional representation (i.e., v ∈ Rc×m)
used in the previous chapters. We now define the two measures.

Definition 11 (Multivariate Pearson Correlation (mPC)). Given two sets of time se-
riesX and Y , the Multivariate Pearson CorrelationmPC(X,Y ) is defined as:

mPC(X,Y ) = ρ

(∑
x∈X x̂

|X|
,

∑
y∈Y ŷ

|Y |

)
(5.1)

where ρ denotes the Pearson correlation coefficient and x̂ denotes x after z-
normalization, i.e., x̂i =

xi−µx

σx
.

Note that both this definition andour proposed algorithms canbe easily extended toweighted
linear aggregates (with predefined weights), instead of averaging, as shown in Chapter 6.



Efficient Detection of Multivariate Correlations

5

89

Definition 12 (Multipole (MP)). The Multipole measureMP(X) measures the linear
dependence of an input set of time series X [10]. Specifically, let x̂1, . . . , x̂n denote n
z-normalized input time series, andX = [x̂1, . . . , x̂n] the matrix formed by concate-
nating the time series. Then:

MP(X) = 1− min
||v||2=1

var(X · v) (5.2)

The value ofMP(X) lies between 0 and 1. The measure takes its maximum value when
there exists perfect linear dependence, i.e., there exists a time series v with norm 1, such
that var(X · v) = 0, and its minimum value when the time series are orthogonal.

Notice that the Multipole measure is not equivalent to, nor a generalization of, the mPC
measure. By definition,MP assumes optimal weights (time series v is such that the variance
is minimized), whereas for mPC, the aggregation function for the time series (e.g., avg) is
determined at the definition of the measure.

As both measures capture linear dependencies (i.e., correlations) between time series, we
use the term correlations rather than the more general term of similarities to refer to them
in the remainder of this chapter. Furthermore, for conciseness, we will use Corr(pl) and
Corr(pl, pr) to denote the combination of the correlation measure, and the user-chosen
values of pl and pr . This is referred to as the correlation pattern. For example,mPC(2, 1)will
identify the combinations of sets of time series of at most size 2 and 1 with highMultivariate
Pearson correlation (i.e., including mPC(1, 1)), whereas MP(4) will identify the combina-
tions of at most 4 time series with high Multipole correlation (i.e., including MP(2), and
MP(3)).

5.2.2 Additional Constraints

Complementary to top-k and threshold queries, defined in Chapter 2, users may also want
to specify additional constraints, relating to the targeted diversity and significance of the
answers. These constraints serve to filter the result set to include only the most interesting
and informative patterns, avoiding redundancy and ensuring that each returned pattern pro-
vides substantial value. We consider two different constraints, but other constraints (e.g., the
weak-correlated feature subset constraint of [251]) can also be integrated in the algorithm
in a similar manner:

Definition 13 (Irreducibility constraint). For each (X,Y ) in the result set, there exists
no (X ′, Y ′) in the result set such that X ′ ⊆ X , Y ′ ⊆ Y , and (X ′, Y ′) ̸= (X,Y ).
Intuitively, if Corr(X ′, Y ′) ≥ τ , then no supersets ofX ′ and Y ′ should be considered
together. This constraint prioritizes simpler answers and prevents result redundancy by
favoring minimal sets that exhibit high multivariate correlation.

Example: Consider a dataset containing stock market time series, where (X = {AAPL,
MSFT}, Y = {GOOG}) has a mPC value of 0.85, and (X ′ = {AAPL, MSFT, AMZN},
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Y ′ = {GOOG}) has a mPC value of 0.87. With the irreducibility constraint applied over
a threshold query with τ = 0.8, only (X,Y ) would be included in the result set, since it
represents a simpler mode. The additional time series AMZN is considered redundant in
this context.

Definition 14 (Minimum jump constraint). For each (X,Y ) in the result set, there
exists no (X ′, Y ′) such thatX ′ ⊆ X , Y ′ ⊆ Y , (X ′, Y ′) ̸= (X,Y ), and Corr(X,Y )−
Corr(X ′, Y ′) < δ. This constraint, which was first proposed in [9], discards solutions
where a time series inX∪Y contributes less than δ to the increase of themPC value, en-
suring that each included time series provides significant additional explanatory power.

Example: Suppose we have sensor readings from a manufacturing process, where (X =
{Temperature, Pressure}, Y = {ProductQuality}) has a mPC value of 0.75, and (X ′ =
{Temperature, Pressure, Humidity}, Y ′ = {ProductQuality}) has a mPC value of 0.76.
With the minimimum jump constraint with δ = 0.05 applied over a threshold query with
τ = 0.7, then (X ′, Y ′) would be excluded from the result set. This is because adding the
Humidity sensor increases the mPC value by only 0.01, which is less than the minimum
required jump of 0.05. This indicates that Humidity provides minimal additional correla-
tion beyond what Temperature and Pressure already provide, and thus does not contribute
significantly to the multivariate relationship.

Note that for top-k queries, the irreducibility constraint is ill-defined. For example, con-
sider two sets of time series (X,Y ) and (X ′, Y ′), where X ′ ⊂ X and Y ′ ⊂ Y , and
Corr(X,Y ) = 0.9, and Corr(X ′, Y ′) = 0.8. In this case, the definition of top-k does
not dictate which of (X,Y ) or (X ′, Y ′) should be in the answer set. We therefore refrain
from considering irreducibility as an option for top-k queries.

5.2.3 Related Work

As discussed in Chapter 1 and Chapter 4, numerous algorithms have been developed for
efficiently searching for high pairwise similarities in datasets, leveraging techniques such as
dimensionality reduction, indexing structures, and optimized distance computations. Two
notable contributions focusing on mining high pairwise correlations are StatStream [257]
and the algorithm of Mueen et al. [177]. These methods map pairwise correlations to Eu-
clidean distances and then utilize Discrete Fourier Transforms, grid-based indexing, and
dynamic programming to effectively reduce the search space. However, these approaches
do not extend to multivariate correlations, as they cannot capture cases where two time se-
ries with low individual correlations to a third time series may produce a highly correlated
aggregate (as illustrated in Fig. 2.1).

Existing work addressingmultivariate similarities propose algorithms that rely on additional
constraints to achieve effective pruning. For instance, Agrawal et al. investigated the prob-
lem of finding highly-correlated tripoles [9]. The Tripole measure represents a specific case
of themPCmeasure where |X| = 2 and |Y | = 1 (i.e.,mPC(2, 1)). Their algorithm, CoMEt,
relies on the minimum jump constraint for pruning efficiency. In contrast to CoMEt, our
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Completeness Require
Constraints

Correlation
Measures

Query
Types

Data
formats

[9] Yes Yes mPC(1, 2) Threshold Static
[10] No Yes MP(·) Threshold Static
[183] No No TC(·) Threshold Static
[251] Yes Yes TC(·) (binary data) Threshold Static

Ours Yes No mPC(·, ·),MP(·) Threshold,
Top-k,Progressive

Static,
Streaming

Table 5.1: Comparison to the most relevant related work for multivariate similarity search.

algorithm handles the generalized definition of Multivariate Pearson correlation over ag-
gregated time series, supporting multiple time series on both the left- and right-hand side.
Furthermore, our approach leverages novel theoretical results for search space pruning and
demonstrates scalability to larger datasets without requiring additional constraints such as
minimum jump or irreducibility.

For the Multipole measure (Eqn. 5.2), algorithms were first introduced in [10] with the
CoMEtExtended algorithm. Both CoMEt and CoMEtExtended provide approximate so-
lutions and employ clique enumeration to navigate the search space efficiently. Their per-
formance hinges on a parameter ρ that balances result completeness against computational
efficiency. The minimum jump constraint becomes essential for reducing computational
complexity. While these algorithms produce more comprehensive results compared to tech-
niques like l1-regularization and structure learning approaches at reasonable computation
times, they lack completeness and accuracy guarantees. In contrast, our proposed algorithm
delivers exact results – guaranteeing complete answer retrieval – while outperforming both
existing algorithms.

With respect to other measures, Total Correlation (TC) is a non-linear information-theo-
retic metric quantifying shared information across variables [234]. Nguyen et al. [183] in-
troduced a closely related similarity measure and an algorithm for identifying column sets
with high TC to minimize data redundancy in databases. Their method first identifies pairs
with high Mutual-Information – the pairwise equivalent of TC – and uses these to establish
a lower bound on a group’s TC.The algorithm then identifies quasi-cliques where most pair-
wise similarities are high, resulting in high TC values. However, this approach fails to detect
strongly related groups with low pairwise similarities, which often represent the most inter-
esting patterns. Similarly, Zhang et al. [251] developed an algorithm for discovering binary
time series sets with high TC.This method is approximate, limited to binary data, and relies
on a restrictive weak-correlated subset constraint.

In supervised learning contexts, subset regression bears similarities to multivariate similar-
ity search. This feature selection challenge aims to identify the optimal p predictors from n
candidate features [69]. However, our multivariate similarity search definition offers greater
versatility by not requiring a predefined dependent variable. Additionally, rather than iden-
tifying only the time series set with maximum similarity, our approach (per Definitions 7
and 8) combined with the additional constraints enables discovery of diverse result sets.
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Figure 5.2: Two groups of closely related stocks: ASML and STMicroelectronics are exposed to similar
risks, while GOOG and GOOGL participate in the same conglomeration

This facilitates domain experts’ qualitative assessment of results, yielding more meaningful
insights.

5.3 Detection of Multivariate Correlations in Static Data
Themain challenge in detecting highmultivariate correlations stems from the combinatorial
explosion of the number of candidates that need to be examined. In a dataset ofn time series,
there exist O

(∑pl+pr

p=2

(
n
p

))
possible combinations for a correlation pattern Corr(pl, pr).2

Even if each combination can be checked in constant time, the enumeration of all combina-
tions still requires significant computational effort.

Our algorithm – Correlation Detective (CD) – exploits the insight that time series often
exhibit (weak) correlations between each other. For example, securities of companies that
participate in the same conglomeration (e.g., Fig. 5.2, GOOGL and GOOG) or are exposed
to similar risks and opportunities (e.g., STMicroelectronics and ASML) typically exhibit a
high correlation between their stock prices. CD exploits such correlations, even if they are
weak, to drastically reduce the search space.

CDworks as follows: rather than iterating over all possible time series combinations that cor-
respond to the correlation pattern, CD clusters the time series based on their correlation, and
enumerates the combinations of only the cluster centroids. For each of these combinations,
CD computes upper and lower bounds on the correlations of all time series combinations
in the Cartesian product of the clusters. Based on these bounds, CD decides whether or not
the combination of clusters (i.e., all combinations of time series derived from these clusters)
should be added to the result set, can safely be discarded, or, finally, if the clusters should
be split into smaller subclusters for deriving tighter bounds. This approach effectively re-
duces the number of combinations that need to be considered, making CD at least an order
of magnitude faster than existing methods.

2The same holds for one-sided patterns, e.g., the complexity ofMP (pmax) isO
(∑pmax

p=1

(n
p

))
.
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In the remainder of this section, we will present the key elements of CD, explaining how
the two types of queries presented in Section 2.1 are handled. We will start with a brief de-
scription of the initialization phase, which includes data preprocessing and clustering. In
Sections 5.3.2 and 5.3.5 we will describe how CD answers threshold and top-k queries re-
spectively.

5.3.1 Initialization and Clustering

First, as both mPC andMP implicitly normalize the time series, we pre-process the dataset
by z-normalizing all time series, i.e., shifting and scaling them such that they have zeromean
and a standard deviation equal to 1. From here on, the algorithm operates only on these z-
normalized time series. When clear from the context, we will denote time series asx instead
of x̂.

Next, we construct a hierarchical clustering of all time series. The clustering algorithm oper-
ates in top-down fashion. A root cluster containing all time series is first created to initialize
the hierarchy. The algorithm then consists of three steps. First, κ time series are picked
from the root cluster and used as the initial top-level centroids in the hierarchy. These time
series are picked using the seeding strategy of κ-means++ [16].3 The use of κ-means++

(as opposed to sampling κ random time series) ensures that these initial centroids are well-
distributed over the metric space, and not very close to each other. In the second step, we
run the standard κ-means algorithm for at most r1 iterations, or until convergence using
the average function to recompute the cluster centroids after each iteration. The clustering
is evaluated using the Within-Cluster Sum of Squares (WCSS) (the sum of the variances
within all clusters). In the third step, steps one and two are repeated r2 times (i.e., with
different centroids), and the clustering with the lowest WCSS is kept as the final clustering
assignment for the first level of the hierarchy. These three steps are executed recursively on
each individual cluster with non-zero radius, to construct the second, third, etc. levels of the
hierarchy, until all leaf nodes contain only one time series.

There is a clear tradeoff between the cost of the clustering algorithm and the clustering qual-
ity. Increasing the values of r1 and r2 will generally result in a higher clustering quality
(lower WCSS), but will take longer to compute. However, the quality of the clustering does
not affect the correctness of CD – in fact, regardless of the employed hierarchical clustering
algorithm, CD always returns the same correct result set. A poor clustering only affects the
computational efficiency of CD. Still, our experiments show that as long as the clustering
is reasonable, a suboptimal clustering is not detrimental to CD’s efficiency. More precisely,
we found that the value of r1 (max. iterations of κ-means, after the initial centroids were
decided) had no observable effect on CD’s efficiency. Therefore, we simply set r1 = 1. The
same generally holds for r2, although to prevent ruinous effects due to coincidentally very
poorly chosen initial centroids, we set r2 = 50. Still, the clustering takes at most a few sec-
onds in our experiments, which is negligible compared to the total execution time of the
algorithm.

3Note that we use κ here rather than the commonly used k to avoid confusion with the k in top-k.
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Figure 5.3: Example of a hierarchical clustering and the bounds used in CD.

5.3.2 Threshold Queries

We now describe how CD answers threshold queries, i.e., queries of the form Corr(pl, pr)≥
τ , where τ is a user-defined threshold. Note thatwewill be using the two-sidedmPCmeasure
as an example, but the same principles apply to one-sided patterns and theMPmeasure; the
only difference is in the construction of the root combinations, as we will explain later.

CD receives as input (a) the z-normalized time series, (b) the cluster tree produced by the
hierarchical clustering algorithm, (c) a correlation pattern Corr(pl, pr), and (d) a corre-
lation threshold τ . The algorithm then proceeds to construct cluster combinations of in-
creasing cardinalities, consisting of only root clusters Croot, referred to as root combina-
tions, until the maximum cardinality as specified by the correlation pattern is reached. For
example, if the correlation pattern is mPC(1, 3), CD will consider the root combinations
(Croot, Croot), (Croot, Croot, Croot) and (Croot, Croot, Croot, Croot) in order.

A combination of clusters compactly represents the combinations created by the Cartesian
product of the time series inside the clusters. To illustrate this, we introduce the following
running example with three clustersC1, C2, andC3 (Figure 5.3b) with 2, 3, and 3 time series
respectively. In the example, the cluster combination (C1, C2) represents a set of 6 time series
combinations, which we will refer to as itsmaterializations. For each root combination, CD
computes the lower and upper bounds on the correlation of all its materializations, denoted
asLB andUB respectively (line 1 ofAlgorithm3). These bounds guarantee that any possible
materialization of the cluster combination, i.e., replacing each clusterwith any one of the time
series in that cluster, will always have a correlation between LB and UB. We will present
how these bounds are computed in the following sections.

The next step is to compare the bounds with the user-chosen threshold τ (lines 2, 4, 6). If
UB < τ , the combination is decisive negative – the upper bound is lower than the thresh-
old, meaning that no materialization of this cluster combination can yield a correlation
higher than τ . Therefore, this cluster combination does not need to be examined further. If
LB ≥ τ , the combination is decisive positive, guaranteeing that all possible materializations
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Algorithm 3: ThresholdQuery(Sl, Sr , Corr, τ )
Input: Sets of clusters Sl and Sr that adhere to the user-defined correlation pattern

including a correlation measure Corr, correlation threshold τ .
1 (LB,UB)← CalcBounds(Sl, Sr, Corr)
2 if LB ≥ τ then
3 Add (Sl, Sr) to the result set
4 else if UB < τ then
5 Discard (Sl, Sr)
6 else

/* Replace largest cluster with subclusters and recurse */
7 Cmax ← argmax

C∈Sl∪Sr

{C.radius}

8 Set SC ← Cmax.subclusters
9 for S ∈ SC do
10 (S′

l , S
′
r)← (Sl, Sr) with Cmax replaced by S

11 ThresholdQuery((S′
l , S

′
r) , Corr, τ )

of this cluster combination will have a correlation of at least τ . Therefore, all materializations
are inserted in the result. Finally, whenLB < τ andUB ≥ τ , the combination is indecisive.
In this case, the algorithm (lines 7-11) chooses the cluster Cmax with the largest radius,⁴ and
recursively checks all combinations where Cmax is replaced by one of its sub-clusters. In our
running example in Figure 5.3a, assume that the algorithm examined an indecisive combi-
nation of clusters C1, C2, C3, and C2 is the cluster with the largest radius. The algorithm
will drill down to consider the three children of C2, and examine their combinations with
C1 and C3. The recursion continues until each combination is decisive.

We will refer to this process as traversing the comparison tree. Decisive combinations are
typically found at high levels of the cluster tree, thereby saving many comparisons. In the
following, we will discuss two different approaches for deriving LB and UB for arbitrary
correlation patterns. The first approach (theoretical bounds) has constant complexity in the
number of materializations a cluster combination covers. The second approach (empirical
bounds) extends the theoretical bounds with additional information. It has a slightly higher
cost, but typically leads to much tighter bounds.

5.3.3 Theoretical Bounds

We first present a lemma for bounding the Pearson correlation between only two clusters,
which serves as a stepping stone for boundingmPC andMP correlations.

Lemma 5.3.1. Let ρ(x,y) denote the Pearson correlation between two z-normalized
vectorsx andy, and θx,y the angle formed by these vectors. Consider four z-normalized
vectors u1, u2, v1, and v2, such that θv1,u1 ≤ θ1 and θv2,u2 ≤ θ2. Then, correlation

⁴Radii are defined as the Euclidean distance between the centroid and the furthest point in the cluster.
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ρ(u1,u2) can be bounded as follows:

cos(θmaxv1,v2
) ≤ ρ(u1,u2) ≤ cos(θminv1,v2

)

where θminv1,v2
= max (0, θv1,v2 − θ1 − θ2) , θmaxv1,v2

= min (π, θv1,v2 + θ1 + θ2).

Proof. All proofs for this chapter can be found in Appendix B.

Lemma 5.3.1 bounds the correlation between two time series u1 and u2 that belong to two
clusters with centroids v1 and v2 respectively, by using: (a) the angle between the two cen-
troids, and, (b) upper bounds on the angles between u1 and v1, and between u2 and v2.
For instance, in the running example (Fig. 5.3a), we can bound the correlation between a
and b if we have the cosine of the two cluster centroids d and e, the cosines of a with d, and
h with e (as h is the furthest point in C2 from the centroid e). The bounds are tightened
if the maximum angle formed by each centroid with its corresponding cluster time series is
reduced. We now extend our discussion to cover multivariate correlations, which involve
three or more clusters. We first derive bounds for mPC (Theorem 5.3.2), and then for MP
(Theorem 5.3.3).

Theorem 5.3.2 (Bounds for mPC). For any pair of clusters Ci, Cj , let l(Ci, Cj) and
u(Ci, Cj) denote lower/upper bounds on the pairwise correlations ρ between the
cluster pair’s materializations, i.e., l(Ci, Cj) ≤ min

x∈Ci,y∈Cj

ρ(x,y) and u(Ci, Cj) ≥

max
x∈Ci,y∈Cj

ρ(x,y). Consider sets of clusters Sl = {Cl
i}

pl

i=1 and Sr = {Cr
j }

pr

j=1. Let

L(S1, S2) =
∑

Ci∈S1,Cj∈S2
l(Ci, Cj), and U(S1, S2) =

∑
Ci∈S1,Cj∈S2

u(Ci, Cj).
Then, for any two sets of z-normalized time series X = {x̂1, . . . , x̂pl

}, Y =
{ŷ1, . . . , ŷpr} such that x̂i ∈ Cl

i , ŷi ∈ Cr
i , multivariate correlation mPC(X,Y ), can

be bounded as follows:
1. if L(Sl, Sr) ≥ 0:

L(Sl, Sr)√
U(Sl, Sl)

√
U(Sr, Sr)

≤ mPC(X,Y ) ≤ U(Sl, Sr)√
L(Sl, Sl)

√
L(Sr, Sr)

2. if U(Sl, Sr) ≤ 0:

L(Sl, Sr)√
L(Sl, Sl)

√
L(Sr, Sr)

≤ mPC(X,Y ) ≤ U(Sl, Sr)√
U(Sl, Sl)

√
U(Sr, Sr)

3. else:

L(Sl, Sr)√
L(Sl, Sl)

√
L(Sr, Sr)

≤ mPC(X,Y ) ≤ U(Sl, Sr)√
L(Sl, Sl)

√
L(Sr, Sr)

Combined with Lemma 5.3.1, Theorem 5.3.2 enables bounding the Multivariate Pearson
correlation of any cluster combination that satisfies the correlation pattern, without testing all
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its possiblematerializations. For example, for combination ((C1, C2), C3) fromour running
example, we first use Lemma 5.3.1 to calculate bounds for all cluster pairs in O(1) per pair,
which leads to values for L(·, ·) and U(·, ·). The bounds onmPC((C1, C2), C3) then follow
directly fromTheorem 5.3.2.

Also, observe that by tightening the bounds for the pairwise correlations in Lemma 5.3.1, we
can reduceL(·, ·) andU(·, ·), which will in turn tighten the bounds formPC. This is further
exploited in Section 5.3.4.

Theorem 5.3.3 (Bounds for MP). For any pair of clusters Ci, Cj , let l(Ci, Cj)
and u(Ci, Cj) denote lower / upper bounds on the pairwise correlations between
the cluster’s materializations, i.e., l(Ci, Cj) ≤ min

x∈Ci,y∈Cj

ρ(x,y) and u(Ci, Cj) ≥

max
x∈Ci,y∈Cj

ρ(x,y). Consider the set of clusters S = {Ci}pi=1. Furthermore, let L andU

be symmetric matrices such that Lij = l(Ci, Cj) andUij = u(Ci, Cj) ∀1 ≤ i, j ≤ p.
For any set of z-normalized time series X = {x̂1, x̂2, . . . , x̂p} such that x̂i ∈ Ci,
multipole correlationMP(X) can be bounded as follows:

MP (X) ∈ 1− λmin

(
L+U

2

)
± 1

2
||U −L||2 (5.3)

where λmin
(
L+U

2

)
is the smallest eigenvalue of matrix

(
L+U

2

)
.

Similar to Theorem 5.3.2 for mPC, we can use Lemma 5.3.1 to compute the bounds on the
pairwise correlations between any pair of clusters, which allows us to compute the bounds of
Theorem5.3.3, and to analyze theMP values of allmaterializations of the cluster combination
in one go. Proofs for both theorems can be found in Appendix B.

5.3.4 Empirical Pairwise Bounds

The bounds of Lemma 5.3.1 – which are used for deriving the bounds of Theorems 5.3.2,
5.3.3 – tend to be pessimistic, as they always account for the worst theoretical case. Namely,
in the example of Fig. 5.3b, the theoretical lower bound (resp. upper bound) accounts for
the case that hypothetical time series (depicted in pink) are located on the clusters’ edges,
resulting in the smallest (resp. largest) possible distance between any pair of points in the
clusters.

Tightening the bounds on pairwise correlations will in turn tighten the bounds onmPC and
MP, which will lead to more aggressive pruning power of the algorithm described earlier
in this section. The empirical bounds approach builds on the observation that the pairwise
correlations of any pair of time seriesxi,xj drawn from a pair of clustersCi, Cj respectively
is typically strongly concentrated around (l(Ci, Cj) + u(Ci, Cj))/2, especially for high-
dimensional vectors such as time series. The approach works as follows. At initialization,
we compute all pairwise correlations and store these in an upper-triangular matrix. Then,
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during execution of Alg. 3, we lazily compute l(Ci, Cj) and u(Ci, Cj), as follows:

l(Ci, Cj) = min
x∈Ci,y∈Cj

ρ(x,y), u(Ci, Cj) = max
x∈Ci,y∈Cj

ρ(x,y)

with ρ(x,y) retrieved from the upper-triangularmatrix. The computed l(Ci, Cj) and u(Ci,
Cj) are also cached and reused whenever (Ci, Cj) is encountered in another cluster combi-
nation.

It is important to note that the empirical bounds do not induce errors, since they trivially
satisfy the requirements ofTheorems 5.3.2 and 5.3.3 that l(Ci, Cj) ≤ min

x∈Ci,y∈Cj

ρ(x,y) and

u(Ci, Cj) ≥ max
x∈Ci,y∈Cj

ρ(x,y). Therefore, bounds onmPC andMP derived using empirical

bounds are still correct. Finally, they are at least as tight as the bounds of Lemma 5.3.1, since
they account only the vectors that are actually present in the clusters and not the hypothetical
worst case.

There is a clear tradeoff between the cost of computing the empirical pairwise bounds (worst
case, quadratic to the number of time series), and the performance improvement of CD from
the tighter bounds. Indicatively, in our experiments, the theoretical pairwise bounds com-
puted from Lemma 5.3.1 were typically between two to eight times wider compared to the
empirical pairwise bounds. Exploiting the tighter empirical bounds led to a reduction of the
width of the bounds ofTheorem 5.3.2 by 50% to 90% (formPC(1, 2)), which empowered CD
to reach to decisive combinations faster. As a result, total execution time of the algorithm
with empirical bounds was typically an order of magnitude less than the time with the the-
oretical bounds. Therefore, all reported results will be using the empirical bounds. Lastly,
note that the empirically-bounded versions of Theorem 5.3.2 and 5.3.3 do not require z-
normalization. Still, it is performed in both cases to optimize pairwise cache computation
and to ensure that MP ∈ [0, 1], as suggested in [10]. However, z-normalization does not
impact relative distances and therefore the top-k query answers are identical.

Handling of additional constraints

CD supports both the irreducibility and minimum jump constraints, as described in Sec-
tion 5.2. For irreducibility, the process of identifying whether a simpler combination exists
requires testing whether a combination of any of the subsets of Sl and Sr is already con-
tained in the answers. To avoid the cost of enumerating allO(2|Sl|+|Sr|) subsets during the
execution of Alg. 3, only the pairwise correlations between any two clusters Cl ∈ Sl and
Cr ∈ Sr are examined. Precisely, we use l(Cl, Cr), which is already computed for Theo-
rems 5.3.2 and 5.3.3. If there exist Cl, Cr s.t. l(Cl, Cr) ≥ τ , then any solution that can be
derived by further examining the combination (Sl, Sr) cannot satisfy the irreducibility con-
straint. Therefore, (Sl, Sr) can be discarded. The case of minimum jump is analogous: if
any l(Cl, Cr) ≥ UB− δ, where UB is calculated as in line 1 of Alg. 3, then the combination
is discarded.

Only considering the pairwise correlations during the pruning process may lead to inclusion
of answers that do not satisfy the constraints. Such combinations are filtered from the query
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result before returning it to the user. Since the number of answers is typically in the order of
a few tens to thousands, this final pass takes negligible time.

MP has the additional property that the correlation can only increase when adding an extra
variable (i.e., TC(X ∪ {y}) ≥ TC(X)). We refer to this property as the monotonicity over
increasing pattern length. This reduces the relevance of MP threshold queries without any
constraints, as for any MP(X) ≥ τ with X ⊂ V , all supersets of X will be in the result
set, making it more cluttered. Therefore, we disallow such queries forMP, defaulting to the
addition of the irreducibility constraint.

5.3.5 Top-k Queries

When exploring new datasets, it may be difficult to decide on a threshold τ . Setting the
threshold too high for the dataset may lead to no answers, whereas a very low τ can result
in millions of answers, and a decrease in performance. Top-k queries address this issue by
allowing users to set the desired number of results, instead of τ . The answer then includes
the k combinations of time series with the highest correlation that satisfy the correlation
pattern.

If we had access to an oracle that could predict the value of τ that would yield exactly k
results, we could transform top-k queries to threshold queries, and answer them with the
standard CD algorithm for threshold queries (Algorithm 3) with the predicted τ . Since such
an oracle is impossible, many top-k algorithms (e.g., Fagin’s threshold algorithm [87]) start
with a low estimate for τ , and progressively increase it, by observing the intermediate an-
swers. The top-k variant of CD (see Alg. 4) follows the same idea; it starts with a low estimate
of τ , and progressively increases it while examining cluster combinations (i.e., traversing the
comparison tree) and maintaining an intermediate top-k result set Rk. Specifically, it ini-
tializes τ to the smallest possible correlation value (i.e., -1 formPC and 0 forMP), and starts
the recursion with the root clusters through Algorithm 3 as usual. However, now every time
a decisive positive combination is added to the running result setRk, the algorithm sortsRk,
limits it to the k highest correlations, and updates τ to the lowest correlation in the newRk.
Once the algorithm terminates, Rk will be guaranteed to contain the k highest correlations
that satisfy the correlation pattern, and the correct result is returned.

Optimizing Top-k Queries

Notice that, as the running threshold τ increases during the execution of top-k queries, the
pruning power of the algorithm also increases, as candidates have higher chances of being
decisive negative. Therefore, to maximize the pruning power, it is beneficial to (a) initialize
τ to the highest possible value without missing any answers, and (b) increase τ as quickly
as possible. We now describe three techniques that CD employs to achieve this. Note that
none of these techniques impact the completeness of the results, i.e., they do not miss any
answers that would be returned by the standard top-k algorithm described above – they only
improve the efficiency of the algorithm.
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Technique 1: Initialize τ from pairwise correlationsThe first technique is a simple opti-
mization that allows the algorithm to initialize τ to the highest possible value without miss-
ing any answers. Particularly, τ is initialized to the k’th highest pairwise correlation, which
can be derived at minimal additional cost as the pairwise correlations are already computed
for the empirical bounds before the algorithm starts the recursion.

Technique 2: Exploiting (soft) monotonicity The second technique aims to cheaply in-
crease the threshold τ between different traversals of the comparison tree (i.e., before run-
ning Alg. 3 with a larger root combination). The technique is inspired by the property of
monotonicity of MP, which implies that multivariate correlations can only increase when
adding an additional variable (i.e., time series) to the set (i.e., correlation pattern). Thereby,
given a set of combinations of size s,R, one can guarantee that any combination of size s+1
that is a superset of a combination inR will have a correlation greater than the lowest corre-
lation in R. In other words, any superset of a combination in the top-k onMP(s) will have
a higher multipole value than the lowest multipole value in that top-k set, and will thus be
guaranteed to increase the running threshold τ when considered.

This observation is exploited as follows. Once the algorithm finishes traversing the com-
parison tree for combinations of size s, it does not immediately start traversing the tree for
combinations of size s+1. Instead, it first iterates over all combinations {C1, . . . , Cs} in the
running top-k set Rk, adds a root cluster to that combination (i.e., {C1, . . . , Cs} ∪ Croot),
and initializes a recursion with Alg. 3 to consider all supersets of that combination of size
s+1. This will increase the running threshold such that the next traversal of the comparison
tree will start with a higher threshold, and thus prune more combinations.

While this technique is inspired by the monotonicity ofMP, it is also applied to mPC; even
when higher correlations for supersets are not guaranteed, supersets of highly similar com-
binations are still likely candidates for the top-k set. Note that using this technique does not
jeopardize the exactness of the algorithm for eitherMP or mPC; it only impacts the degree
at which the running threshold is increased during the query execution. At any time, this
running threshold will be a lower bound on the threshold that yields the exact top-k results,
thereby ensuring that no answers are missed.

Technique 3: Prioritization of candidates The last technique is an optimistic refinement
of the upper bound, aiming to prioritize the combinations with the highest correlations,
and thus the highest chances of increasing the running threshold. This technique splits the
traversal of the comparison tree into two phases (see Alg. 4 for pseudocode). In the first
phase (Alg. 4 lines 1-11), similar to Alg. 3, the algorithm traverses the comparison tree in a
Breadth-First manner (BFS), and computes the upper and lower bound per cluster combi-
nation. However, instead of comparing the exact bounds to τ , it now artificially tightens the
bounds by decreasing the value of the upper bound as follows;

UBshrunk = (1− γ)
UB + LB

2
+ γUB

where γ ∈ [−1, 1] is a parameter named the shrink factor with a default value of 0. Now,
decisiveness of cluster combinations is determined based on (LB,UBshrunk) analogous to
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Algorithm 4: Top-k-Query(Sl, Sr , Corr, τ , k, γ)
Input: Sets of clusters Sl and Sr that adhere to the user-defined correlation pattern.

correlation measure Corr, starting threshold τ , desired output set size k,
shrinkfactor γ.

1 (LB,UBshrunk)← CalcBounds(Sl, Sr, Corr, γ)
2 B ← new priority queue
3 if LB ≥ τ then
4 Add the contents of (Sl, Sr) to the result setR
5 R← SORT(R)[1:k]
6 τ ← min

(X,Y )∈R
Corr(X,Y )

7 else if UBshrunk ≥ τ then
8 Replace largest cluster with subclusters and recurse with top-k-Query (similar

to lines 7-11 of Alg. 3)
9 else
10 γ∗ = τ−µ

UB−µ // Compute the critical shrink factor
11 B.add ((Sl, Sr), γ

∗) // Add to the priority queue with priority γ∗

/* Phase 2 – starts when Phase 1 is completed */
12 for (Sl, Sr) ∈ B do
13 ThresholdQuery(Sl, Sr , Corr, τ )
14 R← SORT(R)[1:k]
15 τ ← min

(X,Y )∈R
Corr(X,Y )

Alg. 3, with an exception of the case whereUBshrunk ≤ τ < UB (Alg. 4 lines 3,7,12). In this
case, the cluster combination is postponed for further inspection, and placed in a priority
queue based on the combination’s critical shrink factor γ∗ – the minimum value of γ for
which UBshrunk surpasses τ (lines 9-11). Intuitively, a small γ∗ means that the combination
(i.e., branch in the comparison tree) is more promising to lead to higher correlation values
as a large portion of its bound range (UB − LB) exceeds τ .

In the second phase (lines 12-15), postponed branches are traversed in aDepth-Firstmanner
(DFS) by invoking Alg. 3 on each combination sequentially. Since τ continuously increases,
and the first branches are likely to contain the highest correlation values, most lower-priority
branches do not need many cluster splits to reach decisive combinations. Similar to the pre-
vious optimizations, the value of γ only impacts efficiency of the algorithm, and not com-
pleteness of the results.

5.3.6 Progressive Queries

The prioritization technique of Alg. 4 can also be used as a basis for a progressive threshold
algorithm. Precisely, Alg. 4 can be initialized with a user-chosen τ and with k → ∞. This
will prioritize the combinations that will yield the strongest correlations, and thus also the
majority of correlations larger than τ . Progressive queries are particularly useful when the
user is interested in the most similar combinations, but does not want to wait for the algo-
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rithm to finish. A common application scenario is exploratory data analytics, where the user
may choose to let the algorithm run until completion, which will yield results identical to
Alg. 3, or interrupt the algorithm after receiving sufficient answers.

5.4 Detection of Multivariate Correlations in Streaming Data
Data is frequently observed as a live stream. For example, in finance, asset prices may need
to be monitored in real-time for detecting strong correlations in a market, for portfolio di-
versification [210]. In weathermonitoring, real-time detection of correlationsmay reveal in-
teresting short-term weather events, whereas in server monitoring, detection of unexpected
correlations, e.g., on server requests originating from many different IP addresses, may re-
veal attempts of attacks [224]. Similarly, in neuroscience, real-time analysis of fMRI streams
to detect correlations brings novel exploitation opportunities, e.g., for neurofeedback train-
ing [114, 168, 258].

Our streaming algorithm, called CDStream, builds on top of CD such that it maintains CD’s
solution over a sliding window as new data arrives. CDStream does this efficiently by storing
the decisive cluster combinations in a custom index, which can subsequently be used after
each streaming update to quickly identify the potential changes to the result set. Clearly,
the main challenge is to construct, maintain, and utilize this index efficiently, for processing
streams with high update rates. CDStream currently supports threshold and top-k queries,
though only on the mPC correlation measure. In the remainder of this section, we will ex-
plain the underlying stream processing model and CDStream algorithm in detail. We will
also present an extension to CDStream named CDHybrid, which dynamically switches be-
tween CDStream and repeated execution of CD in order to adapt to sudden events and con-
cept drift, and improve robustness.

5.4.1 Stream Processing Model

CDStream builds on the basic windows model, which is widely used for processing of data
streams, e.g., in [97, 121, 249, 257]. The model works as follows: the sliding window, of
lengthw, is partitioned to a set of smaller, fixed-length sub-windows (often called basic win-
dows), each of length b. All stream updates received within a basic window are processed
(typically aggregated), to generate a single value for that basic window. In other words, the
basic windows define the time resolution handled by the algorithm.

The introduction of basic windows offers several benefits: (a) it makes the results robust to
outliers, noise in the data, and time series with small-period oscillations, e.g., stocks with
high trading volumes, (b) it allows for handling time-misaligned and out-of-order arrivals,
which are fairly common in real-life data streams (e.g., stock ticks, sensors with variable
measurement intervals, weak/slow network connections), and (c) it allows efficient handling
of streams with high update rates. The downside of traditional basic windows it that they
introduce a – potentially significant – delay on the results, which can be as large as b time
units. The latter constraint becomes limiting when processing periods of high activity (e.g.,
in high-volatility periods of a stock market, or when a network is under a DDoS attack),
where it is critical that the user observes intermediary results as soon as possible.
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Figure 5.4: Example of a stream representation with the BW+ model with w = 100, b = 20, E = 5.
With red we denote the index/position of the basic window. The blue numbers correspond to the values
of the corresponding windows. The updates in the running basic window and running epoch are shown

in green color.

CDStream alleviates this limitation by disentangling the period of recomputing the results
(the key reason behind the stale results) with the length of the basic window b. The model,
called BW+ hereafter, offers an extra knob to the user, called the epoch sizeE, which controls
the acceptable delay/lag for the algorithm to account for new data. When the epoch size E
is set to be equal to b, BW+ degenerates to the standard basic windows model, e.g., as used
in [257]. However, by setting E < b, the algorithm is instructed to recompute the results
more than once within the period of a basic window, accounting also for the new arrivals in
the incomplete basic window. The aggregation unit remains unchanged, i.e., the basic win-
dow of size b, which allows meaningful handling of time misalignment, noise and outliers.
All completed basic windows are not impacted by the epoch size – hence their aggregate val-
ues are not recomputed. However, whenever an epoch is completed, the algorithm updates
the aggregate value for the incomplete basic window and updates the correlations, to include
these new values.

As an example, consider the time series depicted in Fig. 5.4. Assume thatE is set to 5 msec,
and the basic and sliding window lengths, b and w, are set to 20 and 100 msec respectively.
Then, at time 100, BW+ will have identical results to the standard basic windows model. At
time 105, BW+ will recompute the results, accounting for the values that arrived in basic
windows 1 to 5, and within the first five seconds of the (still incomplete) basic window 6.
Therefore, if in the period between time 100 and 105, there were drastic changes that led to
updates of the results, these will be detected by BW+. The same process will be repeated at
times 110 and 115, whereas at time 120, basic window 1 will expire and the results of BW+

will again become identical to the output of the standard basic windows model (not shown
in figure). It is important to note that BW+ with E < b is not equivalent to running the
standard basic windows algorithm with b = E. BW+ keeps the completed basic windows
intact – it does not change their boundaries when an epoch is complete. As wewill explain in
the following section, this is leveraged by CDStream to optimize performance by avoiding to
store, or recompute, fine-grained partial results. We will come back to the discussion about
the properties of BW+, and its impact in terms of computational efficiency and accuracy/-
completeness of the results of the algorithm in Section 5.4.4.
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Algorithm 5:HandleEpoch(D,A,C, I, τ )
Input: Set of time seriesD, set of arrivals A , pairwise correlations cache C , DCC

Index I , correlation threshold τ
1 for (i, v) ∈ A do // (i: time series id, v: value)
2 RecomputeDi’s last basic window’s aggregate
3 for j = 1 to n do // Update pairwise cache C
4 C[i, j]←Corr(Si, Sj)

5 for (i, v) ∈ A do // Check for violations
6 V ← QueryIndex(i, I) // Query violations
7 for (Sl, Sr) ∈ V do // Recompute and re-index
8 ThresholdQuery(Sl, Sr, Corr, τ )
9 UpdateIndex(Sl, Sr, Corr, τ, I)

Time-based vs arrival-based epoch. Even though our previous discussion assumed that
epochs are defined in time units (seconds, minutes, etc.), this does not constitute a require-
ment of the model. Epochs can also be defined in number of arrivals (e.g., every 10 arrivals).
A definition based on number of arrivals may be preferred in use cases where the arrival rate
of the time series changes abruptly, e.g., during a market crash.

5.4.2 Algorithm Core

We start with a high-level description of CDStream before going over the details of the un-
derlying index, which is instrumental for increasing the throughput of the algorithm.

CDStream receives as an input the set of streaming time series D, and the configuration
parameters of the algorithm – the length of the sliding window w, basic window b, epoch
sizeE, and query threshold τ . The algorithm starts by executing CD on the lastw arrivals in
the given time series, and prints the initial results to the user. A byproduct of CD is an upper-
diagonal matrix that stores the pairwise correlations between all pairs of time series. We will
refer to this as the pairwise correlations cache. Then, CDStream enters themonitoring phase.

In this phase, whenever an epoch is completed, the algorithm (shown in Alg. 5) first detects
all time series that have at least one update and recomputes the corresponding aggregate for
the last (potentially still incomplete) basic window (line 2). It then refreshes the cache of
pairwise correlations, to account for the new arrivals (lines 3-4). Notice that this step does
not recompute the correlations from scratch; it updates them from the previous correlation
values and the change in aggregate value for the running basic window. Following, the al-
gorithm goes through all updates within the epoch, and checks whether these could lead
to changes in the result set (either new additions in the result or removals). This process
is supported by a custom-build index, which returns all decisive cluster combinations with
bounds impacted by the newly arrived updates. These impacted bounds are then reassessed
using Algorithm 3, in order to detect the potential changes in the result set, and to update
the index (Alg. 5 lines 5-9). The described steps are repeated for ⌊E/b⌋ epochs, after which
a basic window is completed. In that case, CDStream will additionally remove the expired
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Figure 5.5: Illustration of extrema pairs ⟨a,h⟩, ⟨a, c⟩, and ⟨b,f⟩ for a positive DCC ({C1}, {C2, C3}).

basic window, add the newly-completed basic window, and keep repeating the above process
(not depicted in Alg. 5). In the remainder of this section we will look at the custom index,
and how this is maintained and utilized by CDStream.

The DCC Index

The index is used for storing a collection of thresholds, that, when fired, signify a potential
change in the answer set.⁵ The core idea is to store Decisive Cluster Combinations (DCC)
for all clusters, and enable re-validating only these after every time series update. Recall that
each time series t belongs to a hierarchy of clusters. For example, time series e in Fig. 5.3a
belongs to C2 and C7. For a time series t, we denote the set of these clusters as C(t). By
construction, the algorithm takes a decision concerning any time series t based solely on
the decisive combinations including any cluster in C(t) (see the theoretical results in Sec-
tion 5.3.3). As long as those decisive combinations are still valid, the final result will remain
correct and complete.

A naive approach would be to construct an inverted index that maps each cluster to the
decisive cluster combinations it participates in. Then, after any update of a time series t, we
would look at all clusters in C(t), and find and re-validate all their decisive combinations
from the index. The use of this index could become too slow for some use cases, particularly
for large correlation patterns, due to the potentially large number of decisive combinations
associated with each cluster that need to be checked. Two key observations can be exploited
to optimize the use of this index: (a) the empirical bounds described in Section 5.3.4 do not
depend on all time series contained in the cluster, but are determined solely by l(Ci, Cj) and
u(Ci, Cj), the minimum and maximum pairwise correlations between all involved clusters
in the combination, and (b) the previous applies independent of the number of clusters (and
time series) contained in the left and right side of the cluster combination. Therefore, the
DCC index is designed around theseminimum andmaximumpairwise correlations, named
extrema pairs. We now start by introducing the intuition behind extrema pairs, and then
explain the index structure and how it is used by CDStream.

⁵Similar indices were used in earlier works, e.g., [174], but for bounding the values of pairwise correlations.
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Figure 5.6: Visualization of the decisive combination index.

Extrema Pairs. Consider a positive DCC ({C1}, {C2, C3}) composed of clusters from the
running example in Fig. 5.3a. Figure 5.5 illustrates the extrema pairs for this combination.⁶
In this example, the minimum and maximum extrema pairs for (C2, C3) are ⟨h, g⟩ and
⟨b,f⟩ respectively. From the definitions in Theorem 5.3.2 we can conclude that the dom-
inant bound of this DCC (i.e., the bound closest to the threshold, so LB here) is made up
of the minimum extrema pairs of (C1, C2) and (C1, C3), and the maximum extrema pair
of (C2, C3). We call these the active extrema pairs. Naturally, the DCCs dominant bound
will only decrease if any of these active extrema pairs changes undesirably, either by be-
coming more extreme (i.e., ⟨b,f⟩ increases) or by being surpassed by another pair (e.g.,
ρ(e,f)t+1 > ρ(b,f)t+1). This is the key insight behind the DCC index: if we store and
index DCCs based on their active extrema pairs, after each update we can quickly retrieve all
potential “state changers” (i.e., DCCs thatmay change the result set) that involve the updated
time series t, and have a potential change in bounds. We refer to these DCCs as violations,
since an update may cause their previous bounds to be violated.

Index Structure. Fig. 5.6 depicts an example of the internal organization of the DCC index.
At the outer layer, the index is an inverted index that maps each time series t to a list of
active extrema pairs. At the inner layer, for each extremum pair ⟨x,y⟩ we keep a list of all
opposite clusters, i.e., the clusters that do not include t, and participate in at least one decisive
cluster combination having ⟨x,y⟩ as an active extremum pair. For example, focusing at c in
Figure 5.6, we see that one of its extrema pairs is ⟨b,f⟩, which is reused by both clusters C2

and C8. The clusters are stored in decreasing size, i.e., the cluster at position i + 1 will be a
sub-cluster of the cluster at position i. For each cluster, we store all decisive combinations,
and whether these are positive or negative. In our example in Fig. 5.6, for cluster C2 we
have a negative combination (C2, C3) and a positive combination (C1, (C2, C3)). This way
of indexing and querying ensures that we only re-validate DCCs with an actual change in
bounds, and that this set is complete (i.e., we do not miss any violations).

Using the Index. When an update is observed at time series t, the first step is to use the
index for retrieving all extrema pairs that involve a cluster inC(t). For each extremum pair,

⁶Note that Euclidean distance is inversely related with correlation, meaning that time series (i.e., points) close to
one other have relatively high correlations [177].
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we check the pairwise cache whether the pair has changed as a result of the last update. This
will happen, e.g., if the update of t has caused t to form a new extremum pair with another
time series, replacing an older pair. If the extremum pair has not changed, we can skip all
contents grouped under this pair altogether. In our example DCC in Fig. 5.5, if c has been
updated, but ⟨b,f⟩ is still a valid extremum pair for clusterC2 (i.e., c did not move closer to
b than f ), then no further validations are needed for any of the combinations involving C2.
Furthermore, considering the index structure in Fig. 5.6, no validations are required for the
combinations involving C8 (and any other clusters following C2 with the same extremum
pair), since C8 is a strict subset of C2 (recall that the clusters are ordered based on their
size). If, on the other hand, the update has invalidated an extremum pair (e.g., c has moved
closer to b than f ), the algorithm drills into the contents of the inner layer, and goes over
the clusters sharing this extremum pair (i.e., C2 and C8 in our example). If, e.g., c was
updated and ⟨b,f⟩ is no longer an extremum pair for C2, we need to check and adjust all
combinations stored for C2 (in this example, (C2, C3) and (C1, (C2, C3))). This is done
by adjusting the extrema pairs and bounds using Theorem 5.3.2, re-validating whether the
combination is still decisive – positive or negative, and updating the solution accordingly.
In this step, the algorithm may even need to break a cluster to two or more sub-clusters,
until it again reaches to decisive combinations. However, again, as soon as we find a cluster
for which the extremum pair does not change after the update, we can move to the next
extremum pair.

5.4.3 User Constraints and Top-k Queries

To support the minimum jump and irreducibility constraints, additional triggering func-
tionalities, further described below, are added to the index of CDStream.

Irreducibility constraint. LetX,Y,X ′, Y ′ denote sets of clusters. Consider combinations
(X,Y ), and (X ′ ⊆ X,Y ′ ⊆ Y ), with |X ∪ Y | > |X ′ ∪ Y ′|, i.e., irreducibility excludes
(X,Y ) from the results if (X ′, Y ′) is in. We need to detect two additional cases: (1) (X,Y )
needs to be removed from the result set because (X ′, Y ′) just surpassed τ , and, (2) (X,Y )
needs to be added in the result set, because (X ′, Y ′) was just removed from the result set
because its correlation dropped below τ . Both cases can be triggered by an update of a time
series fromX or Y (hence, also fromX ′ and Y ′).

Without the irreducibility constraint, the index contains the following extrema pairs: (a) for
the negative decisive combinations, the pairs required for upper bounding the correlation,
(b) for the positive decisive combinations, all pairs required for lower-bounding the correla-
tion. The irreducibility constraint requires also monitoring of the upper bounds of positive
decisive combinations (e.g., for case (1), when an increase of Corr(X ′, Y ′) will cause the
following condition to hold: Corr(X ′, Y ′) > τ which will mean that (X,Y ) need to be
removed from the result set) and the lower bounds of negative decisive combinations with
any Corr(X ′, Y ′) > τ . These decisive combinations are also added in the index, under the
extrema pairs, and checked accordingly.

Minimum jump constraint. Monitoring for the minimum jump constraint is analogous to
the irreducibility contraint. The following cases need to be considered: (1) (X,Y ) needs to
be removed from the result set because Corr(X ′, Y ′) + δ > Corr(X,Y ), and (2) (X,Y )
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Figure 5.7: Number of results and execution time per basic window, with BW+ and the standard basic
window model. BW+ is configured with minute granularity updates. The results correspond to the

Stocks dataset, with n = 1000, w = 120000, and b = 20.

needs to be added in the result set because Corr(X ′, Y ′) + δ < Corr(X,Y ). Both cases
are identified using the discussed method for monitoring the irreducibility constraint.

Top-k queries. Recall that CDStream is initialized with the result of CD. For a top-k query,
CDStream queries CD for a slightly larger number of results k′ = bk ∗ k, where bk is a small
integer, greater than 1. CDStream finds the minimum correlation in these results, and uses
it as a threshold τ in the streaming algorithm. As long as the size of the result set is at least
k, the true top-k results will always have a correlation higher than τ and will be contained
in the top-k′ results maintained by the algorithm. Therefore, the top-k out of the detected
top-k′ correlations are returned to the user.

Scaling factor bk controls the tradeoff between the robustness of the streaming algorithm
for top-k queries, and its efficiency. Setting bk = 1 may lead to the situation that, due to
an update, fewer than k results exist with correlation greater than or equal to τ . CDStream
then fails to retrieve enough results, and resorts to CD for computing the correct answer,
and updating its index. Conversely, a large bk will lead to a larger number of intermediary
results, and to more effort for computing the exact correlations of these results, which is
necessary for retaining the top-k results. Our experiments with a variety of datasets have
shown that bk = 2 is already sufficient to provide good performance without compromising
the robustness of CDStream. We evaluate CDStream in Section 5.5.3.

5.4.4 Impact of Streaming Processing Model on CDStream

Recall that CDStream leverages the proposed extended basic window stream processing
model (abbrev. as BW+) in order to identify updates on the result set earlier. By con-
struction, BW+ is at least as good as the standard basic windows model BW in terms of
completeness of the result set, since it replicates its behavior every time a basic window is
completed. The further improvement that we can expect from BW+– compared to the stan-
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dard basic windows model BW– depends on the volatility of the input streams. In periods
where the streams contain negligible changes, BW+ will detect very few additional correla-
tions (if any), compared to the standard model. In periods of high volatility, such as market
crashes, BW+ will detect updates and new correlations faster.

To examine the importance of BW+ and evaluate its impact on the computational efficiency
of CDStream, we compared the results of CDStreamusing either the standard basic windows
model BW or the new BW+ model. The standard basic windows model was simulated by
running BW+ with E = b, i.e., the epoch size is equal to the basic window size. In the
extended model case, we setE = 1, causing the algorithm to update the results every time a
new arrival is received. Figure 5.7 presents the number of results (left axis) and runtime (right
axis) of CDStream of the two models. The results correspond to processing of a streaming
time serieswithminute-granularity stock prices of 1000 stocks on 16March 2020 (the dataset
is further described in Section 5.5). This day was selected because it was the day of the largest
price drop in the 2020 Covid crash [1]. As ground truth, we used the results of CD on the
same input dataset (without basic windows), recomputed at the end of each epoch.

We see that BW+ is able to identify jumps in the number of results significantly earlier than
BW. In fact the results of BW+ closely resemble the ground truth. Comparison with the
ground truth revealed that BW+ maintained a recall of 97.8% during this period while BW
recall decreased to 69.0%. From epoch 0 to 60 (prior the crash), the recall of BW+ was 100%.
It is also interesting to consider execution time per basic window. Since the new model
subsumes the basic windowmodel, it is slightly more expensive to maintain. However, extra
computation is only around 10%, for the more-detailed epoch. This extra computation can
of course be further reduced, by increasing the epoch size E. Therefore, all experiments
hereafter will only focus on the BW+ model.

5.4.5 CDHybrid: Combining CD and CDStream

Recall that CDStreamhandles the time series updates in epochs. The algorithm exhibits high
performance when the updates do not drastically change the results set. In time series where
the answer changes abruptly, it may be more efficient to simply run CD after the completion
of each epoch and recompute the solution from scratch, instead of maintaining CDStream’s
index and the result through time. CDHybrid is an algorithm that orchestrates CD and
CDStream, transparently managing the switch between the two based on the properties of
the input time series.

To decide between CD and CDStream, CDHybrid needs to estimate the cost of both ap-
proaches for handling an epoch. Since switching needs to happen quickly without introduc-
ing noticeable overhead, the estimation of execution times needs to be extremely lightweight.
A good predictor for the execution time of CDStream is the number of arrivals in the epoch
– more arrivals tend to cause more changes in the result, which takes longer for CDStream
to handle. Therefore, CDHybrid starts with a brief training period, where it collects statis-
tics on the observed number of arrivals in each epoch, and the execution time of the two
algorithms (i.e., it runs both CD and CDStream at every epoch, and measures the execution
time). Simple (online) linear regression is then used to model the relationship between exe-
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cution time and the observed number of arrivals. Note that the coefficients of a simple linear
regression model can be maintained in constant time and space. Therefore, the regression
model is continuously updated, even after the training phase. Switching from one algorithm
to the other works as follows.

Switching fromCDStream to CD. We cache the current results of CDStream (we will refer
to these asRCDStream) and stopmaintaining the index. When an epoch is completed, the time
series are updated and passed to CD for computing the result.

Switching fromCD toCDStream. Since the index was not updated for some time, we need
to update it beforewe can use it again. We compute the symmetric difference∆ of the current
results of CD (denoted as RCD) with the last results of CDStream RCDStream. Any result r
contained in ∆ ∩ RCDStream is due to a positive decisive combination that has now become
negative, whereas any r contained in∆∩RCD leads to a new positive decisive combination.
In both cases, the algorithm updates the index accordingly. There is also the case that a
decisive combination becomes indecisive. In this case, the algorithm recursively breaks the
combination further, as shown in Alg. 3. We evaluate CDHybrid in Section 5.5.3.

5.5 Evaluation
The purpose of our evaluation is twofold: (a) to assess the scalability and efficiency of our
methods, and (b) to compare them to a series of baselines. The baselines include state-of-
the-art algorithms for multivariate correlation discovery [9, 10] and two variants of an ex-
haustive search algorithm that iterate over all possible combinations. Our evaluation focuses
on efficiency rather than practical significance of multivariate correlations, as the latter was
already extensively demonstrated in earlier works and case studies from different domains,
e.g., [9, 10, 150] (see Section 5.1 for more examples). Still, to ensure our evaluation is con-
ducted on data where detection of multivariate correlations has practical relevance, we also
compare ourmethodswith datasets used in these past case studies (or similar datasets, where
the original datasets were inaccessible).

Compared methods. For experiments on static data, we compare our method CD against
four baselines: UNOPT and OPT, two variants of an exhaustive search that iterate over all
possible combinations of time series. UNOPT is a naive implementation that recomputes
all correlations for each combination, while OPT reuses cached pairwise correlations based
on our theoretical findings (Section 5.3.2). Both provide perfect precision and recall by ex-
amining every possible combination. CoMEtExtended [10]: a state-of-the-art approximate
algorithm for the Multipole measure that uses clique enumeration and relies on a parameter
ρ to balance completeness against efficiency, and CONTRa [9]: an algorithm specifically
designed for finding tripoles (i.e., mPC(2, 1)) that requires the minimum jump constraint.
See Section 5.2.3 for more details on CONTRa and CoMEtExtended.

For streaming data experiments, we compare three approaches: (a) CDStream, our stream-
ing-specific algorithm, (b) CD, which runs our static CD algorithm repeatedly on each win-
dow and, (c) CDHybrid, a hybrid approach that combines features from both CDStream
and CD.

Hardware and implementations. All experiments were executed on a server equippedwith
two Xeon E5-2697v2 12-Core 2.70 GHz processors and 500GB RAM. For CoMEtExtended
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Static Streaming

Dataset n m k γ κ n
Epoch
size

Basic
window
size

w
(hours)

Aggr.
Method τ

Stocks 1440 1309 100 0 10 1000 1 min 2 hours 2000 sum 0.95
fMRI 1440 5470 100 0 10 1440 1 sec 1 sec 0.5 last 0.9
SLP 1440 1827 100 0 10 1000 1 hour 6 hours 2160 avg 0.99
TMP 1440 1827 100 0 10 1000 1 hour 6 hours 2160 avg 0.99
Crypto 708 2660 100 0 10 1000 1 min 1 hour 216 sum 0.95
Deep 96 10,000 100 0 10 - - - - - -

Table 5.2: Default parameters for the experiments with static and streaming data

and CONTRa, we used the original implementations provided by the authors [9, 10]. We
configured the implementation of CoMEtExtended to utilize all available cores of our server.
Consequently, all implementations except CONTRa were multi-threaded. Algorithm per-
formance comparisons are exclusively made under matching execution styles (e.g., com-
paring single-threaded CD only to CONTRa). All implementations, except the UNOPT
exhaustive search baseline, cached and reused pairwise correlation computations using our
results from Section 5.3.2. This caching consistently improved performance across all meth-
ods. The reported runtime for CD and CDStream corresponds to the total execution cost,
including normalization, clustering, and pairwise correlation calculation. All reported re-
sults are medians from 10 repetitions.

Datasets. We conducted extensive evaluations on seven datasets from distinct domains
(neuroscience, finance, crypto trading, climate science, and machine learning). Download
links, preprocessing steps, and code for processing the data are available at [2].

• Stocks: Daily closing prices of 28678 stocks over the period Jan. 2, 2016 to Dec. 31, 2020
(1309 observations). For streaming experiments, we used minute-level closing prices.

• fMRI: Functional MRI data of a person watching a movie.⁷ We extracted five datasets by
mean-pooling with kernels of different sizes, resulting in 237, 509, 1440, 3152, and 9700
time series respectively, each with 5470 observations. A similar dataset was used in the
case study of [9].

• SLP & TMP: Segment of the ISD weather dataset [185] containing sea level pressure
(SLP) and atmospheric temperature (TMP) readings from 3222 sensors. For static eval-
uation, we used daily averages between January 1, 2016 and December 31, 2020 (2927
readings per time series). Streaming experiments used hourly measurements.

• SLP-small: Sea Level Pressure data [208] used in the case study of [10], containing 171
time series with 108 observations each.

• Crypto: 3-hour closing prices of 7075 crypto-currencies with 713 observations each,
coveringApril 14, 2021 to July 13, 2021. Streaming experiments usedminute-level prices.

⁷Available at https://openneuro.org/datasets/ds002837/versions/2.0.0. We used file “sub-1_task-
500daysofsummer_bold_blur_censor”, which includes recommended preprocessing for voxel-based analytics.

https://openneuro.org/datasets/ds002837/versions/2.0.0
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Figure 5.8: Scalability of CD and exhaustive baselines for threshold queries on subsets of Stocks. Notice
that the Y axis is in logarithmic scale.

• Deep: A billion time series of length 96, obtained by extracting embeddings from the
final layers of a convolutional neural network [3].

When needed, we obtained subsets of these datasets through random sampling. To avoid
repetition, we only mention experimental configurations when they deviate from the de-
fault parameters in Table 5.2. The remainder of this section is organized as follows: We first
compare our methods to the baselines (Section 5.5.1), then conduct sensitivity analyses of
CD (Section 5.5.2) and CDStream (Section 5.5.3).

5.5.1 Comparison to the Baselines

We begin by comparing CD to: (a) two algorithms based on exhaustive search, (b) com-
mercial and open-source database management systems, (c) CoMEtExtended [10], and (d)
CONTRa [9]. Our experiments compare both efficiency and recall for threshold queries.

Comparison to exhaustive search baselines. Since no existing solution covers CD’s range
of queries and correlations, we constructed two baselines (UNOPT and OPT) that exhaus-
tively compute all multivariate correlations by iterating over all possible combinations of
time series. This comparison focuses solely on runtime, as all methods provide perfect pre-
cision and recall.

Figure 5.8 shows the time required by CD, UNOPT, and OPT to execute threshold queries
on Stocks datasets of increasing size (up to 12,800 time series). All algorithms were given
a maximum of 8 hours to complete. The thresholds were selected to ensure all correlation
measures return approximately the same number of results on each dataset. Our results
demonstrate that CD’s runtime grows at a significantly slower rate than both baselines across
all correlationmeasures. The efficiency gap widens as dataset size increases, highlighting the
importance of an efficient solution like CD for handling large datasets.

Comparing OPT to UNOPT reveals that caching pairwise correlations improves perfor-
mance for both correlation patterns. However, even OPT times out on larger datasets. CD’s
superior scaling compared to OPT indicates that its main performance advantage comes
from effective utilization of cluster bounds rather than just correlation caching.

Comparison to CoMEtExtended. Our next experiment compared CD with CoMEtEx-
tended [10]. CoMEtExtended’s objective differs slightly from our problem statement. First
CoMEtExtended only supports the Multipole measure, while CD supports both mPC and
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CoMEtExtended Correlation Detective

(τ , δ) ρCE = 0 ρCE = 0.01 ρCE = 0.02 MP(4) MP(5)
time #res. time #res. time #res. time #res. time #res.

(0.4, 0.1) 604 62663 1318 67110 3530 70921 7 71083 1132 88305
(0.4, 0.15) 511 7244 1218 7300 3393 7343 5 7559 579 7562
(0.4, 0.2) 501 2166 1210 2171 3327 2174 4 2183 248 2183
(0.5, 0.1) 459 30632 1099 33718 2836 36457 5 34592 635 51391
(0.5, 0.15) 398 3646 1006 3702 2760 3745 4 3961 355 3964
(0.5, 0.2) 390 1434 1006 1439 2701 1442 3 1451 193 1451
(0.6, 0.1) 246 7823 598 8892 1592 9859 3 9204 289 17349
(0.6, 0.15) 223 1569 577 1606 1559 1635 3 1840 177 1843
(0.6, 0.2) 219 771 568 776 1532 779 2 788 112 788

Table 5.3: Comparison of CD with CoMEtExtended on SLP-small dataset: runtime (seconds) and
number of retrieved results.

MP. Second, CoMEtExtended is approximate without guarantees, though its recall can be
tuned via parameter ρCE (range: -1 to 1). Values around 0 provide a reasonable efficiency-
recall tradeoff [10]. In contrast, CD delivers complete answers, making both runtime and
recall relevant in our comparison. Trird, CoMEtExtended focuses onmaximal strongly cor-
related sets, whereas CD finds all such sets (up to a specified cardinality). To ensure fair
comparison, we also considered all subsets of CoMEtExtended’s returned sets. When a sub-
set satisfied the query, we added it to CoMEtExtended’s results, increasing its recall. This
post-processing was not included in CoMETExtended’s runtime to avoid penalizing its per-
formance. Table 5.3 presents the results and runtime of both algorithms on the SLP-small
dataset using configuration parameters from [10].

The results show that CD not only executes at least an order of magnitude faster than CoME-
tExtended, but also achieves substantially higher recall since it finds all answers, whereas
CoMEtExtended, being approximate, misses a significant portion of the results. ForMP(4),
CoMEtExtended with ρCE = 0 (resp. ρCE = 0.02) is one to two (resp. two to three) or-
ders of magnitude slower than CD. For queries with δ = 0.1, ρCE = 0.02 and τ = 0.4,
CoMEtExtended found 281 results with 6 time series, and one with 7. These account for
approximately 0.3% of the total discovered results. CD, executed with pl = 5, did not dis-
cover these as it prioritized simpler, more interpretable results. Nevertheless, CD still found
25% more results than COMEtExtended in one-third of the time. Moreover, case studies
in [9, 10] demonstrate the usefulness of relatively simple relationships involving at most
four time series on this dataset. Other works on multivariate correlations also emphasize
discovering relationships without too many time series [57]. For these cases with fixed lmax,
CD is guaranteed to find a superset of COMEtExtended’s results at a fraction of its cost.

Comparison toCONTRa. Wealso comparedCD toCONTRa [9] for tripole discovery (i.e.,
mPC(1, 2) ≥ τ ). To ensure fair comparison, CD was configured to find the same results as
CONTRa and to use equivalent hardware: (a) CD was executed with τ = 0, with pruning
solely due to the minimum jump constraint, and (b) CD was limited to a single-threaded
execution since CONTRa’s implementation was also single-threaded. CONTRa was config-
ured to return exact results.
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CONTRa Correlation Detective
τ = 0 τ = 0.5 τ = 0.9

δ time #res. time #res. time #res. time #res.
0.1 >24hrs 23e6 11510 23e6 1908 21e6 401 432
0.15 11160 73e4 4927 73e4 1569 73e4 391 102
0.2 5324 21e3 1983 21e3 1281 21e3 441 24

Table 5.4: Comparison of CD with CONTRa on fMRI dataset (n = 9700): runtime (seconds) and
number of retrieved results.

Table 5.4 presents runtime and result counts for each method.⁸ CD proves more efficient
than CONTRa when detecting identical results, even with τ = 0. However, τ = 0 produces
an impractically large result set. Thus, we also evaluated CDwith τ = 0.5 (corresponding to
the lowest correlation reported in [9]’s case studies), and with τ = 0.9, which yields a more
reasonable result set. These settings further decrease CD’s runtime by one to two orders of
magnitude while preventing overwhelming result quantities.

Summary. Comparison of CD with two state-of-the-art algorithms and two exhaustive
baselines demonstrates that CD consistently outperforms all competitors, requiring at
least an order of magnitude less time. This enables CD to find more complex query
patterns on larger datasets.

5.5.2 CD on Static Data

The following experiments evaluate CD’s efficiency under various conditions (configura-
tions, datasets, and queries). We first examine the impact of CD’s configuration parameters
(shrink factor and clustering distance) on efficiency. Since CD is exact, we focus solely on
runtime rather than recall. Then, we evaluate CD’s performance for top-k and threshold
queries.

Parameterization

We tested the impact of the values of the shrink factor γ and the number of sub-clusters per
cluster κ on CD’s efficiency across different configurations. The results showed that both
very small (γ = −0.8) and very large (γ = 0.8) shrink factor values lead to suboptimal
performance (roughly 38%-72% slower than with optimal γ), as they delay increasing the
running threshold τ . Similarly, extreme κ values led to suboptimal performance, with ex-
ecutions up to 2x slower than with optimal values. Detailed results appear in Table 5.5.
Importantly, setting γ = 0 and κ = 10 consistently delivered near-optimal performance
across all configurations — at most 17% worse than the optimal performance in each case.
Therefore, we use γ = 0 and κ = 10 for subsequent experiments.

⁸For this experiment, the minimum jump parameter δ follows the definition in [9], representing the minimum
difference between the squared correlations.
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fMRI Stocks
τ \κ 2 5 10 25 50 2 5 10 25 50
0.8 446 108 121 131 157 722 106 106 142 104mPC(1, 3) 0.9 140 35 40 49 63 281 23 27 48 36
0.8 883 174 188 177 197 715 78 75 92 80mPC(2, 2) 0.9 264 57 64 68 94 179 22 22 35 30
0.8 4799 1037 1014 1061 1149 10547 1366 1369 1809 1424MP(4) 0.9 2451 592 606 641 706 6808 1020 981 1497 1200

Table 5.5: Runtime times (in seconds) for varying values of κ-means and τ on fMRI and Stocks
datasets, with δ = 0.05. Bold values indicate the optimal κ for each configuration.
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Figure 5.9: Effect of k values and dataset on runtime.

Top-k queries

Effect of k. Fig. 5.9 shows CD’s runtime for different k values on Stocks and fMRI datasets.
We observe that decreasing k generally improves efficiency. A smaller k enables a rapid in-
crease in the running threshold τ , leading tomore aggressive pruning in Alg. 3, line 4. Inter-
estingly, this effect varies across correlation measures. For example, reducing k significantly
improves performance formPC, but provides a smaller boost forMP. This discrepancy stems
from differences in result set correlation values and bound tightness. On the Stocks dataset,
the lowestMP value in the result set only decreases from 0.998 (top-100) to 0.997 (top-500).
In contrast, the lowestmPC value decreases from 0.898 (top-100) to 0.862 (top-500) on the
same dataset.

Effect of the correlation pattern. Table 5.6 presents CD’s runtime for different correlation
patterns. As expected, increasing pattern complexity increases computational time. How-
ever, despite the search space complexity following O

((
n

pl+pr

))
, CD’s runtime grows at a

much slower rate. For the fMRI dataset, the search space size grows by 5 orders ofmagnitude
betweenmPC(1, 2) andmPC(1, 4), whereas CD’s runtime increases by only three orders of
magnitude, demonstrating efficient search space pruning.

Experiments with different datasets. Fig. 5.10 shows CD’s runtime across all correlation
measures on different datasets. We observe that efficiency for mPC queries remains rel-
atively stable across datasets. Performance for MP queries, on the other hand, fluctuates
significantly. This results from the inherent characteristics of the datasets: analysis of the
distributions of multivariate correlation values revealed that correlations in each dataset fol-
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mPC MP
(1,2) (1,3) (1,4) (2,2) (2,3) (3) (4)

fMRI 2 12 3008 11 683 2 3
Stocks 1 5 564 4 1071 3 61

Table 5.6: Runtimes of CD with different correlation patterns on top-k queries (seconds)
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Figure 5.10: Effect of dataset on top-k runtime.

lowed gamma-like distributions. For MP, the mean of this distribution is sometimes very
close to the minimum correlation in the answer set, i.e., the correlation of the top-k’th an-
swer. In other words, theMultipole measure exhibits reduced discriminative power on these
specific datasets. This behavior is expected since Multipole is particularly designed to cap-
ture higher-order relationships that may not be prominent in all domains. For instance,
while financial time series often exhibit simpler pairwise correlations, datasets from fields
like neuroscience or climate science frequently contain complex higher-order relationships
that Multipole excels at detecting [10]. These situations could be prevented by performing
exploratory analysis on the correlation value distribution of a small sample of the dataset. If
this analysis does not indicate exceptionally high correlations, the data analyst could opt for
an alternative correlation measure.

Threshold queries

Effect of threshold. Figure 5.11 shows the effect of threshold τ on CD’s runtime for the
Stocks (left Y-axis) and fMRI dataset (right Y-axis) for each correlation measure, and for
different constraints. Our first observation is that increasing the threshold leads to higher
efficiency for both correlation measures and both datasets. This is expected, since a higher
threshold enables more aggressive pruning of candidate comparisons: the upper bounds de-
rived by Theorems 5.3.2 and 5.3.3 will be below τ more often, leading to fewer recursions.
For similar reasons, stronger constraints (i.e., higher δ or introduction of the irreducibility
constraint) generally lead to better performance due to increased pruning power. Further-
more, CD is noticeably faster formPC compared toMP for the same τ values. This is due to
two reasons: (a) the high complexity of eigenvalue computation (cubic to pl), required for
MP bounds (Theorem 5.3.3), and (b) MP typically results in higher correlation values and
more answers for the same τ compared tomPC.
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Figure 5.11: Effect of constraint and τ on query performance (Stocks and fMRI)
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Figure 5.12: Number of retrieved results over runtime, for progressive execution of queries on Stocks.

Progressive variant of CD. Progressive algorithms should quickly collect the majority of
results to provide early insights and enable query adjustments. To evaluate this character-
istic of progressive CD (Section 5.3.6), we modified our code to save the retrieved results
at different time points, and compared these intermediary results with the ground truth to
compute recall. We focused on queries with significant runtime, as these benefit most from
a progressive algorithm.

Figure 5.12 plots the number of results returned by progressive CD at different time points
for all correlation measures on the Stocks dataset. For all correlation measures, CD retrieves
all but one result within the first few seconds — less than 1% of the total runtime. This
property is particularly appealing for cases where approximate results suffice.

Summary. Thedefault configuration parameters for CD (number of clusters and shrink
factor) provide near-optimal performance. Complexity of CD grows at a much slower
rate compared to the search space size, and CD is more efficient when the chosen cor-
relation measure and threshold are discriminating for the dataset. Finally, progressive
CD retrieves more than 99% of results within the first few seconds.
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Figure 5.13: Effect of dataset size and correlation pattern, with τ = 0.95, Stocks

5.5.3 CDStream on Streaming Data

The third set of experiments was designed to evaluate CDStream’s performance. We used
timestamps in all datasets (except Deep, which lacked time) to generate streaming time se-
ries. We present detailed results for the Stocks dataset and include other datasets only when
they provide additional insights. We start with time-based epoch experiments, then inves-
tigate CDStream’s performance using arrival-based epochs.

Experiments with time-based epochs

Effect of number of time series. Figure 5.13a presents CDStream’s average processing time
per epoch for different numbers of time series (See Table 5.2 for the epoch sizes). Since
there is no streaming baseline for CDStream, the plot includes CD’s average runtime per
epoch using the same sliding window data (repeated CD executions maintain results with
streaming updates). CDStream is more efficient than CD for small correlation patterns, re-
quiring only a few milliseconds per epoch — an order of magnitude less than CD for both
correlation measures. Despite the search space growing combinatorially with the number
of time series, CDStream’s runtime increases much more slowly. This is due to the internal
hierarchy of the DCC Index, which reduces work for each update by grouping DCC by time
series, extrema pairs, and clusters, in that order. However, CD outperforms CDStream on
more complex correlation patterns due to CDStream’s index maintenance cost: as pattern
complexity increases, the number of combinations in the index grows, eventually surpassing
the performance boost from the index. This highlights the importance of an automated al-
gorithm (like the hybrid algorithm in Section 5.4.5) that dynamically switches between CD
and CDStream for optimal performance.

Effect of the query parameters. Table 5.7 presents the effect of τ and additional constraint
values (minimum jump and irreducibility) on CDStream’s performance. CDStream’s effi-
ciency is robust to constraints — a constraint only slightly affects the number of decisive
combinations to monitor. In contrast, increasing τ improves performance by allowing ear-
lier decisive combinations, similar to CD.
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CD CDSTREAM
τ \ δ 0.0 0.05 0.1 0.15 irr 0.0 0.05 0.1 0.15 irr

mPC(1, 2)
0.80 1.025 0.903 0.772 0.756 0.723 0.234 0.226 0.214 0.206 0.206
0.90 0.441 0.426 0.412 0.412 0.402 0.085 0.079 0.069 0.069 0.070
0.95 0.370 0.366 0.365 0.346 0.342 0.051 0.045 0.045 0.046 0.045

Table 5.7: Effect of τ and δ on CD and CDStream’s average runtime per epoch (in seconds) with
streaming data, Stocks
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Figure 5.14: (a) Effect of epoch size E (time-based), mPC(1, 2) with τ = 0.95, Stocks, (b) Effect of
value of k in top-k queries, mPC(1, 2), Stocks

Effect of epoch sizeE. For the next experiment, we fixed the basic window size b to 10min-
utes andmeasured the total processing time per basic window for different epoch sizes. Since
the basic window size is fixed, E also determines the number of epochs per basic window.
Figure 5.14a shows that CDStream exhibits significantly better scaling behavior compared to
CD when increasing the number of epochs per basic window. For a single epoch, both algo-
rithms show comparable performance (0.39 seconds for CDStream vs 0.43 seconds for CD).
However, as the number of epochs increases, CD’s runtime grows linearly since it must re-
construct the complete result set for each epoch. In contrast, CDStream’s runtime increases
only marginally (from 0.39 to 0.48 seconds whenmoving from 1 to 10 epochs per basic win-
dow) because it performs only the minimal necessary work by focusing on DCCs affected
by updates. This efficiency difference has important implications for result freshness: with
the same computational budget, CDStream can provide more frequent updates than CD.
For instance, within a time span of 0.5 seconds, CDStream could update the results 10 times
while CD would only manage a single update.

Top-k queries. Fig. 5.14b plots the average processing time per epoch for top-k queries
under mPC(1, 2) for different k values. The results correspond to the Stocks dataset with
1000 stocks. Processing time for both algorithms increases with k, but at a much slower
rate for CDStream compared to CD. In CD, runtime grows almost linearly with k (from
1.31 seconds to 3.41 seconds), whereas for CDStream the time increases only from 0.011
seconds to 0.015 seconds for the same queries. This notable difference in efficiency arises
because CDStreammaintains the top-k solutions, already having a good estimate for the top-
k threshold from previous runs, whereas CD starts each run from scratch. Thus, CDStream’s
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Figure 5.15: Long-term development of DCCs and execution time for CDStream, Stocks, mPC(1, 2)
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Figure 5.16: Effect of query parameters on CDStream’s performance with an arrival-based epoch. (a)
Effect of epoch size E, with τ = 0.95, Stocks; (b) Effect of dataset

runtime increase for higher k values comes only from updating and sorting a slightly larger
result set and buffer set.

Long-term CDStream performance To evaluate CDStream’s index sustainability and ro-
bustness, we executed CDStream for an extended period (up to 10,000 epochs, detecting
mPC(1, 2)) and measured processing time and key DCC index statistics. Figure 5.15 plots
the number of DCCs checked after each epoch and the execution time per epoch (moving
averages over 100 and 1000 epochs). After a few hundred epochs, the number of DCCs to
validate and update per epoch stabilizes. Execution time remains stable throughout the time
series, with small spikes in the 100-epochmoving average. These spikes occur when updates
invalidate many DCCs, causing major result set changes. However, the spikes are smoothed
out in the 1000-epoch moving average, indicating that a small buffer for queuing time series
updates would suffice for CDStream to catch up.
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Figure 5.17: Analysis of CDHybrid with mPC(1, 2) (a) Efficiency of over time on Stocks; (b) Impact of
dataset on CDHybrid efficiency.

Experiments with arrival-based epochs

Effect of epoch sizeE. Figure 5.16a plots the average processing time per arrival for varying
epoch sizes. As a reference, the plot includes the average processing time for periodic CD
re-execution at the end of each epoch (amortized over the epoch’s arrivals). Increasing E
also increases CDStream’s performance. This is expected, as larger epochs provide more
opportunities for CDStream to reduce the number of DCCs to check. Thus, similar to time-
based epochs, E allows users to balance CDStream’s throughput with result freshness. The
runtime per arrival for CD approaches that of CDStream as E increases, with processing
times crossing at E = 80.

Effect of dataset. Figure 5.16b presents the average runtime per arrival (E = 1 arrival) for
mPC(1, 2) threshold queries on all datasets. The cost of periodic CD execution at the end
of each epoch is also included as a reference. Arrivals are processed in at most 50 msec,
but processing cost is noticeably higher for the two weather sensor datasets (SLP and TMP)
compared to others. This is due to the lower time resolution in these datasets (minimum
arrival rate is 1 hour, compared to seconds/minutes for others), leading to higher result set
volatility and more frequent DCC index updates.

Evaluation of CDHybrid

For the final set of experiments, we tested CDHybrid’s ability to switch seamlessly and effi-
ciently between CD and CDStream to minimize processing cost during stream bursts. Since
our time series lacked significant bursts to cause noticeable differences in CDStream’s run-
time, we introduced an artificial burst in all time series between epochs 70 and 90 by tem-
porarily increasing the arrival rate by a factor of 30. CDHybrid had a small warmup period of
40 epochs, processing updates while switching between CD and CDStream to collect initial
measurements and train the cost regression model.

Algorithm effectiveness. Figure 5.17a depicts the processing time per epoch (moving av-
erages over 5 epochs) for processing Stocks with CD, CDStream, and CDHybrid. The fig-
ure also includes the number of arrivals within each epoch (right Y axis). When the burst
starts (around epoch 70), CDStream becomes significantly slower than CD, while CD’s per-
formance remains unaffected. CDHybrid immediately recognizes the burst and switches
to CD, maintaining peak performance. After the burst ends (shortly after epoch 90), CD-
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Hybrid switches back to CDStream. This switch includes a small overhead for updating the
DCC index, but this is negligible compared to the overall savings from using a more efficient
algorithm at each epoch.

Effect of dataset. Figure 5.17b shows the average processing time per epoch for CD, CD-
Stream, and CDHybrid on all datasets (excluding warm-up time). CDHybrid consistently
outperforms both CD and CDStream, indicating that neither CD nor CDStream is optimal
for processing the entire time series. CDHybrid efficiently switches between the two in re-
sponse to varying arrival rates, providing near-optimal performance for each epoch.

Summary. CDStream outperforms CD inmost streaming scenarios. Epoch sizeE pro-
vides a useful knob for balancing CDStream’s throughput with result freshness. Finally,
CDHybrid seamlessly combines CD and CDStream, offering consistently better perfor-
mance than both.

5.6 Reflection and Conclusions
In this chapter, we addressed the challenge of detecting high-order multivariate correlations
through a family of algorithms that outperform existingmethods in both accuracy and com-
putational efficiency. Our evaluation demonstrated that our solutions consistently outper-
form state-of-the-art approaches, often by several orders of magnitude, allowing them to
handle datasets onwhich previous approaches failed to complete. Furthermore, we extended
our methods to support streaming data scenarios, enabling efficient updates as new data ar-
rives. Building on the foundations established in Chapter 2, our work tackles the relation-
level extension of similarity search by efficiently identifyingmeaningful relationships among
multiple time series.

Chapter summary. We introduced Correlation Detective (CD), a novel algorithm for effi-
ciently discovering multivariate correlations in static data. Unlike previous approaches that
either rely on restrictive similarity definitions, make constraining assumptions, or provide
approximate results without guarantees, CD offers a more general solution that can handle
two similarity measures, two query types, and two optional additional constraints on the re-
sults. By developing bounds for multivariate correlations and using these bounds to aggres-
sively prune the search space, CD makes the combinatorial nature of the problem tractable
even for large datasets.

We extended CD to streaming scenarios through CDStream, which maintains an index to
efficiently update results as new data arrives. Furthermore, we developed CDHybrid, which
automatically switches between CD and CDStream based on data characteristics and arrival
patterns to optimize performance. Collectively, these algorithms provide a comprehensive
solution for multivariate similarity detection across both static and streaming contexts.

Our extensive evaluation on seven real-world datasets demonstrated that our algorithms
consistently outperform state-of-the-art approaches, often by several orders of magnitude.
CD proved to be significantly faster than both exhaustive search baselines and contemporary
databasemanagement systems. When comparedwith specialized algorithms like CoMEtEx-
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tended and CONTRa, CD maintained superior performance while providing exact results
rather than approximations. For streaming data, CDStream showed remarkable efficiency
for frequent updates, while CDHybrid successfully used the strengths of both algorithms to
maintain optimal performance under varying conditions.

Transferable insights. The design principles underlying our algorithms offer valuable in-
sights for fast detection of multivariate similarities in general. First, the combination of hi-
erarchical clustering with recursive bounding showed to heavily prune the search space of
possible time series combinations, leading to significantly better scaling with the size of the
dataset and the complexity of the queried patterns. Second, by rewriting the similarity mea-
sure as a linear combination of pairwise similarities, we can cache intermediate results to
avoid repeating the same computations when evaluating different combinations of time se-
ries.

Limitations and path forward. While our algorithms represent significant progress, sev-
eral limitations remain. The current implementation supports only two similarity measures
(mPC and MP), and each measure requires custom-derived bounds. However, as identi-
fied in our literature review in Sections 1.1 and 5.1, the problem of multivariate similarity
search includes many custom definitions and measures in different domains, each with its
own unique characteristics. To enable efficient search to all these domains, we need a more
general framework that can systematically handle a broader range of similarity measures,
and query definitions, while maintaining the efficiency gains demonstrated in this chapter.

In the next chapter, we build exactly that. We address these limitations by generalizing our
techniques into a comprehensive framework for multivariate similarity search. This frame-
work decomposes the methods behind CD into modular components that can be combined
for efficient search of any query definition and similarity measure. By doing so, we aim to
provide a versatile and efficient solution formultivariate similarity search that can be applied
across various domains and applications.

Reflection on research question. This chapter makes substantial progress on our central
research question by addressing the relation-level extension of similarity search. Through
CD and its variants, we demonstrate that detecting multivariate relationships is not only
theoretically possible but also practically feasible at scale. Where Chapters 3 and 4 showed
how to handle multiple variables within individual objects, this chapter complements that
work by enabling the discovery of relationships between multiple objects simultaneously.
This advances us toward the ultimate goal of complete multivariate similarity search, where
we can efficiently find complex patterns in rich, multivariate data.
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CHAPTER 6

Towards a General
Multivariate Similarity Search

Framework

Across diverse scientific fields, researchers have independently developed methods
to findmultivariate relationships, leading to a fragmented landscape of specialized,
and often incompatible, solutions. This chapter addresses this fragmentation by
generalizing the principles from the previous chapter into the Similarity Detective
(SD) framework – a unified, measure-agnostic system for multivariate similarity
search. The framework is built around a standardized measure interface, a core
query execution strategy, and a modular suite of optimizations that are automati-
cally applied based on the formal properties of the user-defined similarity measure.
By abstracting the core computational challenges, SD provides a principled and
reusable solution for any data type, aiming to serve as a foundational tool for any
domain requiring the discovery of high-order patterns.

Part of the contents of this chapter have previously appeared in d’Hondt et al. [79].

6.1 Introduction
As mentioned in Chapter 2, multivariate similarity search represents a common problem
across disciplines. However, despite its widespread relevance, the field is fragmented; each
scientific or industrial domain has developed its own variant of the problemdefinition in iso-
lation, with customized distance or similarity measures, query types, and result constraints
suited to their specific needs [9–11, 119, 150, 183]. Consequently, there is a lack of shared
knowledge and understanding of the problem and its solutions, leading to many specialized
systems that are often incompatible with one another [187]. This is unfortunate, as the core
computational challenge – efficiently navigating a combinatorial search space to find the
most similar combinations of time series – is inherently the same across these variations,
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meaning that the same optimizations could be applied to different similarity measures or
query types with little or no modification. From a theoretical perspective, the lack of a uni-
fied definition ofmultivariate similarities also obscures the underlying principles that govern
the problem, making it difficult compare and contrast different approaches.

Domain scientists across these disciplines would benefit substantially from a generic solu-
tion capable of accommodating different variants of the problem, allowing them to focus on
their specific requirements without concern for underlying implementation details. More
specifically, a formal, measure-agnostic problem definition would permit reuse of optimiza-
tions and code bases across different measure families. Similar to how relational algebra
enabled the explosion of database technologies, such a formal theoretical basis could revo-
lutionize multivariate similarity search by allowing ad-hoc, domain-specific optimizations
while maintaining correctness guarantees. Furthermore, it would centralize research efforts
on this topic, enabling more efficient use of resources.

In this chapter, we take a significant step towards realizing such a system by proposing a
measure-agnostic framework for multivariate similarity search. This framework general-
izes the principles underlying the efficient search strategies used for answering top-k and
threshold queries under Pearson andMultipole correlations in the previous chapter, extend-
ing them to accommodate arbitrary aggregation and similarity measures. By identifying the
fundamental properties of similarity measures and query types that enable efficient pruning
and search, we establish a set of rules that guide the selection and application of appro-
priate optimization strategies based on the characteristics of a given problem instance. To
distinguish this framework from the previously introduced CD algorithm, we refer to it as
Similarity Detective (SD), reflecting its expanded scope to handle any similarity or distance
measure.

This framework is implemented as a software library where users can specify their multivari-
ate similarity search problem through a defined interface. The library then automatically
applies relevant, provably correct optimizations based on the problem’s formal properties,
rather than relying on heuristics. The key strength of our approach lies in this solid the-
oretical foundation, which ensures the correctness of the applied optimizations for diverse
problem configurations. Through examples (Section 6.4.7) and a case study in Chapter 7, we
demonstrate that this library can efficiently solve a wide range of problems. More so, it often
achieves performance competitive with specialized, hand-tuned algorithms from respective
domains. Note that while our current work focuses on the theoretical foundations, auto-
mated optimizations, and library implementation, we also discuss in Section 6.6 how this
library could evolve into a more mature and user-friendly system where users can specify
queries in a declarative language (e.g., SQL).

Notice that by generalizing CD to a system that supports anymultivariate similarity measure
(not just correlations), we also extend our problem scope from high-dimensional vectors to
any data type over which a meaningful similarity or distance measure can be defined, such
as sets, strings, or even more complex structures like graphs (i.e., data objects as per the
definition in Chapter 2). Therefore, in this chapter we will refer to the input data as objects,
rather than time series or vectors unless the context implies otherwise.
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The remainder of this chapter is structured as follows. In Section 6.2, we motivate our work
by highlighting the different works across domains that can be considered as multivariate
similarity search problems, illustrating the fragmented nature of the field. In Section 6.3, we
analyze the commonalities and differences between the specialized solutions to these prob-
lems, identifying the key properties and methods that can be used to generalize the problem
definition and different solution strategies. Section 6.4 presents our framework and demon-
strates how it can efficiently execute queries across a wide range of problems. In Section 6.5,
we evaluate the framework’s performance and versatility through experiments. Section 6.6
outlines our vision for extending the library into a full system with a declarative query inter-
face. Finally, in Section 6.7, we summarize our findings and discuss the implications of our
work.

6.2 Motivation
Multivariate similarity search exists across numerous scientific domains, though solutions
are typically developed with domain-specific terminology and methodologies. To build an
effective generic framework, we need to understand the full landscape of approaches and
identify common patterns. In this section, we systematically discuss and categorize existing
works that investigate multivariate similarity search problems, highlighting their similarities
and differences. The works are categorized along several dimensions: their application do-
main, problem definition, similarity or distance measure employed, computational methods
used for efficiency, and any specific constraints imposed on the results. By recognizing un-
derlying commonalities, we can design a framework capable of addressing various domain-
specific requirements while leveraging shared optimization principles. Table 6.1 provides an
overview of these approaches, which we discuss in detail below.

6.2.1 Databases

In database research, multivariate similarity search manifests as the discovery of relation-
ships between columns (attributes) in database tables. These problems can be naturally
framed as multivariate similarity queries where the objects are database columns and the
goal is to find sets meeting specific similarity criteria.

For example, Nguyen et al. [183] address what they term ”detection of column correlations”
using Total Correlation [234] tomeasure shared information across columns. From our per-
spective, this is a top-k query for sets of columns with maximum Total Correlation. How-
ever, due to the nature of their method, they also introduce an additional constraint to their
problem definition: the pairwise correlations between the columns in a set must be high.
This is because their algorithm builds a correlation graph based on Mutual Information –
the pairwise equivalent of Total Correlation – and search for quasi-cliques, effectively re-
stricting results to only column sets with high pairwise correlations.

Similarly, works on soft functional dependencies [14], composite functional dependencies
[112], inclusion dependencies [77], composite keys [220], and index recommendation [135]
can also be reformulated as multivariate similarity queries. Each seeks sets of columns max-
imizing different similarity measures: Jensen-Shannon divergence [14], set containment
metrics [77, 112, 220], or set similarity measures similar to Jaccard [135].
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Table 6.1: Overview of different multivariate similarity search approaches across domains.

Domain Problem Citation (Dis-)Similarity Measure Methods Constraints

Databases

Subspace search [183] Total correlation Clique enumeration High pairwise
Soft FDs [14] JS divergence Clustering
Composite FDs [112] Functional dependency Apriori, Graph coloring
Inclusion dependencies [77] Set containment Apriori, Joins, Sketches Maximality
Composite keys [220] Functional dependency Apriori
Index recommendation [135] Set similarity Clustering, LP

Signal
Processing Sparse approximation [52] Euclidean distance LP Irreducibility

Data Mining/
ML

Subset regression [69] Euclidean distance Branch-and-bound
Subspace search [26] Euclidean distance Locality sensitive hashing
Subspace search [158] Euclidean distance Locality sensitive hashing
Subspace Search [239] Euclidean distance Locality sensitive hashing
Outlier detection [130] Subspace contrast Ordered exhaustive search High conditional prob.
Pattern discovery [111] Scaled joint entropy Apriori
Feature selection [120] Interaction information Exhaustive search
Feature selection [253] C-contribution Index-based search
Freq. itemset mining [137] Joint entropy Apriori

Biology/
Medicine Epistasis detection [43, 149]

[172] Statistical interaction Exhaustive search

Finance Multi pairs trading [48, 199] Pearson correlation Exhaustive search
Test of independence [207] Correntropy Exhaustive search

Domain-
agnostic

Tripole mining [9] Tripole Bounding Minimum jump
Multipole mining [10] Multipole Clique enumeration Minimum jump
High-order correlations [251] Total correlation Apriori, Bounding Non-redundancy
Network classification [215] Product of values Exhaustive search Coherence

Unlike Nguyen’s work, these approaches do utilize Apriori-style methods since their similar-
ity measures generally possess (anti-)monotonicity properties. Particularly, column depen-
dencies like functional dependencies and inclusion dependencies exhibit anti-monotonicity
properties: if a certain combination of columns fails to satisfy the dependency, none of its
supersets will satisfy it either. This anti-monotonicity is not an additional constraint like
irreducibility, but an inherent property of the similarity measure – methods that do not ex-
ploit this property will still find the same results, but with potentially higher computational
cost. Theseworks also employ various other optimization techniques – graphmethods [112],
clustering [14], and linear programming (LP) [135] – but the fundamental query remains
the same: find column sets with maximum similarity under the chosen measure.

6.2.2 Signal Processing

In signal processing, a well-studied problem related tomultivariate similarity search is sparse
approximation, where the goal is to represent a signal as a linear combination of a small num-
ber of basis functions from a larger dictionary. A common solution is Basis Pursuit [52, 237],
which reformulates the problem as a linear programming task, minimizing both the Eu-
clidean distance between the signal and the subspace spanned by the chosen basis functions,
and the ℓ1-norm of the coefficients. Linear programming techniques are then employed
to efficiently find the optimal solution. This task can be viewed as a multivariate similarity
search problem where the goal is to find a set of basis functions (i.e., vectors) aggregated in
such a way that the resulting vector is as close as possible to the query signal in Euclidean
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distance. The dataset in this case consists of the basis functions, and the query is a signal
vector. Furthermore, in terms of constraints, one can argue that minimizing the ℓ1-norm
of the coefficients to promote sparsity is similar to applying an irreducibility constraint, as
it forces the algorithm to prioritize sets of minimal size. Sparse approximation is further
discussed as an application of our framework in Chapter 7.

6.2.3 Data Mining and Machine Learning

In data mining and machine learning, multivariate similarity search appears in several dis-
tinct problem settings. One setting is nearest subspace search, addressed by works like Basri
et al. [26], Lu et al. [158] and Xu et al. [239], which focus on finding the subspace (e.g., line,
plane, hyperplane, etc.) in a dataset closest to a query point or subspace, often using Eu-
clidean or angular distance. Unlike sparse approximation where the closest vector to the
query can be constructed from all database objects (i.e., the basis functions) – effectively
forming one global subspace – here the data objects are subspaces themselves composed
of a fixed number of basis vectors. In other words, subspace search can be seen as a con-
strained version of sparse approximation, where the query can only be reconstructed from
a set of predefined subspaces. Due to scalability challenges in high dimensions, methods for
subspace search typically employ approximate techniques like Locality Sensitive Hashing
(LSH).

Another application of multivariate similarity search in data mining is feature selection for
interaction, where the goal objective is to find feature sets in a dataset that interact mean-
ingfully with a target variable to improve the predictive performance of models. Works by
Jakulin et al. [120] and Zhao et al. [253] frame this as a top-k query using measures like in-
teraction information or C-contribution to quantify the strength of feature interactions. The
database objects in this case are individual features, and the query includes the target vari-
able. No additional constraints are imposed, though efficient index structures are sometimes
used to speed up the search with the cost of potentially missing results.

Furthermore, Subset regression, as studied by Das et al. [69], can be reformulated as a nearest
neighbor query where the database consists of features, and the goal is to find the feature set
whose spanned subspace is closest to a query vector (the target variable) under Euclidean
distance. Like sparse approximation, this is effectively a subspace construction problem,
though typically solved through exact methods like branch-and-bound.

In outlier detection, Keller et al. [130] search for subspaces where outliers exhibit high con-
trast relative to their neighbors. Particularly, given a dataset of points, they aim to identify
linear combinations of points (i.e., subspaces) with high “conditional dependence” and a
high “contrast”, with both measures defined as functions of the conditional, marginal, and
joint probability density functions of the points in the subspace. Through thesemeasures, the
authors quantify how well a subspace separates outliers from normal points, with high con-
trast indicating that the outliers are distinctly different from the normal points. Considering
the contrast as a similarity measure and the high conditional dependence as a constraint,
this can be considered a top-k multivariate similarity search problem.
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Finally, pattern discovery byHeikinhemo et al. [111] (low-entropy sets) andKnobbe et al. [137]
(maximally informative k-itemsets) represent top-k queries searching for column sets with
minimum joint entropy. The goal of these works is to find sets of items (i.e., columns) in a
dataset that exhibit low joint entropy, being an information-theoretical measure with similar
properties to Total Correlation. The monotonicity of joint entropy enables efficient Apriori-
style processing without additional constraints.

6.2.4 Biology, Genomics, and Medicine

In biology, genomics, and medicine, a key application related to multivariate similarity is
epistasis detection. This involves the identification of interactions between multiple genes
that influence a particular trait or disease risk [43, 149, 172]. The underlying similarity mea-
sure is typically an implicit statistical interaction measure, quantifying how the combined
effect of a set of genes deviates from the sum of their individual effects. Due to the complex-
ity of biological interactions and often the lack of clear monotonicity properties, exhaustive
search over combinations of genes is a common (albeit computationally intensive) approach
to identify these interactions. The focus of these works is usually qualitative, researching ap-
propriate measures and constraints to identify meaningful results, rather than optimizing
for computational speed.

6.2.5 Finance

In finance,multivariate similarity concepts are applied in areas likemulti-pairs trading. Multi-
pairs trading strategies [48, 199] extend traditional pairs trading by searching for combina-
tions of assets whose price movements exhibit strong correlation (often Pearson correlation)
or cointegration, aiming to identify arbitrage opportunities. In this context, the problem
becomes a top-k query to find sets of assets with maximum correlation (Pearson) or cointe-
gration, with the database objects being the financial instruments.

6.2.6 Domain-agnostic Approaches

Besides the domain-specific approaches above, several works propose generic solutions for
multivariate similarity search that are applicable across domains. These approaches are par-
ticularly interesting as they explicitly frame their problems as similarity search tasks with
clearly defined query types and constraints.

For instance, the CONTRa and COMEtExtended algorithms for Tripole [9] and Multipole
[10] mining discussed in Chapter 5 demonstrate their domain-agnosticity through success-
ful applications across diverse domains. TheCONTRa algorithmhas been effectively applied
to both climate data, identifying relationships between different atmospheric variables, and
fMRI data, discovering coordinated activity patterns in brain regions. Similarly, the COME-
tExtended algorithm extends these applications to traffic data, identifying groups of road
segments with correlated congestion patterns.

Zhang et al. [251], also discussed in Chapter 5, showcase the versatility of their approach
through its application to gene expression data. While originally developed for binary data,
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their method naturally extends to any domain where variables can be binarized, making it
broadly applicable across fields where discrete relationships are of interest.

A different perspective onmultivariate similarity search is provided by Santoro et al. [215] in
their study of network dynamics. Rather thanmeasuring similarity over an entire time series,
they compute the product of node values (called the discord of the nodes) at each timestep
t, and identify triplets that are coherent. Coherent triplets are defined as sets of three nodes
where (a) the discord exceeds all pairwise products between the nodes, and (b) all three
values in the triplet share the same sign (i.e., all positive or all negative). Then, they define
the hyper-coherence of the network at time t as the fraction of coherent triplets among all
possible triplets in the network. Through the coherence constraint, they effectively perform
a constrained range query at each timestep, and compute the hyper-coherence based on the
number of retrieved results. Through experiments, they demonstrate with data from brain
functional activity (fMRI), financial markets (stock prices), and epidemics (disease spreak
in the US) that the hyper-coherence metric can help classify the underlying ordered regime
of the network, such as whether it is in a synchronized or chaotic state. As such, it provides
insights into the temporal evolution of the dynamics of a network, which can be relevant for
understanding certain events or phenomena in a system.

6.3 Analysis of Existing Solutions
The discussion in the previous section reveals that diverse domain-specific problems can in-
deed be reformulated as multivariate similarity search queries. By mapping these problems
to our context, several recurring patterns and challenges emerge across domains. First, the
query types consistently fall into three categories: top-k queries (as seen in database column
correlation and feature selection), range queries (in Tripole mining and network classifica-
tion), and nearest neighbor queries (in sparse approximation and subspace search). Second,
these measures, while all designed to capture higher-order relationships, exhibit significant
diversity – ranging from geometric distances to information-theoretic measures to domain-
specific functions. This variety stems from the distinct requirements of each domain. For
example, Total Correlation in databases and statistical interaction in biological systems each
quantify different types of higher-order relationships fundamental to their respective fields.
Computational Methods A critical insight from our analysis is that computational meth-
ods across domains are fundamentally determined by the mathematical properties of the
similarity measure, not the application domain itself. This pattern is consistent: when mea-
sures exhibit monotonicity properties (as seen with functional dependencies in [112], inclu-
sion dependencies in [77], and joint entropy in [137]), Apriori-style algorithms consistently
emerge as the optimal choice. For geometric distances, particularly in high-dimensional
spaces, LSH and approximatemethods dominate the landscape, as demonstrated bymultiple
subspace search approaches [26, 158, 239]. When the measure can be expressed as an opti-
mization problem (exemplified by sparse approximation in [52]), linear programming tech-
niques naturally become themethod of choice. Formeasures that can be efficiently bounded,
like Tripole [9] and Total Correlation [251], approaches combining bounding with pruning
strategies are typically employed. Formeasures lacking these properties, like statistical inter-
action in epistasis detection [43, 172] or the discord measure in network classification [215],
exhaustive search often remains the primary approach despite its computational cost. This
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consistency strongly suggests that optimization strategies should be systematically selected
based on measure properties rather than reinvented for each domain.

Role of Constraints Furthermore, constraints appear across domains serving two distinct
purposes: making the search computationally tractable, e.g., by allowing the use of apri-
ori filtering, and encoding certain domain-specific requirements. While many constraints,
particularly in efficiency-focused works, are primarily computational artifacts, they remain
a crucial component of the problem definition alongside the similarity measure. For in-
stance, the coherence constraint in network classification [215] and the irreducibility con-
straint in sparse approximation [52] directly encode domain knowledge about what con-
stitutes a meaningful result. This dual nature of constraints – as both computational aids
and semantic filters – suggests that a unified framework must provide sufficient flexibility in
constraint definition while still leveraging them for computational efficiency where possible.

These patterns highlight the potential impact of a unifiedmultivariate similarity search frame-
work: by abstracting away domain-specific terminology and focusing on the underlying
similarity search operation, we can systematically apply optimization techniques across do-
mains while preserving the flexibility to incorporate domain-specific requirements through
constraints and similarity measures when needed. This is precisely the goal of our SD frame-
work, which we present in the following section.

6.4 The Similarity Detective (SD) Framework
In this section, we present Similarity Detective, our unified framework for multivariate sim-
ilarity search. Building upon the insights from the related work (Section 6.2), where we ob-
served common patterns across diverse domain-specific problems, Similarity Detective aims
to provide a generic solution capable of accommodating different variants of the problem.
This is achieved through a well-defined similarity measure interface, a modular query exe-
cution pipeline, and a suite of twelve optimizations that can be automatically applied based
on the properties of the similarity measure and query type, in order to increase the efficiency
of query execution.

We begin by categorizingmultivariate similarity measures and discussing the properties that
form the basis of our optimizations for query execution (Section 6.4.1 & Section 6.4.2). Next,
we outline the query execution workflow, detailing the steps involved to efficiently prune
and traverse the search space and compute the results (Section 6.4.3). Following this, we
present a theoretical framework for bounding the similarity between sets of clusters, which is
a core component of efficient query execution (Section 6.4.4). Then, we introduce amodular
suite of 12 distinct optimizations (Section 6.4.5) that can be applied to the query execution
pipeline, enhancing its efficiency based on the properties of the similaritymeasure and query
type. After that, we describe the similarity measure interface, which serves as a contract for
implementing similaritymeasures within our framework (Section 6.4.6). Finally, we provide
three examples of multivariate similarity measures and how they can be implemented within
our framework (Section 6.4.7), and discuss how the framework can be extended to handle
streaming data (Section 6.4.8).



Towards a General Multivariate Similarity Search Framework

6

133

Notes on terminology. We present the framework mainly in the context of similarity mea-
sures. However, it also applies to dissimilarity measures (i.e., distance functions); the only
difference is that query execution now looks for combinations under a threshold rather than
combinations over a threshold, or the bottom-k instead of the top-k. For the sake of gen-
erality, we will also extend the notion of correlation patterns of Chapter 5 to query patterns
sim(pl, pr), dist(pl, pr) in the following sections, which will refer to a combination of a
similarity or distance measure, and the maximum allowed cardinalities of the vector sets in
the combination. Furthermore, recall that we focus on general data objects in this chapter,
rather than specifically time series or vectors.

6.4.1 Types of Multivariate Similarity Measures

Our framework supports two primary categories of multivariate similarity measures, each
with distinct characteristics that influence how they are processed:
Bivariate Functions over Aggregated Data (Two-sided) Given two sets of objects X and
Y , these measures compute a similarity score based on the aggregation of the objects in each
set. Formally, it is defined as:

sim(X,Y ) = f(agg(X), agg(Y )) (6.1)

where agg(X) and agg(Y ) are aggregations of the objects in X and Y , respectively, and f
is a function that operates on the aggregated objects. In the case of vectors, the aggregation
can be a simple sum, average, or any other function that combines the vectors in X and Y
into a single vector. For simplicity, we will refer to these measures as two-sidedmeasures, as
they operate on two sets of objects. A prominent example of this type of measure is theMul-
tivariate Pearson correlation mPC from Chapter 5, which computes the Pearson correlation
element-wise averages of the vectors inX and Y .
MultivariateFunctionsoverRawData (One-sided) Unlike two-sidedmeasures, one-sided
measures operate directly on the raw, unaggregated data points. They inherently consider
all data points simultaneously without requiring intermediate aggregation. Formally, they
are defined as:

sim(X) = f(x1,x2, . . . ,xn) (6.2)
whereX = {x1,x2, . . . ,xn} is a set of objects and f is a function that operates on the ob-
jects inX . We refer to these measures as one-sidedmeasures, as they operate on a single set
of objects. An example is theMultipole correlation measure (cf. Chapter 5), which measures
the linear dependence of the vectors inX .

Throughout the remainder of this chapter, we adopt the notation sim(X,Y ) to represent
both types of similaritymeasures. In the case of one-sidedmeasures, we consider Y to be the
empty set ∅, such that sim(X,Y ) naturally reduces to sim(X). This notational convention
enables a unified treatment of both measure types without loss of generality.

6.4.2 Properties of Multivariate Similarity Measures

The applicability of certain optimization strategies in our framework depends on the math-
ematical properties of the distance or similarity measure being used. We classify measures
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based on the following key properties:

• Monotonicity: A multivariate similarity measure can be monotonically increasing or
decreasing (or neither) with respect to the number of objects in the input sets. When
a measure is monotonically increasing, adding more objects to the input sets will never
decrease the similarity score. Conversely, if it is monotonically decreasing, adding more
objects will never increase the score. This property is crucial for optimizations such as
Apriori filtering or result expansion, discussed in Section 6.4.5. Formally, a measure is
monotonically increasing if:

f(X,Y ) ≤ f(X ′, Y ) ifX ⊆ X ′ (6.3)

and monotonically decreasing if:

f(X,Y ) ≥ f(X ′, Y ) ifX ⊆ X ′ (6.4)

For example, the Multipole measure is monotonically increasing, as the linear depen-
dence between vectors can only increase with the addition of more vectors.

• Distributivity: A multivariate similarity measure is distributive if the multivariate sim-
ilarity score can be expressed as a function of pairwise similarities, e.g., f(a, b, c) =
f(a, b) + f(a, c) + f(b, c). This property is particularly useful for decomposing mul-
tivariate computations into simpler pairwise calculations. As seen in Chapter 5, Pearson
correlation is an example of a distributive measure when applied to z-normalized vec-
tors, since the correlation between aggregate vectors can be expressed as the sum of their
pairwise correlations.

• Soft-Distributivity: This property is a weaker form of distributivity, where the measure
can be expressed as a function of univariate and pairwise statistics (e.g., means, norms,
angles, dot products) rather than just pairwise similarities. Soft-distributivity is a cru-
cial property for deriving empirical bounds on the measure, further discussed in Sec-
tion 6.4.4. For example, the Euclidean distance over element-wise sums of two sets of
vectors X,Y can be expressed as a function of dot products between the vectors in X
and Y (shown in Section 6.4.4), making it soft-distributive.

• Satisfying triangle inequality: Ameasure satisfies the triangle inequality if, for any three
vectors a, b, and c, the following holds: f(a, b) ≤ f(a, c) + f(b, c). This property is
essential for establishing theoretical bounds on the similarity or distance scores. For
example, the Euclidean distance satisfies the triangle inequality, which allows us to derive
theoretical bounds on the Euclidean distance between two aggregate vectors, while the
Jaccard distance does not.

• Operating over vector spaces: When a measure operates over a vector space, vectors in
that space can be added together and/or scaled, which means that one can define a norm
over the space. Norms are a function ∥·∥ that satisfy (1) non negativity ∥x∥ ≥ 0, (2)
absolute homogeneity ∥α · x∥ = |α| ·∥x∥, and (3) triangle inequality ∥x+ y∥ ≤ ∥x∥+
∥y∥. This property is relevant for the derivation of theoretical bounds. For instance, the



Towards a General Multivariate Similarity Search Framework

6

135

Jaccard distance, which operates on binary vectors, does not satisfy this property, as the
sum of two binary vectors is not necessarily a binary vector. In contrast, the Euclidean
distance operates in a vector space.

• Permutation invariance: When a measure is permutation invariant, the order of the
objects in the input sets does not affect the similarity score, i.e., f(a, b, c) = f(b, c,a).
For two-sided measures, this also applies to which object set is designated as ’left’ and
which as ’right’, i.e., f(X,Y ) = f(Y,X) , and f(X,Y ) = f(X ′, Y ′) if X and X ′ are
permutations of each other. This property allows pruning of redundant combinations
during the search process by only considering unique combinations.

• Preprocessing requirements: Some measures assume specific data preprocessing steps
are applied to the input data before computing the similarity score. For example, z-
normalization is required formPC, while quantizationmay be necessary for information-
theoretic measures on continuous data. The framework accommodates these prepro-
cessing needs by allowing users to specify the required preprocessing steps as part of the
measure implementation.

By formally capturing these properties, the framework can automatically select and apply
appropriate optimization strategies.

6.4.3 Query Execution Workflow

This section details the algorithmic workflow for executing multivariate similarity search
queries within the SD framework. The core strategy of the query execution process is to ef-
ficiently prune the combinatorial search space by examining candidate n-ary combinations
in a level-wise manner, where each level corresponds to an increasing combination cardi-
nality (e.g., pairs at level 1, triplets at level 2, and so on). This iterative exploration continues
until the query’s objectives (such as identifying k results for a progressive query) are met, or
a predefined maximum combination cardinality is reached.

A key component of this strategy is the initial organization of the dataset via hierarchical
clustering. This structure, combined with recursive bounding techniques applied to combi-
nations of clusters, facilitates the aggressive pruning of irrelevant parts of the search space.
While several concepts such as hierarchical clustering and recursive bounding were intro-
duced in the context of CD (Chapter 5), we reiterate them here for clarity and completeness,
as part of a more generalized workflow. Figure 6.1 provides a high-level schematic of this
process.

It is important to recognize that this workflow serves as a foundational framework; various
optimizations, whichwill be discussed in detail in Section 6.4.5, can be integrated at different
stages to enhance performance. The purpose of this section is to provide a clear overview
that allows for the subsequent positioning and understanding of these optimizations.

Running example: To provide more context to each step in the workflow, we will work
through the query execution of an example top-k query, without the use of any optimiza-
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Figure 6.1: High-level overview of the query execution pipeline.

tions. Namely, consider the following scenario: we have a dataset D = {a, b, c,d, e,f}
with six vectors, and we want to find the top-3 combinations of at most three vectors (i.e.,
triplets) with the highestMP similarity score. As an additional constraint, we only want to
include combinations with unique vectors, meaning that no vector can appear more than
once in a combination (e.g., {a, b,a} is not allowed).

Step 1: Preprocessing. Any data preprocessing required by the specific distance/similarity
measure, as defined in the measure implementation, is performed here. Optimizations like
dimensionality reduction (optimization O1 in Section 6.4.5) or pairwise matrix precompu-
tation (O2) may also be applied at this stage, depending on the measure’s properties.

Example: For theMP measure, we need to z-normalize the vectors in D before computing
the similarity scores (cf. Chapter 5). We therefore perform this transformation on the whole
dataset D to obtain the z-normalized vectors {â, b̂, . . . , f̂}. Additionally, as standard for
top-k queries, we set the initial similarity threshold τ to 0. Note that this is not theminimum
similarity score forMP (which is -1), but rather a natural starting point for the search as it
indicates no correlation between the vectors.

Step2: HierarchicalClustering. Thedataset is clustered hierarchically using theK-Means++

algorithm described in Chapter 5. This hierarchical structure enables bounding over groups
of objects (clusters), to efficiently traverse the search space of a given cardinality (i.e., level).
The default distance measure used for clustering is Euclidean distance for continuous data,
and Hamming distance for categorical and binary data. However, the framework allows for
customization of the clustering distance measure via the measure interface to best suit the
query’s similarity measure (O3).

Example: We apply K-Means++ clustering to the z-normalized vectors {â, b̂, . . . , f̂}, re-
sulting in the hierarchy of clusters visualized in Figure 6.2.

Step 3-7: Complexity Climb andRecursive Bounding. The framework then explores com-
binations of increasing complexity (cardinality) in a level-wise manner (e.g., level 1: pairs,
level 2: triplets). The exploration within each level involves a recursive bounding process,
containing the steps outlined below.
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C0 = {â, b̂, ĉ, d̂, ê, f̂}

C1 = {â, b̂, ĉ}

C3 = {â} C4 = {b̂} C5 = {ĉ}

C2 = {d̂, ê, f̂}

C6 = {d̂} C7 = {ê} C8 = {f̂}

Figure 6.2: Example of hierarchical clustering result showing the cluster hierarchy from root (C0) to
individual objects.

Step 3: Pre-traversal. In this step, initial root candidate cluster combinations for the up-
coming complexity level are generated. These are the initial cluster combinations that will
be explored recursively in the next steps (i.e., they are the root of the search tree for the
current complexity level). In lack of any optimizations, this is simply done by forming the
query pattern of that complexity level (i.e., a pair, triplet, etc.) from the root cluster C0 in
the cluster hierarchy created in Step 2.

This generation process can be optimized though in several ways to reduce the search space
early. For instance, with anti-monotonicmeasures, rather than initializing the search through
the root combinations, one can generate candidates solely from the current result set as –
by anti-monotonicity – supersets of non-answers are guaranteed to be non-answers as well
(O6). Furthermore, for top-k queries, promising candidate combinations (e.g., supersets of
high-scoring combinations from the previous level) can be generated here before generating
and exploring the root candidates, as these are likely to yield high scores and can be used to
quickly raise the running similarity threshold τ (O5).

Example: For our example, we generate at this step the root candidate combination (C0, C0)
at the first complexity level, and the combination (C0, C0, C0) at the second complexity level.

Step 4-7: Recursive Bounding Loop. The core of the search at a given complexity level is a
recursive bounding loop, where the framework iteratively explores and processes combina-
tions of clusters. The loop initiates with the root candidate cluster combinations generated
in the pre-traversal step, and continues until all cluster combinations are either processed,
pruned, or refined to the level of individual objects if necessary. The framework then pro-
ceeds to the next complexity level. Each recursion iteration involves the steps outlined below.

Step 4: Cluster Bounding. For a given combination of clusters, compute the lower and
upper bounds on the similarity values achievable by any object combination drawn from
these clusters (also known as materizalizations). The specific bounding method (empirical,
theoretical) is determined by the measure’s properties as explained in Section 6.4.4. At this
step, bound-related optimizations are applied such as centroid and radius caching (07) and
cluster pair caching (08).

Example: After initialization of the root candidate combination (C0, C0), we compute the
bounds for this combination, which will yield a lower bound of -0.3 and an upper bound of
1.0 for the MP similarity measure, indicating that any vector combination in the cartesian
product of from C0 and C0 will have aMP value between these bounds.
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Step 5: Bound Checking. We compare the computed bounds against the query threshold
(or the k-th best score found so far for top-k queries). If the entire range defined by the
bounds is above the threshold for similarity measures (resp. below for distance measures),
the combination can be definitively added to the result set. If the entire range is below the
threshold for similarity measures (resp. above for distance measures), the combination and
all its potential sub-combinations can be pruned. If the bounds are indecisive (i.e., they span
the threshold), the combination is marked as inconclusive and will be further processed in
the next step. In terms of optimizations, bound discounting (09) is applied here to increase
the probability of finding decisive bounds. This step also provides an opportunity to check
for additional constraints like minimum jump and irreducibility.

Example: For our example, the bounds of the root candidate combination (C0, C0) are inde-
cisive, as they span the threshold of 0. If this were not the case and the bounds were decisive
positive, the combination would be added to the result set.

Step 6: CandidateGeneration (SplittingClusters). This step generatesmore refined candi-
dates from a cluster combination with indecisive bounds. This is done by splitting the largest
cluster in the combination into their constituent sub-clusters from the hierarchy. This gen-
erates new, smaller candidate combinations that are then passed to the next iteration of the
recursive bounding loop for further processing. Various optimizations are also applied at
this stage to minimize the number of candidate combinations, including canonical candi-
date generation (O10) for measures that are permutation-invariant, and duplication check-
ing (O11) when the query requires unique objects in the result set.

Example: For our example, the root candidate combination (C0, C0) is split into the combi-
nations (C1, C1), (C1, C2), (C2, C1), and (C2, C2).

Step 7: Branch Prioritization. For top-k queries, branch prioritization (O12) determines
the order in which inconclusive branches are explored, focusing on those most likely to yield
high-scoring results first. This is implemented using a priority queue and involves depth-first
traversal within prioritized branches, further discussed in Section 6.4.5.

Example: As no optimizations are applied in our example, we simply pass the next candidate
combination (C1, C1) on to the next iteration of the recursive bounding loop.

Step 8: Post-processing. Once the search across all relevant complexity levels is complete,
several post-processing steps are performed:

• Result Unpacking: Cluster combinations in the result set are unpacked into the actual ob-
ject combinations they represent.

• Final Constraint Checks: A final verification ensures all reported combinations satisfy any
additional constraints defined in the query.

• False Positive Filtering: If approximate techniques like dimensionality reductionwere used,
this step verifies the results using the original data to remove any false positives introduced
by the approximation.

• Formatting: Results are formatted for user readability.
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Example: For our example, the result set will contain the cluster combinations (C3, C5, C6),
(C3, C5, C7), and (C3, C5, C8), which are unpacked to the vector combinations {a, c,d},
{a, c, e}, and {a, c,f}, respectively. For reader convenience, the result set is then formatted
to show the top-3 combinations with their correspondingMP scores, which are 0.8, 0.75, and
0.7 for the three combinations, respectively, and (if provided) any metadata associated with
the vectors (e.g., labels, timestamps, etc.).

6.4.4 Bound Derivation

Thecore of our recursive bounding approach involves determining whether object combina-
tions belong in the result set without exhaustively evaluating each possibility. We accomplish
this by replacing individual objects in similarity measures (e.g., f(a, b, c)) with clusters of
objects (e.g., f(Ca, Cb, Cc), where a ∈ Ca, b ∈ Cb, c ∈ Cc), and then computing bounds
on the possible similarity scores for any object combination drawn from these clusters. The
efficiency of this technique depends on both the ability to derive bounds for a given similarity
measure, and the tightness of those bounds.

We present two types of bounds applicable to different similarity measures, each with dis-
tinct trade-offs between computational cost and bound tightness. Below, we detail these
approaches and specify the conditions under which each can be effectively applied.

Empirical Bounds

Recall that a multivariate similarity measure is soft-distributive when it can be expressed
as a function of univariate and pairwise statistics. This property enables us to derive empir-
ical bounds by computing the minimum and maximum values of these statistics between
clusters.

For example, consider the Multivariate Euclidean distance mED, which measures the Eu-
clidean distance between the element-wise sums of two vector sets X and Y , expressed in
terms of dot products ⟨x,y⟩:
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By replacing sets of vectorsX,Y with sets of clustersSX , SY , we can bound themultivariate
similarity between any combination of vectors from these clusters through theminimumand
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maximum values of dot products between vectors in the respective clusters:

mED(SX , SY ) ≥ (6.5)√ ∑
CX∈SX

⟨CX , CX⟩min +
∑

CY ∈SY

⟨CY , CY ⟩min − 2
∑

CX∈SX

∑
CY ∈SY

⟨CX , CY ⟩+max

mED(SX , SY ) ≤ (6.6)√ ∑
CX∈SX

⟨CX , CX⟩max +
∑

CY ∈SY

⟨CY , CY ⟩max − 2
∑
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⟨CX , CY ⟩+min

with

⟨CX , CY ⟩+min = min(|⟨CX , CY ⟩min|, |⟨CX , CY ⟩max|)
⟨CX , CY ⟩+max = max(|⟨CX , CY ⟩min|, |⟨CX , CY ⟩max|)
⟨CX , CY ⟩min = min

x∈CX ,y∈CY

⟨x,y⟩

⟨CX , CY ⟩max = max
x∈CX ,y∈CY

⟨x,y⟩

This bounding method is computationally efficient, as any pair of clusters will participate in
potentially many higher-order combinations (i.e., triplets, quadruplets, etc.), meaning that
when cached, the minimum andmaximum values of pairwise statistics can be reused across
multiple combinations.

For instance, given a query patternmED(2, 2) and the cluster hierarchy shown in Figure 6.2,
the minimum and maximum dot products between clustersC1 andC2 can be reused for all
combinations including C1 and C2 at opposite sides of the pattern, such as:

({C1}, {C2}), ({C0, C1}, {C2}), ({C1, C1}, {C2})
({C2, C1}, {C2}) ({C1}, {C0, C2}), ({C1}, {C1, C2})
({C1}, {C2, C2}), ({C0, C1}, {C0, C2}) ({C1, C1}, {C0, C2})
({C2, C1}, {C0, C2}), ({C1, C1}, {C1, C2}), . . .

Specifically, ⟨C1, C2⟩min and ⟨C1, C2⟩max can be reused for a total of 1458 combinations
in the search tree for mED(2, 2). Given this simple example with a relatively small cluster
hierarchy (3 levels, 6 clusters), the computational benefits of reusing pairwise statistics are
already evident. These benefits become significantly more pronounced with larger hierar-
chies, where the number of possible combinations grows exponentially with both the pattern
complexity and the number of clusters in the tree.

Theorem 6.4.1 (General Empirical Bounds). Let s be a soft-distributive multivariate
similarity function over two sets of objects X and Y (if s is one-sided, Y = ∅). Then,
through its soft-distributivity property, s can be expressed as a function of univariate
and pairwise statistics:

s(X,Y ) = g(UX , UY , PX,Y ) (6.7)
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where UX = {u1(X), u2(X), . . . , um(X)} and UY = {u1(Y ), u2(Y ), . . . , un(Y )}
are sets of univariate statistics for X and Y respectively, and PX,Y =
{p1(X,Y ), p2(X,Y ), . . . , pl(X,Y )} is a set of l pairwise statistics between ele-
ments ofX and Y .
Then, the empirical bounds on s can be expressed as:

smin(SX , SY ) = gmin(USX ,min, USY ,min, PSX ,SY ,min, PSX ,SY ,max) (6.8)
smax(SX , SY ) = gmax(USX ,min, USY ,min, PSX ,SY ,min, PSX ,SY ,max) (6.9)

where:
• SX and SY are sets of clusters.
• USX ,min andUSX ,max represent the minimum andmaximum values of each univari-
ate statistic across all objects in the clusters in SX (e.g., theminimum andmaximum
norms of the objects in each cluster in SX ).

• USY ,min andUSY ,max represent the minimum andmaximum values of each univari-
ate statistic across all objects in the clusters in SY .

• PSX ,SY ,min and PSX ,SY ,max represent the minimum and maximum values of each
pairwise statistic between clusters in the cartesian product of SX and SY (e.g.,
⟨CX , CY ⟩min and ⟨CX , CY ⟩max formED in Equation 6.5 and 6.6).

• gmin and gmax are constructed from g by using theminimumand/ormaximumvalues
of each term based on whether the term contributes positively or negatively to the
overall value of g (e.g., the bounds formED in Equation 6.5 and 6.6 above).

Note: The above is formulated in the most general manner, allowing for (1) any number
of univariate and pairwise statistics, and (2) different univariate statistics for each side.
In practice, however, most multivariate similarity measures can be expressed with only
one or two statistics which are shared across both sides, such as the dot product in the
case of themEDmeasure above.

Note that neither this method nor the definition of soft-distributivity requires the measure
to be metric, symmetric, or be expressable as a function of only a single type of statistic; as
long as no functions over more than two objects are involved, the method can be applied.
For instance, themPCmeasure fromChapter 5 is soft-distributive but not ametric, as it does
not satisfy the triangle inequality. Furthermore, the method is also not limited to only one-
sided measure or two-sided measures; it can be applied to both. For instance, the Multipole
measure can be expressed as a function over the smallest eigenvalue of the correlation ma-
trix of a set of vectors, which is merely constructed from the pairwise correlations between
vectors, allowing empirical bounds (cf. Chapter 5).

Theoretical Bounds

While empirical bounds use actualminimumandmaximumvalues computed from the data,
theoretical bounds derive guarantees based on geometric properties of the clusters, particu-
larly their centroids and radii. As the theoretical bounds are based on geometric properties,
they are limited to vector data and distance measures that satisfy the triangle inequality.
Theoretical bounds are especially valuable for measures that are not soft-distributive. We
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take a structured approach to the derivation of these bounds, starting with distance bounds
between two vectors, extending to distances between clusters, and finally generalizing to
multivariate measures.

We first consider a pair of vectors x,y ∈ Rm and a distance measure d that satisfies the
triangle inequality. When these vectors belong to clusters CX and CY , we can bound their
distance as follows:

Lemma 6.4.2 (Theoretic Bivariate Distance Bounds). Let d be a bivariate distance
measure that satisfies the triangle inequality. Then, given two vectors x,y ∈ Rm, each
included in a cluster CX and CY , respectively, one can bound d(x,y) as follows using
the triangle inequality:

d(cX , cY )− rX − rY ≤ d(x,y) ≤ d(cX , cY ) + rX + rY (6.10)

with cX and cY being the centroids of CX and CY , respectively, and rX and rY being
the radii of CX and CY . The radius of a cluster is the maximum distance between the
centroid and any point in the cluster, according to d, i.e., rX = max

v∈CX

d(cX ,v). The
proof is provided in Appendix C.

Extending the bounds in Lemma 6.4.2 to multivariate measures requires us to consider the
two types of multivariate measures separately:

For one-sided measures, Lemma 6.4.2 applies only when the measure can be expressed as
a function of pairwise distances. However, this would make the measure soft-distributive,
meaning that empirical bounds can be applied. Considering that d(x,y) ≤ max

v∈CX ,w∈CY

d(v,w) ≤ d(cX , cY ) + rX + rY , empirical bounds are guaranteed to be tighter than theo-
retical bounds, so there is no benefit applying the theoretical bounds for one-sidedmeasures.

For two-sided multivariate measures, we take a geometric approach to extend the bounds
in Lemma 6.4.2 to the multivariate case. Recall that a two-sided multivariate measure is de-
fined as d(agg(x1, ...,xpl), agg(y1, ...,ypr)), where agg(·) is an aggregation function (e.g.,
sum, average) and pl and pr are the number of vectors at each side. Through the aggrega-
tion, we obtain a single aggregate vector for each side, xagg and yagg. Now when we re-
place the vectors with clusters, i.e., d(agg(C1, ..., Cpl), agg(C1, ..., Cpr)), these aggregate
vectors are no longer fixed at a single point in space; they can be any point in a space de-
fined by all the possible vector combinations in the cartesian product of the clusters, i.e.,
xagg ∈ {agg(x1, ...,xpl)|xi ∈ Ci}. Geometrically, this space is defined by the weighted
Minkowski sum of the clusters at that respective side of the query pattern [108], assuming
the aggregation function is linear, i.e., agg(x1, . . . ,xn) =

∑n
i=1 ωixi for some weight

vector ω.

The concept of the Minkowski sum between two clusters C1 and C2 is illustrated in Fig-
ure 6.3, where the aggregate clusterCS (orange) is formedby theweightedMinkowski sumof
the two original clusters C1 (red) and C2 (green) with aggregation weights ω1 = ω2 = 1/2,
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c1

C1
c2

C2

cS

CS = agg(C1, C2)

xagg

Figure 6.3: Illustration of an aggregate cluster CS formed by the weighted Minkowski sum of two
original clusters C1 and C2 (respective centroids c1 and c2) with weights ω1 = ω2 = 1/2. An

aggregate vector, such as xagg = agg(x1,x2) where x1 ∈ C1,x2 ∈ C2, is a point within this aggregate
cluster CS . The centroid cS and radius rS of CS are derived from the centroids and radii of C1, C2 and

the aggregation weights (Lemmas 6.4.3 and 6.4.4).

i.e., simple averaging. This orange area represents the closed areawhere the aggregate vectors
xagg formed from any combination of vectors in C1 and C2 are located.

A key insight is that when the measure operates in a vector space, the weighted Minkowski
sum of spherical clusters remains a spherical cluster [108]We refer to these clusters as aggre-
gate clusters. The properties of these aggregate clusters can be derived from the constituent
clusters, specifically their centroids and radii.

Lemma 6.4.3 (Centroid of an Aggregate Hypersphere Cluster). Given a set of spheri-
cal clusters S = {Ci}pi=1 with each cluster covering a set of vectorsCi ⊆ V and a linear
aggregation agg(X) = ωTX , the centroid of the hypersphere CS covering all points in
the Minkowski aggregation of S is as follows;

cS = ωT [c1, . . . , cp] (6.11)

with ci being the centroid of the cluster Ci. The proof is provided in Appendix C.

Lemma 6.4.4 (Radius of an Aggregate Hypersphere Cluster). Given a set of spherical
clusters S = {Ci}pi=1 with each cluster covering a set of vectors Ci ⊆ V and radius
defined using a distance metric d on a vector space S with norm ∥x∥d = d(x,0), and
a linear aggregation agg(X) = ωTX , the radius of the hypersphere CS covering all
points in the Minkowski aggregation of S is bounded as follows;

rS = ωT [r1, . . . , rp] ≤
p∑

i=1

|ωi|ri (6.12)

with ci being the centroid of the clusterCi and ri being the radius of the clusterCi. The
proof is provided in Appendix C.

Lemma 6.4.3 and Lemma 6.4.4 show that the centroid and radius of an aggregate cluster
can be computed simply by aggregating the centroids and radii of the constituent clusters,
respectively, using the same aggregationweights as used to form the aggregate vectors. Given
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thewell-defined properties of an aggregate cluster, we can nowderive bounds on the distance
between any two aggregate vectors xagg and yagg formed from clusters at each side of the
query pattern (i.e., CX and CY ):

Theorem 6.4.5 (Theoretic Multivariate Distance Bounds). Let d be a bivariate dis-
tance measure that satisfies the triangle inequality and operates on vectors in a vector
space, and two linear aggregations aggX(X) = ωT

XX and aggY (Y ) = ωT
Y Y . Then,

given two sets of vectors X = {x1, . . . ,xpl} and Y = {y1, . . . ,ypr}, with each vec-
tor included in a cluster constructing the cluster sets CX = {Cx,1, . . . , Cx,pl} and
CY = {Cy,1, . . . , Cy,pr}, respectively, one can bound d(X,Y ) as follows:

d(cX , cY )− rX − rY ≤ d(X,Y ) ≤ d(cX , cY ) + rX + rY (6.13)

with centroids and radii of aggregate clustersCX andCY defined as in Lemma 6.4.3 and
Lemma 6.4.4.

Theorem 6.4.5 allows us to compute bounds for cluster combinations under anymultivariate
distance measure that satisfies the triangle inequality and operates on a vector space. Unfor-
tunately, similarity measures, unlike distance measures, often do not satisfy the triangle in-
equality, and therefore, the above bounds cannot be applied directly. However, if such a sim-
ilarity measure can be expressed as a function of a distance measure that does satisfies these
properties, bounds are still feasible. For instance, cosine similarity cos(θ) does not satisfy the
triangle inequality directly, but it does operate on angles between vectors in a vector space
θ = ∠(x,y), which do satisfy the triangle inequality, i.e., ∠(x,y) ≤ ∠(x, z) + ∠(y, z).
As such, by considering that the cosine function is a monotonically decreasing function be-
tween 0 andπ, we can still derive bounds on the cosine similarity between sets of clustersCX

and CY (respective centroids cX and cY ) using the bounds on the angles between vectors
in the clusters:1

cos(∠max
X,Y ) ≤ cos(∠(X,Y )) ≤ cos(∠min

X,Y ) (6.14)
with:

cos(∠min
X,Y ) = max(0,∠(cX , cY )− rX − rY ), rX = max

x∈CX

∠(cX ,x),

cos(∠max
X,Y ) = min(π,∠(cX , cY ) + rX + rY ), rY = max

y∈CY

∠(cY ,y)

This principle generalizes to any similarity measure expressible as a monotonic function of
a triangle-inequality-satisfying distance:

Theorem 6.4.6 (General Theoretical Bounds). Let d be a bivariate distance measure
that satisfies the triangle inequality and operates on vectors in a vector space, and s
be a similarity measure that can be expressed as a monotonic function over d, i.e.,

1Under the convention that all angles between two vectors are in the range [0, π], i.e., if ∠(x,y) > π, then
∠(x,y) = 2π − ∠(x,y).
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s(X,Y ) = f(d(X,Y )). Then, given two sets of vectors X = {x1, . . . ,xpl} and
Y = {y1, . . . ,ypr}, with each vector included in a cluster constructing the cluster sets
CX = {Cx,1, . . . , Cx,pl} and CY = {Cy,1, . . . , Cy,pr}, respectively, one can bound
s(X,Y ) as follows:
If f is monotonically decreasing:

f(d(cX , cY ) + rX + rY ) ≤ s(X,Y ) ≤ f(d(cX , cY )− rX − rY ) (6.15)

If f is monotonically increasing:

f(d(cX , cY )− rX − rY ) ≤ s(X,Y ) ≤ f(d(cX , cY ) + rX + rY ) (6.16)

with centroids and radii of aggregate clustersCX andCY defined as in Lemma 6.4.3 and
Lemma 6.4.4.

Theorems 6.4.5 and 6.4.6 thus provide a generalmethod for boundingmultivariate similarity
measures that either operate in a vector space with the triangle inequality or can be expressed
as monotonic functions of such measures.

No Bounds

Whenameasure lacks properties for either empirical or theoretical bounds (non-distributive,
non-metric, not expressible as a monotonic function of a metric), the framework must re-
sort to exhaustive evaluation. This requires recursively splitting cluster combinations down
to individual objects and computing exact measure values. While this approach lacks the
pruning efficiency of the bounding methods, it can still benefit from two types of optimiza-
tions: dimensionality reduction (discussed in Section 6.4.5), and caching of intermediate
results that can be reused across different object combinations.

BoundSelection Theframework systematically selects themost appropriate boundingmeth-
od for each measure (Figure 6.4). As further discussed in Section 6.4.6, measure properties
are defined in the measure interface, allowing the framework to check for soft-distributivity,
metric properties, and monotonicity based on predefined measure attributes. The frame-
work evaluates measure properties in a hierarchical manner, first checking for soft-distri-
butivity, then for metric properties in vector spaces, and finally defaulting to exhaustive
search if no bounding method is applicable.

6.4.5 Optimization Suite

To maximize performance across diverse scenarios, the framework incorporates a suite of
optimization techniques that can be selectively applied based on the properties of the dis-
tance/similarity measure and the query parameters. Table 6.5 summarizes the key optimiza-
tions, their location in the pipeline, and the properties they require. These optimizations are
largely independent of each other and can be applied in any order, with the sole exception
that optimization O4 requires O2 to be applied first, as it relies on the precomputed pairwise
matrix. We evaluate the impact of each of these optimizations on the execution time of the
algorithm in Section 6.5.



6

146 The Similarity Detective (SD) Framework

Distance or
similarity function

f(a,b,c)
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No

Empirical bounds

Measures

Pearson correlation

Multipole

Euclidean distance

Total correlation

Spearman correlation

Santoro's Discord

Cosine similarity

Jensen-shannon divergence

Mahalanobis distance

Wasserstein distance
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No

General
Theoretical

Bounds

No bounds
Measures

Jaccard similarity

Measures

Manhattan distance

Chebyshev distance

Soft-Distributive?

Metric on vector spaces
OR

monotonic function over
such a metric?

Figure 6.4: Decision tree for selecting the appropriate bounding method based on the properties of the
similarity measure.

Note that several of these optimizations, such as dimensionality reduction (O1), Apriori
filtering (O6), and empirical bound discounting (O9), were not part of the CD algorithm
described in Chapter 5 and are thus novel contributions in this context. Moreover, to the
best of our knowledge, the concept of empirical bound discounting is introduced here for
the first time.

Running example: Toprovidemore context, we revisit the running example fromSection 6.4.3,
which considered a top-k query with a query pattern mPC (2,1) on a dataset D consisting
of 6 vectors. For simplicity, we will also re-use the example cluster hierarchy of the example
dataset shown in Figure 6.2.

O1: Dimensionality Reduction (Preprocessing): Applies techniques like random projec-
tions to reduce data dimensionality. This is particularly beneficial for non-distributive mea-
sures relying on theoretical bounds or the ”no bounds” case, where distances have to be com-
puted over potentially very many high-dimensional objects. It reduces the computational
burden of these distance computations by working in a lower-dimensional space, at the cost
of introducing approximation errors that require filtering (FP Filtering) in post-processing
or potentially missing results (i.e., false negatives). Ideally, dimensionality reduction tech-
niques are used that comewith probabilistic guarantees of preserving or lower-bounding the
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Table 6.2: The framework’s optimization suite.

ID Optimization Pipeline Location Required Properties

O1 Dimensionality Reduction∗ 1. Preprocessing Theoretical bounds
O2 Precompute Pairwise Matrix 1. Preprocessing Empirical bounds
O3 Distance Measure Optimization 2. Clustering
O4 Skip First Level 3. Pre-tree traversal O2
O5 Result Expanding 3. Pre-tree traversal Top-k query
O6 Apriori Filtering 3. Pre-tree traversal Monotonically decreasing
O7 Centroid & Radius Caching 4. Cluster bounding Theoretical bounds, Two-sided
O8 Cluster Pair Caching 4. Cluster bounding Empirical bounds
O9 Empirical Bound Discounting 5. Bound checking Empirical bounds

O10 Canonical Candidate Generation 6. Candidate generation Permutation invariant/
Commutative aggregation

O11 Duplicate Objects Check 6. Candidate generation No side overlap
O12 Branch Prioritization 7. Branch prioritization Top-k query
∗ This optimization may introduce approximation errors, requiring filtering (FP Filtering) in post-processing or

potentially missing results (i.e., false negatives).

distances in the original space, such as Johnson-Lindenstrauss projections [93, 122] or DFT
approximations (cf. Section 2.2). This way, one can control the expected number of false
negatives introduced by the approximation, as the probabilistic guarantees allow for a theo-
retical upper bound on the error of the similarity/distance computed over the approximated
objects. In practice, however, the actual number of false negatives is often much lower than
the theoretical upper bound, as the approximation effects bounds (i.e., the distances between
aggregate clusters) rather than exact distances. In other words, even if an approximation
would increase the measured similarity, the lower bound over a cluster combination might
still be valid.

Example: When applied to z-normalized vectors, there is a one-to-one mapping between
the Pearson correlation and Euclidean distance, namely ρ(x̂, ŷ) = 1 − d(x̂,ŷ)2

2m , where d is
the Euclidean distance. This allows us to use DFT approximation (cf. Section 2.2) to reduce
the dimensionality of the vectors, as distances over the approximated vectors lower-bound
the Euclidean distance in the original space, and therefore also upper-bound the Pearson
correlation. Therefore, in case one decides to use theoretical bounds to answer our example
query, we can apply DFT approximation to the 6 vectors inD to reduce their dimensionality,
which would significantly speed up the correlation computations in the bounding process.
It would, however, due to the lower-bounding nature of the approximation, also introduce
false positives, which would have to be filtered out when finding a positive decisive cluster
combination in phase 5 (Bound Checking) of the query execution pipeline.

O2: Precompute Pairwise Matrix (Preprocessing): For measures with empirical bounds,
this optimization involves precomputing and storing thematrix of all pairwise statistics (e.g.,
dot products) used in the empirical bounds. This avoids redundant computations of the
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same pairwise statistics across different cluster combinations, when deriving the minimum
and maximum statistics for pairs of clusters (cf. Theorem 6.4.1).

Example: Considering our measure mPC, we would precompute the pairwise correlation
matrix for all vectors in D at the preprocessing stage, storing the results in a 6 × 6 upper-
triangular matrix C2 that can be quickly accessed during the bounding process.

O3: Distance Measure Optimization (Clustering): Allows the user to specify a distance
function appropriate for the hierarchical clustering step, overriding the default measure. As
clusters form the core of our pruning mechanism, the choice of distance measure can sig-
nificantly impact the tightness of the bounds derived over the clusters, which in turn affects
the pruning power. Ideally, the distance function is highly correlated with the query’s mul-
tivariate similarity function, meaning that objects that are close according to the distance
function are likely to result in similar similarity scores. Note that this optimization does not
require the multivariate measure to be expressable as a function of the distance measure;
they merely need to be correlated.

Example: In our example, we could use cosine distance (i.e., angular) as measure for clus-
tering, rather than the default Euclidean distance. However, in this case, the results would
be equivalent, as for z-normalized vectors, cosine similarity is equivalent to Pearson correla-
tion, which has a one-to-one relationship with the Euclidean distance, i.e., cos(∠(x̂, ŷ)) =
ρ(x̂, ŷ) = 1− d(x̂,ŷ)2

2m so ∠(x̂, ŷ) = arccos(1− d(x̂,ŷ)2

2m )⇒ ∠(x̂, ŷ) ∝ d(x̂, ŷ).

O4: Skip First Level (Pre-traversal): Formeasures with empirical bounds, this optimization
utilizes the precomputed pairwisematrix (cf. O2) to skip the first complexity level (i.e., pairs)
and directly derive the top-k pairs from the pairwise similarities. This way, we can avoid
the overhead of the recursive bounding process for pairs, which can be substantial for large
datasets.

Example: In our example, we would simply derive the top-3 pairwise correlations from the
precomputed pairwise matrixC2, update the running threshold, and proceed directly to the
second complexity level (i.e., triplets).

O5: Result Expanding for Top-k Queries (Pre-traversal): After completing a complexity
level c, this optimization proactively checks supersets (at level c + 1) of the high-scoring
combinations found at level c. Since supersets of combinations with high scores are likely
to yield high scores themselves, this optimization can help identify promising combinations
early, increasing the running top-k threshold before the next level’s traversal. As more ex-
treme thresholds allow formore aggressive pruning, this can significantly reduce the number
of combinations that need to be evaluated at the next level.

Example: In our example, consider that the top-3 pairs found at level 1 are R ={(a, b),
(c,d), (e,f). Then, rather than directly starting with the second level by considering the
root combination (C0, C0, C0), wewould first check the combinations (C0, C3, C4), (C0, C5,
C6), and (C0, C7, C8), which compactly represent all the supersets of size 3 of the pairs inR.
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Once finished with these combinations, we would then proceed with the root combination
(C0, C0, C0), making sure to not add duplicates to the result set during the traversal.

O6: Apriori Filtering (Pre-traversal): If the similarity measure is known to be monoton-
ically decreasing with respect to set size, this optimization prunes candidate combinations
that are supersets of already-processed combinations whose similarity was below the thresh-
old. This technique can yield a very high impact on query performance, as it significantly
reduces the search space by eliminating combinations that are guaranteed to yield low simi-
larity scores. Namely, if the measure is monotonically decreasing, any combination that is a
superset of a combination known to be below the threshold will by definition also be below
the threshold, and can be pruned.

For instance, if clusters CA and CB have insufficient similarity with cluster CC (i.e., below
the threshold), and the measure is monotonically decreasing, then adding any additional
objects to either side will only decrease the similarity further. Therefore, any combination
containing both CA and CB can be safely pruned from consideration with CC . This obser-
vation is exploited at the pre-traversal step for each level by constructing root combinations
only from cluster combinations that were added to the result set at the previous level.

Similarly, when a measure is monotonically increasing, any combination that is a superset
of a combination known to be above the threshold will also be above the threshold, and
can be added directly to the result set without further checks. This optimization is effective
for any query type, including threshold queries, as it directly reduces the search space to be
traversed at each level. This saves the overhead of computing and checking the bounds for
these combinations.

Example: For the sake of the example, imagine that the mPC measure is monotonically de-
creasing, and that the top-3 pairs found at level 1 are R = {(a, b), (c,d), (e,f)}. Then,
similar to the result expanding optimization, we would subsequently check the combina-
tions (C0, C3, C4), (C0, C5, C6), and (C0, C7, C8). This time, however, we would not have
to consider the root combination (C0, C0, C0) afterwards as no vector combination outside
of the expanded combinations can yield a higher score than the ones already found.

O7: Centroid & Radius Caching (Cluster Bounding): For two-sided measures that rely on
theoretical bounds (cf. Theorem 6.4.5 and Theorem 6.4.6), the aggregate centroid and ra-
dius of a set of clusters on one side of the query pattern might be needed multiple times.
For instance, the aggregate properties of {CA, CB} would be computed when evaluating
s({CA, CB}, {CC , CD}) and again for s({CA, CB}, {CE , CF }). This optimization caches
the aggregate centroid and radius (derived as per Lemma 6.4.3 and Lemma 6.4.4) for such
recurring combinations of clusters on either side of the measure, preventing redundant cal-
culations.

Example: In our example, the aggregate centroid and radius of the clusters {C1, C2} would
be computed oncewhen evaluating ({C1, C2}, {C0}) and reusedwhen evaluating ({C1, C2},
{C1}), ({C1, C2}, {C2}), and so on.
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Figure 6.5: Illustration of empirical bound discounting. The maximum correlation between C1 and CX

is dominated by an outlier pair (a, g), leading to an indecisive bound even though most
materializations in the cluster combination would yield low similarity scores.

O8: Cluster Pair Caching (Cluster Bounding): Empirical bounds are functions over the
minimum and maximum values of pairwise statistics between pairs of clusters (cf. Theo-
rem 6.4.1). As pairs of clusters typically appear in a wide variety of combinations, this opti-
mization caches these pairwise statistics for each pair of clusters, allowing for quick retrieval
when needed and avoiding many redundant calculations at higher complexity levels.

Example: In our example, the pairwise statistics between clustersC1 andC2 would be com-
puted oncewhen evaluating the combination ({C1, C2}) and reused for all subsequent com-
binations involving these clusters, such as ({C0, C1}, C2), ({C0, C2}, C1), and so on.

O9: Empirical Bound Discounting (Bound Checking): Empirical bounds rely on bounds
over pairwise statistics between clusters. While these bounds are typically tight for well-
formed clusters, they can become inconclusive when a few outlier object pairs dominate the
bounds. This can lead to excessive iterations of cluster splitting even when the majority of
materializations would be prunable.

Bound discounting addresses this inefficiency by identifying these outlier pairs – corre-
sponding to extrema pairs in the CDStream context (cf. Chapter 5) – and temporarily ex-
cluding them from the bound calculations, and recomputing the bounds on the remaining
materializations. Specifically, the optimization involves tracking the k largest and small-
est pairwise statistics (with non-overlapping object pairs) for each cluster pair, rather than
merely the overall minimum and maximum values. Then, when a cluster combination has
inconclusive bounds, we temporarily exclude the outlier pairs (i.e., the top k largest and
smallest statistics) from the bound calculations, and recompute the bounds on the remain-
ing materializations. If these adjusted bounds become decisive (e.g., allowing pruning), we
handle the outlier pairs separately as distinct cluster combinations.

The process is parameterized by k (number of tracked pairs) and τdiscount (minimum critical
shrink factor threshold, explained in O12), limiting discounting to combinations unlikely to
contain many high-scoring results. While this optimization can significantly reduce unnec-
essary splitting iterations, it comes at the cost of additional bookkeeping in the bounding of
cluster pairs and a slightly more complex bound checking process. This addition overhead
in memory and computation can be controlled though through the choice of k and τdiscount.
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(C1, C0)

(C1, C1) (C1, C2)

(C2, C0)
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… … … …

Figure 6.6: Canonical candidate generation from (C0, C0). Assuming C0 splits into C1, C2, candidates
are formed by splitting the leftmost largest cluster, maintaining an ordered representation to prevent
duplicates like (C2, C1) if (C1, C2) has already been generated. The hidden edge to (C2, C1) indicates

its generation is conditional on these ordering rules.

Example: For the sake of the example, consider cluster CX , additional to the clusters in
Figure 6.2, which contains the vectors {g,h, i}. Then, Figure 6.5 illustrates a cluster com-
bination ({C1, C2}, CX) with the mPC upper bound UB = ρmax(C1,CX)+ρmax(C2,CX)√

2+2∗ρmin(C1,C2)
. As

shown, themaximumcorrelation betweenC1 andCX is dominated by an outlier pair (a, g),
leading to an indecisive bound even though most materializations in the cluster combina-
tion would yield low similarity scores. Given k = 2 for the top-k pairs, the algorithm would
identify [(a, g), (c, i)] as the top-2 largest statistics between C1 and CX . After finding the
bounds inconclusive, we compute the differences (”skips”) between consecutive pairs in the
top-k lists, i.e., ρ(a, g)− ρ(c, i) for (C1, CX), and rank them across all cluster pairs. Start-
ing with the largest skip, we check if ignoring that vector pair makes the bounds decisive. If
so, we prune the combination and handle the outlier pair separately as a new cluster combi-
nation, for instance, by computing bounds on ({a, C2}, g}) with a and g as singletons.

O10: Canonical Candidate Generation (Candidate Generation): If a multivariate measure
is permutation invariant or if the aggregation function in a two-sided measure is commuta-
tive (cf. Section 6.4.2), the order of clusters in a combination does not affect the similarity
score of its materializations. This optimization exploits this property to avoid generating
and evaluating redundant combinations (e.g., (B,A) if (A,B) has been considered, or (B,A,C)
if (A,B,C) has). This is achieved by enforcing a canonical ordering during candidate gen-
eration, tied to cluster IDs assigned during hierarchical clustering. Enforcing canonical or-
dering ensures that only one representative combination is generated for each unique set of
clusters, preventing the evaluation of redundant combinations that would yield the same re-
sults. Namely, by (1) assigning IDs to clusters in a depth-firstmanner during the hierarchical
clustering step, and (2) only generating combinations with clusters in a specific order (e.g.,
decreasing order of IDs, always splitting the leftmost largest cluster first), we can ensure that
only one representative combination is generated for each unique set of clusters.

Example:Weshowhownewcombinations are generated from the root combination (C0, C0)
in Figure 6.6.

O11: Duplicate Objects Check (Candidate Generation): If the query specifies that a object
cannot appearmultiple times in a result combination (e.g., finding sets ofdistinct time series),
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this check is performed when generating candidates from an indecisive cluster combination.
Namely, cluster combinations including the same singleton cluster (i.e., a cluster containing
only one object) are immediately pruned.

Example: In our example, say we are splitting the combination ({C5, C1}, C1), whereC5 =
{c}, the candidate ({C5, C5}, C1) is ignored as all its materializations will contain the same
vector c twice.

O12: Branch Prioritization for Top-k queries (Branch Prioritization step): Recall from
Chapter 5 that the base algorithm for answering top-k queries involves initializing a running
top-k threshold τ at the lowest possible value (e.g., 0) and iteratively exploring cluster com-
binations, updating τ with the highest score found so far, and maintaining a running top-k
result set. In other words, the execution strategy is effectively identical to that of threshold
queries, with the additional step of maintaining the result set at exactly k results.

Also recall that the pruning power of the algorithm is directly tied to the running top-k
threshold τ ; the higher it is, the more combinations can be pruned. Therefore, the pruning
power (and thus performance) at top-k queries can be optimized by (1) initializing τ at a
higher value, and (2) finding high-scoring combinations quickly to raise the threshold early
in the execution.

This optimization focuses on the second aspect by prioritizing the exploration of branches
(cluster combinations) that aremore likely to yield high-scoring combinations, which in turn
allows for a higher running top-k threshold τ earlier in the execution. This is achieved by
restructuring the default top-k algorithm into two phases:

1. Initial Bounded Traversal: For a given complexity level, the algorithm starts by traversing
the tree of cluster combinations in a breadth-first manner. As usual, during the bound-
ing process, it computes the standard lower bound (LB) and upper bound (UB) for each
combination. However, for prioritization, an ”optimistically tightened” or ”shrunk” up-
per bound (UBshrunk) is also calculated using the formula: UBshrunk = (1−γ)UB+LB

2 +
γUB. Here, γ is a configurable shrink factor between -1 and 1, with a default of 0. If
UBshrunk is below the current top-k threshold (τ ) but the original UB is still above τ
(i.e., UBshrunk ≤ τ < UB), the cluster combination is not immediately split further.
Instead, it is marked as ”postponed” for prioritized exploration.

2. Prioritized Depth-First Exploration: Postponed cluster combinations are placed into a pri-
ority queue, sorted by a their ”critical shrink factor” (γ∗), which is the minimum value of
γ for which UBshrunk would exceed the current top-k threshold τ . Intuitively, a smaller
γ∗ indicates that a larger portion of the combination’s bound range (UB −LB) is above
τ , making it a more promising candidate as it is more likely to yield many high-scoring
combination. The framework then explores these postponed branches in a depth-first
manner, starting with those having the smallest γ∗.

By processing more promising branches first, this strategy aims to rapidly increase the run-
ning top-k threshold. A higher threshold, in turn, allows formore effective pruning in subse-
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quent explorations. The choice of the γ parameter can influence the balance between the ini-
tial breadth-first-like pass and the subsequent depth-first exploration of promising branches,
but it does not affect the completeness or correctness of the final results. Empirically, a value
of γ = 0 has shown to be most effective in practice, balancing the two phases.

Example: In our example, say the running threshold is τ = 0.5 and the cluster combination
({C1, C2}, C3) has similarity bounds LB = 0.4 and UB = 0.55. Then, given γ = 0, the
optimistically tightened upper bound would be UBshrunk = (1 − 0) 0.55+0.4

2 + 0 · 0.55 =
0.475. As UBshrunk ≤ τ < UB, the combination is marked as postponed for prioritized
exploration, with a critical shrink factor of γ∗ = τ−µ

UB−µ = 0.5−0.475
0.55−0.475 = 0.025

0.075 = 1
3 as

µ = UB+LB
2 = 0.55+0.4

2 = 0.475. Then, in the prioritized depth-first exploration phase,
this combinationwould be explored before any other postponed combinationswith a smaller
critical shrink factor (e.g., a combination with bounds LB = 0.3 and UB = 0.51), as it is
more likely to yield high-scoring results.

Summary

The described optimization suite seamlessly integrates with and builds upon the foundations
of the query execution workflow of Section 6.4.3, significantly improving its operational ef-
ficiency. The inherent flexibility of the base workflow – efficient traversal of the full com-
binatorial search space – makes it highly amenable to many optimizations from literature
(cf. Section 6.2). Particularly, the simplicity of abstracting object combinations into cluster
combinations allows us to reason about multiple candidates at once while also allowing the
application of powerful set-based pruning techniques such as Apriori filtering.

Collectively, these optimizations transform SD into a more powerful and versatile frame-
work for multivariate similarity search. By dynamically tailoring its execution strategy to
the similarity measure and query configuration at hand, the optimization suite expands the
range of problems that can be efficiently addressed, including those that would be compu-
tationally infeasible otherwise. This ultimately solidifies the framework’s ability to handle a
wide variety of multivariate similarity search tasks, from simple top-k queries on correla-
tions to complex queries using non-distributive distance/similarity measures with multiple
constraints.

6.4.6 Measure Interface

To enable the integration of user-defined problems into the framework, we establish a stan-
dardized measure interface. This interface functions as a contract for implementing multi-
variate similarity measures, ensuring they conform to a consistent structure and operational
behavior. Furthermore, through the use of general or abstract methods on the interface, we
can implement default behavior across all measures (e.g., implementation of the general the-
oretical bounds inTheorem 6.4.6), allowing for a simpler andmore efficient implementation
process.



6

154 The Similarity Detective (SD) Framework

In Appendix G, we provide a full interface implementation in Python including the logic for
all methods. Note that the interface can be implemented in any programming language, and
the choice of Python is arbitrary.

Themeasure interface is designed to be comprehensive yet flexible, streamlining the process
of integrating new measures into the framework. It consists of the following main parts:

• Properties: Defined in the initialization method, these are boolean flags on the measure
properties discussed in Section 6.4.2, and can be overridden by the implementer. These
properties describe the fundamental characteristics of the measure and are used by the
framework to determine appropriate behaviors, such as which bounding strategies or de-
fault methods are applicable. The properties are:

– is_similarity_function: Indicates whether the measure is a similarity function (as op-
posed to a distance function).

– is_monotonically_increasing: Indicates whether the measure is monotonically increas-
ing with respect to the number of objects in the input sets.

– is_monotonically_decreasing: Indicates whether the measure is monotonically decreas-
ing with respect to the number of objects in the input sets.

– is_metric: Indicates whether the measure satisfies the properties of a metric (non-nega-
tivity, identity of indiscernibles, symmetry, and triangle inequality).

– is_on_vector_space: Indicates whether the measure operates over a vector space.

– is_permutation_invariant: Indicates whether themeasure is permutation invariant with
respect to the order of objects in the input sets.

– is_continuous: Indicates whether the measure operates on continuous data.

• AbstractMethods: Thesemethods form the core contract that any concretemeasuremust
fulfill by providing specific implementations.

– compute(X,Y): This is the core method that computes the multivariate similarity or dis-
tance between two sets of objects X and Y . For one-sided measures, Y should be ig-
nored or combined withX within the implementation.

– get_empirical_bounds(CX, CY): This method calculates the measure-specific empirical
bounds for a cluster combination (CX , CY ). Users can derive these bounds through
the General Empirical Bounds inTheorem 6.4.1.

• Optional Methods: These methods come with default implementations (the details of
which can be found in Appendix G) but can be overridden by the implementer if the spe-
cific measure requires a different behavior. Key optional methods include:

– preprocess(data): Optional data preprocessing step applied before initializing the search.
Corresponds to step 1 of the workflow in Section 6.4.3.



Towards a General Multivariate Similarity Search Framework

6

155

– aggregate(objects): Aggregation function for two-sidedmeasures. Defaults to the element-
wise mean in case of vectors.

– cdist(x, y): Distance function used in hierarchical clustering. Defaults to Euclidean dis-
tance for continuous data and Hamming distance for categorical data.

– dist2sim(dist): Converts a distance value to a similarity score. Used as part of the gen-
eral theoretical bounds in Theorem 6.4.6 for measures that are non-metric but can be
expressed as functions of metric distances (cf. Section 6.4.4).

– sim2dist(sim): Inverse of dist2sim. Used as part of the general theoretical bounds.

– check_additional_constraints(CX, CY): Allows for checking problem-specific conditions
or additional constraints that objects in the final result set must satisfy. This is where
constraints like minimum jump or irreducibility are enforced.

• Generic Methods: These methods provide the standardized, generic logic that come as
part of the framework. Key generic methods include:

– bound(CX, CY): Main method for determining bounds between cluster combinations.
Selects the tightest bounds by comparing theoretical and empirical bounds, if available.

– get_pairwise_bounds(c1, c2, d): Computes bounds between two clusters using their cen-
troids and radii, based on the equations in Lemma 6.4.2.

– get_theoretical_distance_bounds(CX, CY): Implements the general theoretical bounds
for metric distances fromTheorem 6.4.6.

– get_theoretical_bounds(CX, CY): Converts distance bounds to similarity bounds using
the dist2sim/sim2dist transformations when applicable.

When a user wishes to integrate a new multivariate similarity or distance measure into the
framework, their main tasks are:

1. Define a new Python class that inherits from the “Measure” abstract base class.

2. In the initialization method of their class, override any properties that are not applicable.

3. Provide implementations for compute and (optionally) get_empirical_bounds.

4. Review the default implementations of the optional methods. If the default behavior is
not suitable for the new measure (e.g., if a different aggregation strategy or clustering
distance measure is required), these methods should be overridden with custom logic.

This structured approach ensures that new measures are compatible with the framework’s
existing functionalities, such as pruning through recursive bounding, while providing the
necessary flexibility to accommodate the unique aspects of each specific measure.
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Table 6.3: Overview of example measures, their properties, and optimizations applied by the
framework.

Property/Feature mPC MP mED TC mMD
Type Two-sided One-sided Two-sided One-sided Two-sided
Aggregation Average - Average - Sum
Metric 3 3 3 7 3
Mono. Increasing 7 3 7 3 7
Mono. Decreasing 7 7 7 7 7
Perm. invariant 3 3 3 3 3
Continuous 3 3 3 7 3
Preprocessing Z-norm Z-norm None Quant. Rand. Proj.

O1: Dim. reduction 7 7 7 7 3
O2: Pairwise matrix 3 3 3 3 7
O3: Distance measure 7 7 7 Info. Dist. Manhattan
O4: Skip first level 3 3 3 3 7
O5: Result expanding 3 3 3 3 3
O6: Apriori filtering 7 7 7 7 7
O7: Centroid & radius caching 7 7 7 7 3
O8: Cluster pair caching 3 3 3 3 7
O9: Emp. bound discounting 3 3 3 3 7
O10: Canonical gen. 3 3 3 3 3
O11: Duplication check 3 3 3 3 3
O12: Branch priority 3 3 3 3 3

6.4.7 Examples

To illustrate the integration of different measures into the framework, this section presents
three examples of multivariate similarity measures. For each example, we demonstrate: (1)
the derivation of bounds based on the theorems in Section 6.4.4; (2) the implementation
of the measure using the defined interface; and (3) the optimizations automatically applied
by SD. The complete Python implementations for all three measures are provided in Ap-
pendix H.

Multivariate Euclidean Distance (mED)

The Euclidean distance deucl is a well-knownmetric that measures the straight-line distance
between two points in Euclidean space. We define its multivariate version mED as a two-
sided measure with averaging as the aggregation function, formally defined as:

mED(X,Y ) = deucl

(∑
x∈X x

|X|
,

∑
y∈Y y

|Y |

)
=

∥∥∥∥∑x∈X x

|X|
−

∑
y∈Y y

|Y |

∥∥∥∥
2

(6.17)

Note that while we use averaging as the aggregation function here, the bounds derived for
mED can be trivially extended to any linear aggregation function, not just the average or
sum. This distance measure is a metric, operates on vector spaces, is permutation invariant
(with averaging or sum aggregation), and operates on continuous data. It also does not re-
quire preprocessing. Euclidean distance is ubiquitous in the literature, serving as the de facto
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standard distancemeasure across numerous fields including data mining, machine learning,
pattern recognition, and signal processing [24, 26, 52, 69, 73, 81, 82, 158, 191, 230, 237, 239].

The initial step in implementing a measure involves bound derivation. A key aspect is de-
termining if empirical bounds can be established for the measure, which enables several
optimizations. As discussed in Section 6.4.4, we observe that mED can be expressed as a
function of pairwise dot products ⟨x,y⟩ as follows:

mED(X,Y )2 =

∑
x∈X

∑
x′∈X⟨x,x′⟩
|X|2

+

∑
y∈Y

∑
y′∈Y ⟨y,y′⟩
|Y |2

−
2 ∗

∑
x∈X

∑
y∈Y ⟨x,y⟩

|X| ∗ |Y |
(6.18)

Then, following Theorem 6.4.1, empirical bounds on mED(SX , SY ) for a cluster combi-
nation (SX , SY ) can be derived from the minimum and maximum dot products between
vectors in the clusters:

LB2
eucl =

∑
CX∈SX

∑
CX′∈SX

⟨CX , CX′⟩min

|SX |2
+

∑
CY ∈SY

∑
CY ′∈SY

⟨CY , CY ′⟩min

|SY |2

−
2 ∗

∑
CX∈SX

∑
CY ∈SY

⟨CX , CY ⟩max

|SX | ∗ |SY |

and

UB2
eucl =
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⟨CX , CX′⟩max

|SX |2
+

∑
CY ∈SY

∑
CY ′∈SY
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|SY |2

−
2 ∗

∑
CX∈SX

∑
CY ∈SY

⟨CX , CY ⟩min

|SX | ∗ |SY |

where LBeucl ≤ deucl(SX , SY ) ≤ UBeucl, and ⟨CX , CY ⟩min and ⟨CX , CY ⟩max are the
minimum and maximum dot products between vectors in clusters.

Considering the measure’s properties and the derived bounds, its implementation via the
measure interface is straightforward, as illustrated in Appendix H.1. Although the general
measure interface itself may be complex, the implementation effort required from the user
is minimal. The user only needs to implement two methods and optionally has to override
certain properties within the constructor. Once the measure is implemented, the frame-
work automatically applies the optimizations detailed in Table 6.3, based on the measure’s
characteristics and the availability of empirical bounds. Specifically for mED, the applica-
ble optimizations include: precomputing the pairwise matrix (O2), skip first level (O4), re-
sult expanding (O5), cluster pair caching (O8), empirical bound discounting (O9), canon-
ical candidate generation (O10), duplicate objects checks (O11), and branch prioritization
(O12). Recall that the order of applying the optimizations is not important, as they are in-
dependent of each other, with the only exception being O4, which requires O2 to be applied
first.
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Total Correlation (TC)

Total Correlation (TC) is an information-theoretic measure frommultivariate statistics that
quantifies the total amount of information redundancy or dependency among a set of ran-
dom variables. For a set of p random variablesX = {X1, . . . , Xp} (e.g., time series), TC is
defined as the difference between the sum of the marginal entropies and their joint entropy:

TC(X) =

p∑
i=1

H(Xi)−H(X1, . . . , Xp) (6.19)

whereH(Xi) is the marginal entropy ofXi, andH(X1, . . . , Xp) is the joint entropy of all
variables inX .

It is a one-sidedmeasure, typically considered a similarity function (higher TC implies more
shared information or structure). It is also monotonically increasing, and permutation in-
variant. It usually operates on discrete data; if the data is continuous, quantization is applied
as a preprocessing step (cf. Table 6.3).

Empirical bounds can be derived for Total Correlation. Based on existing results in infor-
mation theory, TC can be bounded using sums and differences of marginal, joint entropies
as follows [109, 234, 251]:

1

n− 1

p∑
i=1

p∑
j=i+1

H(Xi, Xj) ≤ TC(X) ≤
p∑

i=1

H(Xi)− max
1≤j<k≤p

H(Xj , Xk) (6.20)

FollowingTheorem 6.4.1, empirical bounds on TC(CX) for a list of clusters S = {C1, . . . ,
Cp} can be derived by substituting the entropy terms with their respective minimum or
maximum values computed over the time series within the involved clusters.

The implementation of Total Correlation via themeasure interface would define these calcu-
lations, as shown in Appendix H.2. As with other measures, the user primarily implements
the compute and empirical bounds methods, and the framework automatically applies rele-
vant optimizations from Table 6.3. For Total Correlation, these optimizations include: pre-
computing the pairwise matrix (O2), distance measure optimization (O3), skipping level 1
(O4), result expanding (O5), cluster pair caching (O8), empirical bound discounting (O9),
canonical candidate generation (O10), duplicate objects checks (O11), and branch prioriti-
zation (O12). Furthermore, the ‘preprocess‘ method is overridden to apply quantization to
the data, which is necessary for TC to operate on continuous data.

Multivariate Manhattan Distance (mMD)

The Manhattan distance dmanh, also known as L1 distance or taxicab geometry, is a metric
thatmeasures the distance between two vectors as the sum of the absolute differences of their
values. We define its multivariate versionmMD as a two-sided measure with summation as
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the aggregation function:

mMD(X,Y ) =

∥∥∥∥∥∥
∑
x∈X

x−
∑
y∈Y

y

∥∥∥∥∥∥
1

(6.21)

whereX and Y are sets of vectors.

It is a two-sidedmeasure, uses summation as its aggregation function, is ametric, operates on
vector spaces, is permutation invariant (with summation), and operates on continuous data.
However, unlike mED, mMD is not soft-distributive, meaning we cannot derive empirical
bounds for it. However, due to its metric properties, the framework can apply the general
theoretical bounds inTheorem 6.4.5 to it.

As theoretical bounds are looser than empirical bounds,mMD is a good candidate for the use
of dimensionality reduction techniques, in order to reduce the cost of distance and bound
calculations. An appropriate dimensionality reduction technique for L1 is random projec-
tion with the projection matrix generated from Cauchy distributions [93, 101, 122], and
estimating the L1 distance using the bias-corrected geometric mean estimator proposed
by [146]. Random projections are a well-known technique for dimensionality reduction,
where the original data is projected into a lower-dimensional space using a random matrix
generated from a specific distribution [93, 122]. A key benefit of using random projections
is that they often come with probabilistic guarantees that the pairwise distances in the lower-
dimensional space will approximate the pairwise distances in the original space, with high
probability [93, 101]. Furthermore, by increasing the size of the projection matrix, one can
control the trade-off between the accuracy of the distance approximation, the computational
cost of the projection and the dimensionality of the transformed data. In the case of L1 dis-
tance, while the exact distances are not preserved in the projected space, we can accurately
estimate them using the bias-corrected geometric mean estimator proposed by Li [146]. For
two vectors projected to dimensionm′, the estimator d̂li is defined as:

d̂li(x) = cosm
′
( π

2m′

) m′∏
j=1

|xj |1/m
′

where xj represents the j-th component of the projected vector x, and the cosm
′ term acts

as a bias correction factor. This estimator provides an unbiased estimate of the original L1

distance with provable error bounds that improve asm′ increases.

The implementation via the measure interface is shown in Appendix H.3. Note that the
‘cdist‘ method is overridden to use the standard Manhattan distance as the clustering dis-
tance, and the ‘preprocess‘ method is overridden to apply random projections to the data.
Furthermore, as the measure is metric itself rather than a function of a metric, implementa-
tion of ‘dist2sim‘ or ‘sim2dist‘ is not necessary. Through the general implementation of the
adaptive ‘bound’ method (cf. Appendix G), the framework will recognize that no empirical
bounds are available for this measure and will apply the theoretical bounds ofTheorem 6.4.5
instead, using the general implementation. The optimizations applicable to the Multivariate
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Manhattan Distance include: dimensionality reduction (O1), distance measure optimiza-
tion (O3), result expanding (O5), centroid and radius caching (O7), canonical candidate
generation (O10), duplicate objects checks (O11), and branch prioritization (O12).

6.4.8 Extending the Framework to Streaming Data

In Chapter 5, we introduced CDStream, an algorithm for efficiently detecting high mPC
combinations in streaming data. Its core strategy is to maintain an index of Decisive Cluster
Combinations (DCCs) and monitor only the underlying pairwise correlations that deter-
mine their bounds. A change in these correlations, caused by new data, signals a potential
change in the DCC’s status (e.g., from decisive to indecisive), which may alter the final re-
sult set. This trigger-based approach avoids a full re-computation over the sliding window,
enabling efficient updates.

The effectiveness of this indexing strategy hinges on the soft-distributive property of themPC
measure. Because the multivariate correlation can be expressed as a function of the underly-
ing pairwise correlations (cf. Theorem 5.3.2), we can predict how themPC value will change
based on a change in any of these pairwise statistics. This direct link allows the index to ef-
ficiently monitor for violations. To extend this concept to any similarity measure within the
Similarity Detective framework, a similar approach could be adopted for all other empirical
measures. If the similarity values of a measure are directly and monotonically proportional
to the values of its underlying pairwise statistics, an index tracking these statistics would be
effective. This is not the case for all measures; for instance, with theMultipole (MP)measure,
the similarity depends on the smallest eigenvalue of the correlation matrix. This eigenvalue
is not a monotonic function of each individual pairwise correlation in the matrix, meaning
a change in a single pairwise value does not predictably alter the finalMP score. Therefore,
an index based on monitoring individual pairs would be ineffective forMP.

For theoretical measures that are not soft-distributive, the structure of the index would need
to be rethought. Since their bounds are derived from the geometric properties of aggregate
clusters – namely their centroids and radii (cf. Theorem 6.4.6) – the index could not rely
on pairwise statistics. However, a similar “triggering mechanism” could still be designed.
Instead of detecting changes in pairwise correlations, the index would need to detect signif-
icant changes in the composition of the aggregate clusters themselves. For instance, as new
data points arrive and old ones expire within a sliding window, the contained area of a clus-
ter may grow, shrink, or shift its position in the vector space. Such a change would alter the
cluster’s centroid and radius, thereby affecting the theoretical bounds of any DCC it is part
of. An index designed to monitor these cluster-level properties could thus efficiently iden-
tify which DCCs require re-evaluation, providing a viable path for extending the streaming
approach to non-empirical measures.

Notice that, as CDHybrid inherits the support of CDStream in terms of measures, it will
automatically fall under the SD framework once we successfully complete this integration.

While these approaches provide a path forward, we leave the detailed exploration and devel-
opment of this extension for future work.
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Parameter Stocks fMRI SLP TMP Crypto Deep

Nr. of objects n 1440 1440 1440 1440 708 96
Nr. of time pointsm 1309 5470 1827 1827 2660 10,000
Top-k value k 100 100 100 100 100 100
Critical shrink factor γ 0 0 0 0 0 0
K-means κ 10 10 10 10 10 10
Dimensionality reduction ϵ 0.6 0.6 0.6 0.6 0.6 0.6
Dimensionality reduction δ 0.001 0.001 0.001 0.001 0.001 0.001

Table 6.4: Default parameters for the experiments

6.5 Evaluation
Thepurpose of this evaluation is threefold: (a) to assess the effectiveness of each of the twelve
optimizations in the suite, (b) to compare the performance of our framework with other
general-purpose baselines that can answer multivariate similarity queries with any measure,
and (c) to analyze the sensitivity of the framework to different datasets, similarity measures,
and parameters.

Baselines. The baselines include UNOPT and OPT (cf. Chapter 5), which are two variants
of an exhaustive search algorithm that iterate over all possible combinations, and four con-
temporary database management systems (DBMS). To the best of our knowledge, there are
currently no other general-purpose methods proposed for answering multivariate similar-
ity queries with arbitrary measures. In this chapter, we do not compare with specialized
algorithms built for specific measures, such as CONTRa [9] for the tripole measure and
CoMEtExtended [10] for multipoles, as they were already extensively compared to CD in
Chapter 5. Comparing to these methods here would be redundant, as our framework will
yield the same results as CD for these measures.

Hardware and implementations. All experiments, except for the comparison with the
DBMS systems, were executed on a server equipped with a 32-core 2.6 GHz AMD Rome
7H12 processor and 128GB of RAM.Due to permission constraints on the server, theDBMS
experiments were executed on another machine, with an Intel i7-10750H 12-Core 2.60GHz
processor, 32GB RAM, running Ubuntu 22.04.1 LTS. All implementations, except the ones
of two DBMS, were multi-threaded. Algorithm performance comparisons are exclusively
made under matching execution styles (e.g., comparing single-threaded SD only to DBMS).
The reported execution time for SD corresponds to the total execution cost, including nor-
malization, clustering, pairwisematrix precomputation, etc. All reported results aremedians
from 10 repetitions.

Datasets. Weconduct our evaluation on the same six datasets used inChapter 5, with default
parameters as shown in Table 6.4. Namely, the datasets include Stocks, fMRI, SLP, TMP,
Crypto, and Deep.

Similarity and distance measures. We evaluate the framework with Multivariate Pearson
Correlation (mPC), Multipole (MP), Multivariate Euclidean Distance (mED), Total correla-
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Table 6.5: Impact of each optimization in the framework on the top-k query time for different
similarity measures, run on the Stocks dataset. The speedup is calculated as the ratio of the time taken
by the algorithm without the optimization to the time taken with the optimization (i.e., leave-one-out
comparison). The last three rows show the speedup of all optimizations combined compared to the
baseline algorithms and the algorithm without any optimizations. Empty cells indicate that the

optimization is not applicable to the corresponding similarity measure.

Speedup w.r.t. not using the optimization

Optimization mPC (1,3)
(empirical)

mMD (1,2)
(theoretical)

iMP (4)
(apriori)

O1 Dimensionality Reduction 5.00
O2 Precompute Pairwise Matrix 1.59 1.20
O3 Distance Measure Optimization 1.13 1.69 1.05
O4 Skip First Level 1.19
O5 Result Expanding 1.13 1.04
O6 Apriori Filtering 1274
O7 Centroid & Radius Caching 1.02
O8 Cluster Pair Caching 84.2 1.70
O9 Empirical Bound Discounting 2.14 1.01
O10 Canonical Candidate Generation 4.50 1.83 1.67
O11 Duplicate Objects Check 1.27 1.02 1.07
O12 Branch Prioritization 2.42 1.36 1.03
All optimizations (vs. no optimizations) 508 22.6 4,998
All optimizations (vs. OPT) 952,259* 93.9 35,955
All optimizations (vs. UNOPT) 1,221,165* 88.9 40,200

* Estimated based on baseline’s progress over 72 hours (i.e., extrapolated).

tion (TC), Multivariate Manhattan Distance (mMD), and Inverse Multipole (iMP). Inverse
Multipole is defined as iMP(X) = 1−MP(X), making it a monotonically decreasing func-
tion measuring the level of linear independence between the time series in X . The other
measures are previously defined in Section 6.4.7 and as part of Chapter 5. With empirical
bounds applicable to mPC,MP, mED, and TC, theoretical bounds applicable to mMD, and
apriori filtering applicable to iMP, these measures were selected to evaluate the framework
across the full spectrum of optimizations and bounding strategies. Again, we refer to the
combination of a measure and maximum cardinality as a query pattern (e.g., mPC(1, 2),
MP(3), etc.) for the sake of brevity.

Notably, all results presented in this evaluation were obtained without any manual tuning or
optimization of the similarity and distance measures beyond implementing their definitions
as described in this chapter.

The remaining of this section is organized as follows. We start with an ablation study of
the optimizations in Section 6.5.1, followed by a sensitivity analysis of the framework in
Section 6.5.2. Then, we compare the framework with the baselines in Section 6.5.3. As the
framework currently only covers queries over static data, we do not include any experiments
with streaming data in this evaluation.
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6.5.1 Effect of Optimizations

To quantify the benefit of each optimization within the SD framework, we conducted an
ablation study. The results, presented in Table 6.5, showcase the speedup achieved by each of
the twelve optimizations for three query patterns: mPC (1,3) using empirical bounds,mMD
(1,2) using theoretical bounds, and iMP (4) using empirical bounds and enabling apriori
filtering. The experiments were performed on the Stocks dataset using 3000, 3000, and 1440
time series for the mPC, mMD, and iMP experiments, respectively. These dataset sizes and
query patterns were selected as they ensure that the impact of each optimization could be
clearly observed, while allowing both the unoptimized SD and the baseline algorithms to
generally finish within our 72-hour time limit.

A key observation from Table 6.5 is that every optimization contributes positively to query
performance, with all individual speedups being greater than 1.0. Themagnitude of this im-
pact, however, varies considerably across different optimizations and similarity measures,
highlighting the importance of having a diverse set of optimizations that target different
scenarios. For instance, Apriori Filtering (O6) yields a remarkable 1274x speedup for iMP
(4), as this measure’s monotonically decreasing nature allows for aggressive pruning. Fur-
thermore, while relatively ineffective for iMP (4), Cluster Pair Caching (O8) provides a stag-
gering 84.2x speedup formPC (1,3), demonstrating the effectiveness in reusing intermediate
statistics between empirical bound calculations. Similarly, Dimensionality Reduction (O1)
is particularly beneficial for mMD (1,2), offering a 5.00x speedup by reducing the cost of
distance computations. It should be noted that this optimization introduces a controlled
accuracy trade-off: using parameters ϵ = 0.6 and δ = 0.001 for the random projection, we
achieve this significant speedup while maintaining a practical recall of approximately 0.74
for the top-k results. Other optimizations, such as Distance Measure Optimization (O3) or
Canonical Candidate Generation (O10), provide more modest yet consistent gains across
applicable measures, typically ranging from 1.02x to 4.50x.

When all optimizations are enabled, the framework achieves substantial performance im-
provements over the algorithmwithout optimizations, with speedups of 508x formPC (1,3),
22.6x formMD (1,2), and an impressive 4,998x for iMP (4). This demonstrates the powerful
cumulative effect of the optimization suite. In fact, for measures like Multivariate Manhat-
tan Distance and InverseMultipole, the total speedup achieved by enabling all optimizations
is remarkably close to the product of the individual speedups listed in the table. For mMD
(1,2), the product of individual speedups (e.g., 5.00 × 1.69 × · · · × 1.36) is approximately
22.8, closely aligningwith the observed combined speedup of 22.6. Similarly, for iMP (4), the
product of its applicable individual speedups is approximately 5073, compared to the actual
combined speedup of 4998. This suggests that, for these measures, the optimizations largely
act independently and their benefits multiply, indicating minimal negative interference and
often a synergistic relationship where they increase each other’s effectiveness. While this di-
rect multiplicative effect is less apparent formPC (product of∼ 6021 vs. actual 508x), likely
due to the dominant effect and potential overlaps of optimizations like Cluster Pair Caching
(O8) and Canonical Candidate Generation (O10), the overall theme of compounded gains
remains clear.
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Figure 6.7: Effect of dimensionality reduction parameters on the accuracy and efficiency of SD on a
top-k mMD (1,2) query on the fMRI dataset with n = 1440 time series. Epsilon ϵ and delta δ refer to the

parameters of the probabilistic error bounds of Johnson Lindenstrauss random projection.

Themost striking results emerge when comparing the fully optimized framework against the
exhaustive search baselines, UNOPT and OPT. For themPC (1,3) query, SD is over 950,000
times faster than OPT and over 1.2 million times faster than UNOPT. These baselines were
estimated to require 135-173 days to complete the query, whereas SD delivered the results
in just 5 seconds. This dramatic acceleration, being roughly six orders of magnitude, has
profound implications. It implies that complex multivariate similarity queries, which were
previously computationally infeasible due to prohibitive runtimes, nowbecomepractical and
accessible. This capability to tackle previously intractable problems highlights the significant
advancement offered by the framework.

Summary. The ablation study demonstrates that all twelve optimizations in the SD
framework contribute positively to performance, with varying impacts depending
on the similarity measure and its properties. Collectively, these optimizations yield
speedups of one to three orders of magnitude over an unoptimized version of SD.
For certain measures, the combined speedup approaches the product of individual
speedups, indicating a strong synergistic effect. Most notably, when compared to ex-
haustive search baselines, the fully optimized SD achieves speedups of up to six orders of
magnitude, making previously infeasiblemultivariate similarity search queries tractable.

6.5.2 Sensitivity Analysis

This section investigates the sensitivity of the SD framework to various query configura-
tions and parameters, focusing primarily on top-k queries with k = 100 (see Table 6.4 for
other default parameters). We analyze how its performance and accuracy are influenced by
the parameters of the dimensionality reduction optimization, its robustness when applied
to diverse datasets, and its scalability with respect to different query patterns. Understand-
ing these aspects is crucial for evaluating the framework’s practical applicability and perfor-
mance across different scenarios.

While our analysis centers on top-k queries, the findings generally extend to threshold queries
as well, provided the threshold is sufficiently selective. top-k queries are particularly suitable
for this evaluation as they guarantee the use of an effective pruning threshold that naturally
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emerges from the k-th best result found so far. This ensures meaningful performance com-
parisons across different datasets and similarity measures. In contrast, threshold queries
with poorly chosen (i.e., insufficiently selective) thresholds could yield result sets with thou-
sands of combinations, a scenario that is neither interesting nor realistic in most real-world
applications.

Dimensionality Reduction

For certain distance measures, such as mMD, the Dimensionality Reduction optimization
employs techniques like random projection to reduce the dimensionality of the data while
approximately preserving the pairwise distances between time series. In the case of Cauchy
random projections for Manhattan Distance, the number of dimensions in the projected
space is determined by a variant of the Johnson-Lindenstrauss lemma corresponding to the
unbiased geometric mean estimator of [146]. This lemma depends on two key parameters,
ϵ and δ, which define the desired error bounds P (|d − d̂| > ϵ · d) < δ, where d is the true
distance and d̂ is the estimated distance in the reduced space. The number of required di-
mensionsm′ is given bym′ ≥ Ggm

(2 logm−log δ)
ϵ2 , wherem is the number of original dimen-

sions and Ggm = max{GL,gm,GR,gm} with GL,gm = π2

2

(
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1
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3π2

)
ϵ2 + . . .

)
and GR,gm = π2

2
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12 + 2

3π2

)
ϵ2 + . . .

)
, where both expressions are Taylor series

expansions around ϵ = 0 [146]. Adjusting ϵ and δ allows for a trade-off: higher values
reduce the number of dimensions, thereby decreasing the computational cost of distance
calculations and improving algorithm performance, but at the expense of accuracy.

To analyze this trade-off, we evaluated the effect of varying ϵ ∈ {0.2, 0.4, 0.6} and δ ∈
{0.001, 0.01, 0.1} on both the accuracy (i.e., recall of the top-k set) and efficiency (execu-
tion time) of SD.The experiment was conducted using a top-kmMD (1,2) query on the fMRI
dataset with n = 1440 time series. The results are presented in Figure 6.7. The heatmaps
clearly show that ϵ has a substantially larger impact on the dimensionality of the randompro-
jection, and consequently on both recall and execution time, compared to δ. For instance,
increasing ϵ from 0.2 to 0.6 (while keeping δ = 0.001) reduces the number of projected
dimensions from 2134 to 133. This significant reduction in dimensionality leads to a con-
siderable performance gain, speeding up the algorithm by approximately 60%. However,
this speedup comes with a decrease in recall from 0.94 to 0.74, for ϵ = 0.2 and ϵ = 0.6,
respectively.

Importantly, while the dimensionality reduction’s error bound of ϵ = 0.6 may seem large,
the actual impact on SD’s accuracy is much more modest, with the recall only dropping
from 0.94 to 0.74. This demonstrates that distance estimation errors do not fully propagate
to the final results, as explained in Section 6.4.5. The framework’s bounding mechanisms
help maintain reasonable accuracy even with aggressive dimensionality reduction.

The question of whether this trade-off is acceptable depends on the specific application re-
quirements. Inmany scenarios, a 60% improvement in execution timemight be highly valu-
able, especially if a recall of 0.74 is still sufficient for the task at hand. Given that the drop
in recall is not excessively steep relative to the performance gain, this trade-off can be con-
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Figure 6.8: Performance of SD on top-k queries across different similarity measures and datasets, using
a query pattern (1,2) for two-sided measures, and (3) for one-sided measures.

sidered reasonable for applications where speed is critical. For the subsequent experiments
in this chapter, including the ablation study presented in Table 6.5, we adopted ϵ = 0.6 and
δ = 0.001 when utilizing the dimensionality reduction optimization, balancing computa-
tional efficiency with a practical level of accuracy.

Different Datasets

To assess the robustness of the SD framework, we evaluate its performance across the six
datasets detailed previously, using a range of similarity measures. Figure 6.8 presents the
execution times for top-k queries, employing a (1,2) query pattern for two-sided measures
(mPC,mED,mMD) and a (3) pattern for one-sided measures (MP, TC, iMP).

The results generally indicate stable performance of SD across different datasets and simi-
larity measures. A noticeable exception is the Deep dataset, where queries are considerably
faster. This is primarily due to its smaller size, containing only 96 time series compared
to the 1440 time series in most other datasets, which naturally leads to a reduced search
space. For Total Correlation (TC), however, performance outliers are observed, particularly
for the Crypto and Stocks datasets. Analysis of the TC value distributions for these datasets
revealed gamma-like distributions with a mean very close to the correlation of k’th result in
the top-k. This characteristic implies that TC is not sufficiently discriminating on these spe-
cific datasets, leading to less effective pruning by the bounding mechanisms, similar to what
we observed forMultipole on certain datasets in Chapter 5. Such situations could potentially
be mitigated by performing an initial exploratory analysis on the correlation distribution of
a small data sample. If this analysis does not indicate sufficiently high or discriminative cor-
relations, the data analyst should consider switching to an alternative similaritymeasure that
better captures the relevant and meaningful relationships in their data.

Interestingly, mMD demonstrates competitive performance, often comparable to measures
that benefit from empirical bounds (e.g., mPC, mED, MP), despite relying on theoretical
bounds itself. This efficiency can be largely attributed to the effectiveness of the Dimension-
ality Reduction (O1) optimization (ϵ = 0.6, δ = 0.001), which significantly reduces the
cost of distance computations for mMD, as seen in earlier experiments. Overall, while spe-
cific dataset characteristics can influence performance for certain measures, the framework
exhibits a good degree of robustness, delivering efficient query execution across a variety of
data domains and similarity measures.
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Table 6.6: Execution times of SD with different query patterns on top-k queries (seconds)

mED MP mPC
(1,2) (1,3) (2,2) (1,4) (2,3) (3) (4) (1,2) (1,3) (2,2) (1,4) (2,3)

fMRI 2 5 11 89 12 1 2 2 8 11 1690 7100
Stocks 1 2 4 28 94 2 24 2 4 3 311 613

TC mMD iMP
(3) (4) (1,2) (1,3) (2,2) (3) (4) (5)

fMRI 11 111 2 3 3 6 6 7
Stocks 12 1570 4 59 40 5 5 6

Query Patterns

Table 6.6 presents execution time of SD for different query patterns. As expected, increasing
the complexity of the query pattern leads to an increase of the computational time. However,
even though the size of the search space followsO

((
n

pl+pr

))
, execution time of SD grows at

a much slower rate. Indicatively, for the fMRI dataset, the search space size grows 5 orders
of magnitude betweenmED(1, 2) andmED(2, 3), whereas SD’s execution time increases by
only one order of magnitude, indicating efficient pruning of the search space and the high
effectiveness of the optimizations in the suite.

Particularly, the relatively modest increases in execution time for measures like mED, MP,
mMD, and iMP, even for more complex patterns, can be attributed to the rapid increase of
the running top-k threshold over the complexity levels. For instance, with Multipole (MP),
the threshold often approaches 0.999 after evaluating just the first two complexity levels (i.e.
pairs and triplets). This high threshold enables SD to prune the search space very aggressively
at higher complexity levels, often eliminating over 99.9% of candidate combinations high up
in the search tree. The relatively lower execution times forTC andmMD on the fMRI dataset
compared to the Stocks dataset can be explained by the fMRI dataset having a larger amount
of highly correlated pairs. This results in a higher initial top-k threshold when moving to
more complex patterns (e.g., triplets and quadruplets), thereby enhancing pruning efficiency.

In summary, the analysis of different query patterns reveals that while execution time natu-
rally increases with pattern complexity, SD’s growth rate is substantially slower than the com-
binatorial explosion of the search space. This efficiency stems from effective pruning strate-
gies and optimizations like Result Expanding (O5), Bound Discounting (O9), and Branch
Prioritization (O12), which involve prioritizing themost promising combinations within the
search space first in order to bring the top-k threshold as close to its final value in the early
stages of the search, maximing pruning opportunities.

Summary. The sensitivity analysis reveals the key characteristics of the SD framework.
Dimensionality reduction provides a configurable trade-off between speed and accu-
racy, controlled primarily by the ϵ parameter. Performance can vary across datasets,
influenced by factors such as dataset size and the distribution of similarity values for
specific measures. Despite these variations, SD demonstrates efficient scaling with in-
creasing query pattern complexity, with runtime growing significantly slower than the
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WITH corrs(vid1, vid2, corr) AS (
SELECT v1.vid, v2.vid, pearson(v1.vec, v2.vec)
FROM fMRI v1, fMRI v2
WHERE v1.vid < v2.vid),

pc12(vid1, vid2, vid3, mcorr) AS (
SELECT c12.vid1, c12.vid2, c13.vid2,
(c12.corr + c13.corr) / SQRT(2 + 2*c23.corr)
FROM corrs c12, corrs c13, corrs c23
INNER JOIN c12 c13 ON c12.vid1 = c13.vid1
INNER JOIN c12 c23 ON c12.vid2 = c23.vid1
INNER JOIN c13 c23 ON c13.vid2 = c23.vid2
WHERE c12.vid1 != c23.vid1 AND c12.vid1 != c23.vid2)

SELECT * FROM pc12 ORDER BY mcorr DESC LIMIT 10

Figure 6.9: mPC(1, 2) top-10 query, implemented with SQL. The pearson correlation is implemented as
a stored function.

SELECT v1.vid, v2.vid, v3.vid,
manhattan(eavg(v1.vec, v2.vec), v3.vec) AS mmd
FROM fMRI v1, fMRI v2, fMRI v3
WHERE v1.vid < v2.vid AND v1.vid != v3.vid AND v2.vid != v3.vid
ORDER BY mmd DESC LIMIT 10

Figure 6.10: mMD(1, 2) top-10 query, implemented with SQL. The manhattan distance manhattan and
the element-wise average eavg methods are implemented as stored functions.

search space, highlighting the effectiveness of its pruning strategies and optimizations.
These findings illustrate the framework’s ability to handle diverse queries while main-
taining practical execution times, though careful consideration should be given to the
choice of similarity measure for each specific dataset.

6.5.3 Comparison to Baselines

To contextualize the performance of the SD framework, it is essential to compare it against
other systems capable of executing multivariate similarity queries with arbitrary similarity
measures. Currently, the only alternatives that offer such flexibility are exhaustive search
algorithms, either implemented explicitly (such as the UNOPT and OPT baselines) or im-
plicitly through the execution of SQL queries within contemporary Database Management
Systems (DBMS).This section evaluates SD against these baselines to demonstrate its relative
efficiency and scalability.

Multivariate similarity search can be expressed as an SQL query, as shown in Figures 6.9
and 6.10, which demonstrates amPC(1, 2) andmMD(1, 2) top-k query on a (z-normalized)
table named “fMRI” in SQL. This allows us to compare SD’s performance with general-
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Figure 6.11: Comparison of SD with general-purpose baselines on the fMRI dataset with different
similarity measures.

purpose state-of-the-art RDBMS. Our experiment used four off-the-shelf databases, all con-
figured with RAM-stored tables for fair evaluation given SD’s RAM usage. DBMS1 and
DBMS3 supported array attributes, allowing us to develop array functions for Pearson corre-
lation calculation. The other DBMSs stored data in long format (with columns correspond-
ing to a primary key, time series id, time, and value), using a GROUP BY clause for Pearson
correlation and Manhattan distance calculations. To maximize the performance of the SQL
queries, we created indexes on the time series id columns for databases with long-format
data. Indexes were not created for any other columns, as they did not significantly impact
query performance. Due to limited multi-threading support, all approaches including SD
ran single-threaded with a 24-hour query limit.

Figure 6.11 shows the execution times for each system to detectmPC(1, 2) andmMD(1, 2)
on different resolutions of the fMRI dataset. The OPT and UNOPT baselines are also in-
cluded in this analysis. The reported DBMS times exclude the one-off costs dataset loading
and index creation. SD outperforms all baselines by several orders of magnitude. FormPC,
the performance gap widens as dataset size increases, while for mMD, it remains relatively
stable though still substantial. The time complexity for all baselines appears to followO(n3)
(where n is the number of time series), indicative of their triple nested loop execution strat-
egy for this type of query. In contrast, SD’s execution time grows at a much slower rate. The
results suggest that all DBMS effectively perform an exhaustive search, exploring the entire
search space, which accounts for their comparable performance characteristics, with OPT
and UNOPT often performing similarly to or slightly better than some DBMS configura-
tions.

Summary. Compared to general-purpose baselines, SD demonstrates a performance
advantage of several orders of magnitude. While these baselines exhibit O(n3) com-
plexity for the evaluated queries, SD’s advanced optimizations result in significantly bet-
ter scaling. This highlights SD’s ability to make complex multivariate similarity queries
practical for large datasets, a task that remains computationally intractable for existing
general-purpose systems due to their exhaustive nature.



6

170 Vision

6.6 Vision
As discussed in Section 6.1, the current landscape of multivariate similarity search is frag-
mented, with domain experts implementing their own specialized solutions. While the SD
framework provides a unified theoretical foundation and implementation to address this
fragmentation, its current form as a software library primarily caters to users with program-
ming expertise. To truly serve as a universal replacement for domain-specific implementa-
tions and foster adoption across disciplines, the framework needs to becomemore accessible
to domain experts who may not possess extensive programming knowledge.

The SD framework, as presented, is implemented as a software library. Users interact with
it by defining their custom similarity or distance measures through the Measure interface
(detailed in Section 6.4.6) and by programmatically defining their query though the library’s
methods for top-k, threshold, or progressive queries. The library then executes these queries,
automatically applying optimizations derived from the measure’s declared properties to en-
sure efficient execution.

While this programmatic approach offers flexibility and power, particularly for developers
integrating the framework into larger systems, we envision several ways to enhance its ac-
cessibility and promote broader adoption across different domains. A key direction for fu-
ture work is the development of a graphical user interface (GUI) built on top of the existing
library. Such a UI could empower users to define their queries and specify measure proper-
ties through intuitive elements like drop-downmenus for query types, sliders for parameters
(e.g., k for top-k, τ for threshold), and radio buttons for boolean measure properties. For
defining the core measure logic or empirical bounds, a dedicated text box could allow users
to input code in a high-level, accessible language like Python or LATEX.This approach would
significantly lower the barrier to entry for users unfamiliar with programming or those who
prefer amore visual interaction with the system. Figure 6.12 illustrates a conceptual mockup
of such an interface, showcasing how users might interact with these components to con-
struct and execute a query.

The development of such a user-friendly layer is primarily an engineering task. The current
SD framework already incorporates the necessary theoretical foundations and a reference
implementation of the core logic, as demonstrated throughout this chapter. The proposed
interface would serve as a user-friendly abstraction over this robust core, facilitating easier
integration with existing data analysis pipelines and promoting the use of principled multi-
variate similarity search in a wider range of applications.

Beside query construction, visualization of query results also plays a crucial role in making
multivariate similarity search more accessible. Interactive visualizations can help users un-
derstand the complex relationships discovered by their queries. Figure 6.13 shows a working
implementation of an interactive graph visualization built using the Python pyvis library,
displaying results from amPC (1,2) top-k query over financial time series data. In this inter-
active visualization, nodes represent individual time series, while edges indicate their con-
tribution to high-order correlations. The color coding (green for left-side patterns, red for
right-side patterns) helps users quickly identify the role of each time series in the discovered
patterns. Users can interact with the visualization by hovering over nodes to see details,
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Figure 6.12: Conceptual mockup of a graphical user interface for the SD framework, illustrating how
users might interact with the system to define queries and measures.

zooming to focus on specific clusters, dragging nodes to rearrange the graph, or filtering re-
sults based on various criteria. This visualization in Figure 6.13 sources from a prototype
that was integrated in CD in an effort to make the results more interpretable for domain ex-
perts in the agricultural sector (as part of an EU-funded project). Future enhancements to
this visualization could include (a) integrating it into the SD framework as well, (b) allow-
ing users to customize the visualization parameters (e.g., color schemes, layout algorithms),
(c) providing export options for sharing or further analysis, and (d) integrating it into the
proposed GUI for a seamless user experience.

Ultimately, these future directions in query interfaces and result visualization aim to trans-
form the SD library into a comprehensive and accessible system for multivariate similarity
search, empowering a broader audience to harness its capabilities. Figure 6.12 illustrates a
conceptual mockup of such an interface, showcasing how users might interact with these
components to construct and execute a query.
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Figure 6.13: Example interactive graph interface of the results of a mPC (1,2) top-k query over a
dataset of stock prices, implemented in Python using the pyvis library. The graph displays the top-k
pairs of time series with the highest Pearson correlation, where nodes represent time series and edges
represent contribution to a high-order correlation. Green and red edges indicate that the time series is

located on the left-side (resp. right-side) of the query pattern.

6.7 Reflection and Conclusions
In this chapter, we addressed the need for a unified approach tomultivariate similarity search
by presenting the SD framework. Building on the specialized algorithms from the previous
chapter, this work generalizes their underlying principles to create a versatile and efficient
system applicable to any multivariate similarity (or distance) measure.

Chapter summary. We introduced the SD framework, a generic system designed to ad-
dress the fragmented nature of existing domain-specific methodologies. A key aspect of the
framework is its standardized measure interface, which formalizes the minimally required
properties and methods for any measure to be integrated into the system. This interface
facilitates easy integration of new user-defined measures, which is key for the framework’s
flexibility and extensibility. Beyond its practical implementation, the framework also serves
as a standardization of the problem itself, aiming to unify the terminology and concepts used
across the different applications of multivariate similarity search.

The framework’s core query execution strategy employs a level-wise exploration of the com-
binatorial search space. This process is significantly accelerated by hierarchical clustering of
the dataset and the application of recursive bounding techniques to combinations of these
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clusters, enabling aggressive pruning of irrelevant candidates. The modularity of this work-
flow allows for the integration of various effective optimization strategies from existing lit-
erature. These optimizations can be automatically applied based on measure properties and
query parameters. This leads to substantial performance gains, rendering previously in-
tractable queries feasible.

Transferable insights. The SD framework offers a robust, adaptable, and efficient solution
to the general problem of multivariate similarity search. Beyond its practical implementa-
tion, the framework serves as a standardization of the problem itself, unifying terminology
and concepts across different applications. It empowers researchers and practitioners to ap-
ply multivariate similarity search to their datasets in a domain-appropriate manner, without
needing to develop custom solutions from scratch. This can catalyze new discoveries in fields
where data complexity has been a computational barrier.

Limitations and path forward. Currently implemented as a software library, the SD frame-
work requires users to define custom measures and queries programmatically. While pow-
erful, this approach has a steep learning curve. The vision for the framework involves im-
proving its usability and accessibility, potentially through a higher-level declarative query
language or a graphical user interface. Furthermore, while the framework is generic, the per-
formance of specific optimizations can still be measure-dependent, requiring expert knowl-
edge for fine-tuning in novel applications (e.g., selecting appropriate parameters for dimen-
sionality reduction).

Reflection on research question. This chapter represents a crucial milestone in answering
our central research question by unifying and generalizing the advances made in the previ-
ous chapter. Where Chapter 5 demonstrated the feasibility of a relationship-level extension
through a specialized solution, the SD framework proves that this extension can be system-
atically handled within a single, coherent paradigm. By successfully bridging both the data-
level and relation-level extensions while maintaining efficiency, we have effectively shown
that the traditional similarity search paradigm can indeed be extended to fully embrace the
multivariate nature of real-world data.
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CHAPTER 7

Case Study: Sparse
Representation

A general-purpose framework is only as valuable as its ability to solve real-world
problems. Recall that the multivariate similarity search problem of CD already
showed its practical relevance in neuroscience [10] and meterology [9, 150]. In
this chapter, we aim to extend this demonstration of practical relevance by apply-
ing the more general SD framework to address a different, well-established and
computationally hard problem in signal processing and machine learning: sparse
representation. We demonstrate how this classic optimization problem can be el-
egantly reformulated as a multivariate similarity search query. Through a compre-
hensive empirical evaluation, we show that our general-purpose framework, with-
out any domain-specific tuning, achieves performance competitive with – and in
some cases superior to – specialized, state-of-the-art algorithms. This case study
not only validates the power and versatility of the SD framework but also illustrates
its potential to offer new, efficient solutions to long-standing problems in other
domains.

7.1 Introduction
This chapter illustrates the application of SD to the problem of sparse representation, an im-
portant task in signal processing andmachine learningwith numerous practical applications.
The goal of this case study is to demonstrate how our general-purposemultivariate similarity
search framework can be effectively applied to solve a specific combinatorial problem that
has traditionally been addressed with specialized algorithms.

The chapter is organized as follows: we first present the background and problem definition
of sparse representation, followed by an overview of current approaches and their limita-
tions. We then introduce our SD-based solution, detailing how the framework is configured
to address this problem. Finally, we present an empirical evaluation comparing SD against
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baseline methods across multiple dimensions and demonstrate its effectiveness through ad-
versarial examples specifically designed to challenge greedy algorithms.

It is worth emphasizing that our evaluation is not intended to establish superiority over all
specialized algorithms in this field. The sparse representation community has developed
numerous domain-specific methods with various optimizations beyond those we compare
against. Rather, our evaluation demonstrates how our framework enables the creation of
a fast and effective algorithm for this combinatorial problem while achieving competitive
performance compared to common baseline approaches that serve as reference points.

7.2 Background and Problem Definition
Sparse representation, also known as sparse coding, sparse approximation, or atomic de-
composition [67, 223], is a core task in signal processing and machine learning [252]. The
problem involves representing a signal or data vector as a linear combination of a minimal
number of basis elements (atoms) selected from a large, often overcomplete, dictionary or
reference dataset [52, 236, 237, 252]. Formally, given a signal vector q ∈ Rm and a dictio-
nary matrixD = [d1,d2, ...,dn] ∈ Rn×m, where typically n > m (making the dictionary
overcomplete, meaning it contains more basis vectors than dimensions), the goal is to find
a coefficient vector x ∈ Rn such that q ≈ xTD. Crucially, x must be sparse, meaning it
contains very few non-zero entries [52, 237].

Alternatively, the problem can be formulated as an optimization problem where one aims
to minimize the count of non-zero coefficients, subject to a constraint on reconstruction
error. Specifically, we minimize the L0 pseudo-norm of x, denoted ||x||0, which counts the
non-zero elements (positive or negative) in x:

min
x
||x||0 subject to ||q − xTD||2 ≤ ϵ (7.1)

Here, ϵ is a small tolerance parameter defining the permissible reconstruction error. An
alternative formulation minimizes the reconstruction error subject to an explicit sparsity
constraint:

min
x
||q − xTD||2 subject to ||x||0 ≤ p (7.2)

Where p denotes the maximum allowable number of non-zero coefficients.

Sparse representation plays a key role in various applications, including image compression
and denoising [106, 236, 237, 242], audio processing [113, 162, 200, 252], medical imaging
(particularly MRI reconstruction) [161, 255], feature extraction and selection in machine
learning [113, 154], mass-spectroscopy in analytical chemistry [117], and portfolio opti-
mization in computational finance [201]. The foundational principle that explains this wide
range of applications across domains is that many natural signals can be efficiently repre-
sented or closely approximated using only a few components from an appropriate basis (i.e.,
dictionary), enabling more efficient storage and transmission of the data, and explaining the
signal as part of analysis [252].
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7.3 Current Approaches
Methods for constructing sparse representations typically fall into twomain categories: exact
techniques, which guarantee finding optimal solutions (within their problem formulation),
and approximate techniques that trade off solution quality for efficiency. An important dis-
tinction between these approaches lies in their solution completeness: exact methods aim to
find the globally optimal (sparsest) solution within their problem formulation (e.g., L1 re-
laxation), while approximate methods focus on finding a feasible solution that may or may
not be optimal. We now briefly discuss these two approaches and their most prominent
algorithms, highlighting their relative strengths and weaknesses.

7.3.1 Exact Methods

The main approach for finding exact solutions involves convex optimization techniques.
This class of methods is built on the observation that directly minimizing the L0 norm
is computationally intractable. Particularly, prominent works in the field [52, 237] prove
that in the case of overcomplete dictionaries, the problem boils down to finding the spars-
est solution of an underdetermined system of linear equations, which is known to be NP-
hard [41, 70, 223], and difficult to even approximate [12].

To overcome this challenge, a common approach relaxes the L0 norm constraint to its near-
est convex counterpart, theL1 norm, defined as ||x||1 =

∑
i |xi|. This transforms the prob-

lem into a convex optimization task that can be efficiently solved using standard methods
like linear programming solvers, coordinate descent, proximal gradient descent, or interior
point methods [41, 52]. Importantly, theoretical guarantees show that under specific con-
ditions on the dictionary D, particularly the Restricted Isometry Property (RIP) [42], the
L1-minimization solution coincides with the originalL0-minimization solution [41, 42, 76].

Several prominent algorithms leverage this L1 relaxation approach:

1. Basis Pursuit (BP) [52] frames the problemas finding theminimumL1 norm solution
that achieves perfect signal reconstruction:

min
x
||x||1 subject to q = xTD (7.3)

2. Basis Pursuit Denoising (BPDN) [52] extends BP by relaxing the exact reconstruc-
tion requirement to accommodate noisy signals:

min
x
||x||1 subject to ||q − xTD||2 ≤ ϵ (7.4)

3. The Least Absolute Shrinkage and Selection Operator (LASSO) [225], while closely
related to BPDN, is typically formulated as a regression problem with L1 regulariza-
tion:

min
x

1

2
||q − xTD||22 + λ||x||1 (7.5)

Here, λ is a regularization parameter controlling the balance between reconstruction
error and solution sparsity.
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Despite their similarities, these methods have important differences. BP and BPDN, under
appropriate conditions, can guarantee finding the sparsest possible (L1) solution. LASSO’s
solution may slightly deviate due to the influence of the regularization parameter λ, which
requires careful tuning. Computationally, BP andBPDNoften rely on general-purpose linear
programming solvers, whichmay be less efficient than the specialized algorithms commonly
used for LASSO.

7.3.2 Approximate Methods

Themain strategy for finding approximate solutions involves greedy algorithms. These itera-
tive methods build the solution by progressively selecting dictionary atoms that best account
for the signal or its residual at each stage [52, 70, 195]. Their heuristic nature means they
generally cannot guarantee finding the globally optimal sparse solution, but they offer sig-
nificant computational advantages [52].

The most well-known greedy algorithm isOrthogonal Matching Pursuit (OMP) [70, 195].
OMP iteratively identifies the dictionary atom with the highest correlation to the current
residual signal (initially, the signal itself). It then projects the residual onto the subspace de-
fined by all currently selected atoms and updates the residual accordingly. This process con-
tinues until a predetermined sparsity level or reconstruction error threshold is reached [195].

Another popular greedy technique is Least Angle Regression (LARS) [83]. LARS shares
conceptual similarities with OMP and forward stepwise regression but can select multiple
basis elements simultaneously based on their correlation with the residual, following a path
where correlations with the residual decrease equiangularly [83].

7.3.3 Comparison and Limitations

Convex optimization methods provide theoretical guarantees about finding the optimal L1

solution (and potentially the L0 solution under RIP conditions), but often at the cost of
higher computational demands. Greedy algorithms like OMP and LARS are typically faster
and less computationally intensive but lack such optimality guarantees [52].

One well-documented failure mode occurs when dictionary atoms are highly correlated, in-
dicating poor orthogonality within the dictionary. In such cases, themyopic nature of greedy
approximate methods may lead to suboptimal selections in early iterations that subsequent
steps cannot adequately correct. The classic “twinsine” example illustrates this limitation: a
signal composed of two highly correlated sinusoids may be only partially recovered by OMP
and LARS, which typically selects just one of the constituent components. This example is
illustrated in Figure 7.1, where the signal y is a linear combination of highly correlated si-
nusoids, particularly y(t) = 0.5 ∗ cos(2π ∗ 0.121 ∗ n

2 ∗ t) + 0.5 ∗ cos(2π ∗ 0.123 ∗ n
2 ∗ t)

with n = 1000. The OMP algorithm, when applied to this signal, selects a single compo-
nent between the two constituent components, leading to suboptimal recovery, while exact
algorithms like BPDN recovers both components exactly.
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(b) OMP coefficients,
p=3, err=0.1251
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(c) BPDN coefficients,
= 0.001, err=0.0375

Figure 7.1: The twinsine example: a signal composed of two highly correlated sinusoids (frequencies
0.121 and 0.123 of the Nyquist frequency, which correspond 12.1% and 12.3% of the sampling rate).

OMP typically selects only one of the constituent components, leading to suboptimal recovery.

Another case of failure arises when the optimal representation requires multiple atoms, but
none individually show strong correlation with the signal [226]. By prioritizing the single
most correlated atom in each iteration, greedy approximate algorithms can be misled by
atoms with higher individual correlations that don’t contribute to the optimal sparse com-
bination. This case is further illustrated in Section 7.5.4, where we present an adversarial
example designed to highlight this limitation of greedy approximate algorithms.

7.4 Solving Sparse Representation with SD
We now present how the SD framework can be applied to effectively solve the sparse repre-
sentation problem, as an alternative approach to the existing optimization-based and greedy
approaches. We first discuss the intuition behind using SD for sparse representation, fol-
lowed by a detailed explanation of the query definition and the process of deriving the coef-
ficients once the atoms are found. Then, we evaluate the performance of SD against existing
methods in Section 7.5, focusing on both the quality of the solutions and the computational
efficiency of the approach.

7.4.1 Methodology

The sparse representation problem can be reformulated as a multivariate similarity search
task by exploiting a fundamental equivalencewithmultipolemaximization. This equivalence
is formally established through the following theorem:

Theorem7.4.1 (Equivalence of SparseRepresentation andMultipoleMaximization).
Given a dataset of vectorsD = [d1,d2, . . . ,dn] ∈ Rm×n, a query vector q ∈ Rm, and
a maximum set cardinality p, the constrained sparse representation problem:

min
x
∥q −Dx∥22 subject to ∥x∥0 ≤ p

is equivalent to finding the top-1 multipole combination S′ from a transformed dataset
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D′, where each vector d′
i ∈ D′ is defined as d′

i = di − q. The solution to the sparse
representation problem is the subset S ⊆D corresponding to the vectors in S′.

Proof Sketch. The key insight behind this theorem is that by transforming the
dictionary vectors as d′

i = di − q, the multipole query objective of finding maximally
linearly dependent vectors becomes equivalent to the sparse representation objective of
minimizing reconstruction error. Intuitively, if there exists a sparse representation that
closely approximates the query vector q using dictionary atoms, i.e., if q ≈

∑
j∈S vjdj

for some small set S, then rearranging this equation shows that
∑

j∈S vj(dj − q) ≈ 0.
By definition of our transformation, this means

∑
j∈S vjd

′
j ≈ 0, indicating that the

transformed vectors are highly linearly dependent and will thus have a high multipole
correlation value. Put differently, when vectors in the transformed dataset D′ are
maximally linearly dependent (i.e., exhibit high multipole correlation), there exists
a linear combination

∑
j∈S vjd

′
j ≈ 0, which translates to

∑
j∈S vjdj ≈ q in the

original space. This demonstrates that the subset S′ with the highest multipole score
corresponds exactly to the subset S that best reconstructs the query vector q with
minimal error. The complete proof of this equivalence is provided in Appendix D.1.

This theoretical foundation enables us to solve the sparse representation problem using the
SD framework with multipole correlation as the similarity measure. By performing a top-1
multipole query on the transformed dataset D′ with maximum cardinality p, we can find
the combination of at most p atoms that most accurately represents the query q.

Notice, however, that other SD query types are also relevant for this problem. In fact, they
offer valuable alternatives that can prioritize different aspects of the solution. For exam-
ple, when one prioritizes sparsity of the solution over reconstruction accuracy, a progressive
query that terminates after finding the first combination above the given threshold is a suit-
able choice as SD traverses the search space in increasing order of combination cardinality.
Conversely, using a threshold query with a sufficiently high threshold (e.g., τ = 0.95) al-
lows us to find all combinations that closely approximate the query q, which allows the user
to select the combination that best fits their needs. This freedom to tune the algorithm to the
specific needs of the application presents an additional advantage of the SD approach. The
empirical evaluation presented in Section 7.5 will compare the performance characteristics
when using SD for sparse representation with the three query types: Threshold, Progressive,
and Top-k.

Query Definition To solve the sparse representation problem using SD, we first transform
the dictionary by computing d′

i = di − q for each dictionary atom di, creating the trans-
formed datasetD′. We then configure the multivariate similarity search query onD′ with
the following parameters:

• Similarity Measure: Multipole correlation.
• Query Type: Threshold, Progressive, or Top-k.
• Threshold τ : Ahigh value (e.g., 0.95) to ensure representation accuracy— only applicable
to Threshold and Progressive queries.



Case Study: Sparse Representation

7

181

• Top-k limit: k = 1, to find the best or first acceptable representation in case of Top-k or
Progressive queries, respectively.

• Maximum Set Cardinality (p): Themaximum desired sparsity level (L0 ≤ p).

Deriving theCoefficients After SD identifies a suitable subsetS′ ⊆D′ of transformed vec-
tors that exhibit high multipole correlation, we need to compute the corresponding coeffi-
cients for the linear combination that reconstructs q using the original dictionary atoms. Let
S ⊆ D be the corresponding subset of original dictionary atoms. The high multipole value
corresponds to a small minimum eigenvalue, λmin, of the Gram matrix S′TS′ constructed
from the transformed vectors inS′. The eigenvectorv associatedwith thisλmin confirms that
S is a relevant subset, as it satisfies the relationship

∑
j∈S vj(dj − q) ≈ 0. However, to find

the coefficientsxS that formallyminimize the reconstruction error ∥q −DSxS∥22, we solve
the standard linear least-squares problem for the now-known subset S. This is achieved by
solving the normal equations (DT

SDS)vS = DT
Sq. This computation is efficient, especially

given the small number of selected atoms in S.

7.4.2 Reflection

Using SD for sparse representation offers several advantages. First, through the proven
equivalence withmultipolemaximization, we directly address the originalL0 formulation of
the problem— the problem that was proven to be NP-hard [41, 70, 223]—without the need
for relaxation to an L1 problem. The dataset transformation approach provides a theoreti-
cally grounded method for reformulating sparse representation as a multivariate similarity
search task. Second, as SD is an exact algorithm, we can guarantee that the solution is either
the sparsest possible under the reconstruction error constraint (in the case of a threshold
query with post-processing to select the sparsest solution), or the best possible solution un-
der the sparsity constraint when L0 ≤ p (in the case of the top-k query).

In that, SD combines the strengths of the current approaches: it pursues true sparsity (L0)
like greedy algorithms while offering guarantees for discovering optimal or near-optimal
combinations within the search space defined by p, similar to exact methods. The top-k
query variant provides a unique capability: identifying the sparse representation (up to size
p) with the provably minimal representation error among all combinations of that size, a
feature not directly offered by standard greedy or L1-based methods. Specifically, greedy
methods like OMP and LARS may fail to find the optimal sparse representation, as illus-
trated in the twinsine example (Figure 7.1). The exact methods like BPDN face a different
challenge. Due to their L1 relaxation of the problem, they are not guaranteed to find the
sparsest solution under the L0 constraint. Instead, they may instead yield solutions that are
minimal in terms of L1 norm but not necessarily the sparsest in terms of L0 norm.

The following evaluation section empirically investigates these claims through a comparative
analysis of SD against established sparse representation algorithms.
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7.5 Evaluation
The goal of our evaluation is to demonstrate that a general-purpose algorithm like SD can
not only solve the sparse representation problem effectively without domain-specific opti-
mizations, but can also achieve performance comparable to specialized algorithms. We aim
to show this through three key aspects: (a) SD achieves competitive performance acrossmul-
tiple evaluation dimensions (reconstruction error, sparsity level, computational efficiency,
anddownstreamclassification accuracy) compared to traditional sparse representationmeth-
ods, (b) SD’s exact search approach allows it to find optimal solutions in scenarios where
popular greedy algorithms fail, as demonstrated through adversarial examples, and (c) SD
accomplishes this while maintaining its general-purpose nature, requiring only configura-
tion changes rather than algorithmic modifications to adapt to this domain.

High-Level Setup Our evaluation focuses on using sparse representation for face recog-
nition, following the influential work of Wright et al. [236]. In this setup, we construct a
dictionary from a large set of face images of known individuals, where each image repre-
sents an atom in the dictionary and each individual represents a class. There are multiple
images per individual in the dataset, capturing variations in pose and lighting conditions.
From this dataset, we then take out one image per individual to serve as the query images,
and the remaining images form the dictionary used for sparse representation. Then, given a
query image of an unknown person, we attempt to find its sparse representation using this
dictionary. The key insight is that if the query image belongs to a specific person, it should be
well-approximated using primarily the dictionary images corresponding to that person, with
minimal contributions fromother images. Therefore, by examiningwhich dictionary images
contribute most significantly to the sparse representation, we can classify the query image
as belonging to the corresponding person. This approach elegantly combines the power of
sparse representation with practical face recognition, providing a concrete application to
evaluate our methods.

Datasets Following the experimental setup of Wright et al. [236], we apply sparse repre-
sentation for image classification on the Extended Yale B dataset [99]. This dataset contains
16,380 grayscale images of 28 unique persons, with 585 images per subject across 9 poses
(e.g., frontal, left, right) and 65 illumination conditions (e.g., frontal, left, right, ambient).
The dataset was preprocessed by cropping the original images with a resolution of 640×480
pixels to include only the face region, resulting in a resolution of 192×168 pixels. We ac-
complished this using the Python OpenCV library and the Haar Cascade classifier for face
detection [34], as the preprocessed dataset fromWright’s original work is no longer available
online.1

From this preprocessed dataset, we created several subsets to evaluate the performance of
sparse representation methods under different conditions, following the design of Wright
et al. [236]. The purpose of these subsets is to evaluate the robustness of the algorithms to
datasets with different characteristics, such as varying resolution and the presence of specific
facial features. We create these subsets by either downsampling the full images or cropping
them to isolate specific facial features (nose, mouth, left eye). The goal here is to test if the

1The code repository and cropped dataset are available at https://github.com/JdHondt/FaceCrop and https://www.
kaggle.com/datasets/jensdhondt/extendedyaleb-cropped-full, respectively.

https://github.com/JdHondt/FaceCrop
https://www.kaggle.com/datasets/jensdhondt/extendedyaleb-cropped-full
https://www.kaggle.com/datasets/jensdhondt/extendedyaleb-cropped-full
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algorithms can not only recognize a person from their full face but also from individual facial
features (e.g., recognizing someone just from their nose or mouth). The following subsets
were created:

• Faces: Complete face images at full resolution (192×168 pixels). This serves as the
baseline test for face recognition.

• Faces downsampled: Complete face images downsampled to 12×10 pixels to test ro-
bustness to lower resolution.

• Faces downsampled pose 1: Only frontal pose images at 12×10 pixels to evaluate
performance without pose variations.

• Noses: Images cropped to show only the nose region, testing if this feature alone is
sufficient for identification.

• Mouths: Images cropped to show only the mouth region, similarly testing identifica-
tion from this single feature.

• Left-Eye: Images cropped to show only the left eye region, completing the set of indi-
vidual facial feature tests.

It is important to note that the datasets are never mixed (i.e., there is no dictionary that
has both nose and mouth images); each subset is treated independently, with both the query
and dictionary constructed from the same subset. For each subset, the goal remains the
same: to identify a person by finding a sparse representation of their query image using the
corresponding images or features from the dictionary (e.g., recognize a person from their
nose image using a dictionary of nose images). The different subsets help evaluate how well
each algorithmperformswhen given either complete faces or isolated facial features as input.

Query and Dictionary Construction For query selection, we extracted the first image of
each subject (frontal pose with frontal illumination), resulting in 28 queries. The dictionary
consisted of all other images of all subjects, with the dictionary size varying depending on
the data subset used (e.g., 16,352 images in the case of the full face dataset).

Classification Task We adopt the classification strategy proposed by Wright et al. [236].
Given a query image y from an unknown subject, we first find its sparse representation x
using the dictionaryD containing images from all subjects. Then, for each possible subject
c, we create a class-specific coefficient vector xc by keeping only the coefficients in x corre-
sponding to dictionary atoms belonging to class c, setting all other coefficients to zero.2 We
reconstruct the signal using only these coefficients: ŷc = Dxc. The query y is assigned to
the class c that yields the minimum reconstruction error:

ˆclass(q) = argmin
c
||q − q̂c||2 (7.6)

2Note that clipping a coefficient vector to only include coefficients for a specific class c does not involve any ground-
truth information about the query’s class cq , as the classes of the atoms are simply annotated in the dictionary.
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Compared Methods To compare SD-based sparse representation with an accurate repre-
sentation of the current state of the art, we select a set of algorithms that arewidely used in the
literature and have been shown to performwell on the Extended Yale B dataset [236]. Partic-
ularly, we include (a) Basis Pursuit Denoising (BPDN), and (b) LASSO as convex optimiza-
tion methods, and (c) Orthogonal Matching Pursuit (OMP) and (d) Least Angle Regression
(LARS) as greedy algorithms. Note that we do not include Basis Pursuit as it requires exact
reconstruction, which was not always possible in our experiments due to noise, leading to
no solutions in most cases. These methods are then compared to three variants of SD with
Multipole correlation: (a) a progressive query with k = 1 (SD-Progressive), (b) a threshold
query (SD-Threshold), and (c) a Top-k query with k = 1 (SD-Topk).

Parameterization In terms of parameters, we adopt the settings asWright et al. [236] where
applicable. We employ a tolerance parameter of ϵ = 0.05 and an iteration limit of 10,000
for BPDN and LASSO, and include results under the regularization parameter values λ ∈
{10−5, 10−4, 10−3} in the case of LASSO. These values are consistent with the original
work [236] and showed to yield solutions with varying sparcity levels across the datasets
in our experiments. For the greedy algorithms OMP and LARS, which require specifying
the desired number of non-zero coefficients, we test with target sparsities k ∈ {1, 2, 3}, as
these small values often yielded good results in face recognition tasks. Lastly, to align SD as
much as possible with the other methods, we employ a maximum cardinality of p = 3 for all
SD variants with a threshold of τ = 0.95 for progressive and threshold queries. The choice
of τ = 0.95 is motivated by Theorem 7.4.1, which establishes that high multipole correla-
tion directly implies low reconstruction error. Sincemultipole correlation is bounded by 1, a
threshold of 0.95 empirically showed to result in sufficiently low reconstruction errors while
allowing for some tolerance to noise in the data, similar to the tolerance parameter ϵ used in
BPDN and LASSO.

Hardware and Implementations All experiments were executed on a server equipped with
a 48-core 2.4 GHz AMD Genoa 9654 processor and 128 GB of RAM. For LASSO, OMP,
and LARS, we utilize the implementations available in the scikit-learn library [197], a
widely used Python machine learning library. For BPDN, we use the CVXOPT library
[13], a Python package for convex optimization. Both libraries employ highly optimized
C-compiled code for their core computations to achieve high performance. Our SD imple-
mentation (detailed in Chapter 6) is used for the SD variants. All implementations utilized
multithreading across all available CPU cores with 48 threads for query answering, and se-
quential processing for each query.

Evaluation Metrics We evaluate the algorithms based on the following metrics, averaged
over the 28 queries for each dataset subset:

• Representation Error: The average L2 norm of the residual, ||y − xTD||2 over all queries.
• Sparsity Level: The average L0 norm of the solution vector x, ||x||0 over all queries.
• Computational Efficiency: The total wall-clock time taken to process all 28 queries for a
given dataset subset.

• Classification Accuracy: The percentage of query images correctly classified using the pro-
cedure described above.



Case Study: Sparse Representation

7

185

To account for variability, each experiment (algorithm on a specific dataset subset) was run
10 times, and we report the average results. For SD-Threshold, which can potentially return
multiple solutions per query, we report aggregate metrics over all found solutions unless
otherwise specified. We set a timeout of 12 hours for each algorithm to complete all queries.
Any algorithm that fails to complete within this time limit is excluded from the respective
plot.

7.5.1 Comparing Sparsity and Reconstruction Error

Figure 7.2 presents the trade-off between reconstruction error and sparsity level (L0 norm)
for all algorithms across the different Extended Yale B subsets. Each point represents the
average performance of an algorithm configuration on a specific dataset. The ideal region is
the bottom-left corner, representing low error and high sparsity (low L0).

We observe that the Pareto frontier, representing the best achievable trade-offs, is often occu-
pied by the SD variants and OMP. Specifically, SD variants frequently achieve slightly lower
reconstruction errors than OMP for the same sparsity level (typicallyL0 = 1 orL0 = 2, not
counting the query itself). Among the SD variants, the progressive query consistently yields
the sparsest solutions (often L0 = 1), as it stops upon finding the first satisfactory combi-
nation, which occurs at the lowest cardinality p. In contrast, the threshold and Top-k query
variants explore up to p = 3 (L0 ≤ 2) and thus can produce slightly less sparse solutions,
although the differences in L0 norm are generally small (ranging from 1 to 2 on average).

Comparing the convex optimization methods, BPDN generally achieves lower reconstruc-
tion errors than LASSO. It is important to note that whilemethods like BPDN are considered
’exact’ within their convex optimization framework, they do not necessarily yield zero re-
construction error. This is because their formulation, as described in Section 7.3, is designed
to handle noisy, real-world data by minimizing the L1 norm subject to an error tolerance
(ϵ = 0.05 in our experiments). Perfect reconstruction (error of 0) is often impossible with
noisy data, and forcing it would lead to overfitting; the tolerance parameter ensures a solu-
tion can always be found. However, BPDN solutions tend to be much denser (higher L0

norm) compared to the greedy methods and SD. LASSO, by varying the regularization pa-
rameter λ, can produce solutions with different sparsity levels, but its solutions are generally
Pareto-dominated by either BPDN (in error) or the greedy/SD methods (in sparsity and of-
ten error). Notably, BPDN failed to complete all queries within a 12-hour time limit on the
larger, higher-dimensional “Faces” and “Mouths” datasets, highlighting its computational
cost.

A notable observation is the relatively high reconstruction error of LARS compared to OMP,
despite both being greedy algorithms. This can be attributed to their differing coefficient
selection strategies. While OMP explicitly minimizes the reconstruction error at each step
for the chosen set of atoms, LARS follows an ”equi-angular” path that selects atoms based on
their correlation with the residual, whichmay not always lead to the optimal reconstruction.
This can lead to a less optimal reconstruction for the same level of sparsity, though LARS
still achieves high classification accuracy (as we will show later), indicating that it is effective
at selecting images with the same class as the query image, even if the reconstruction error
is higher than that of OMP.
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Figure 7.2: Sparsity vs. Reconstruction Error over different datasets and methods.

Overall, these results suggest that SD, especially SD-Progressive, offers a highly competitive
trade-off between reconstruction error and sparsity. It achieves sparsity levels comparable to
OMP but oftenwith better reconstruction fidelity, likely benefiting from its ability to find op-
timal or near-optimal combinations within its search space. The optimization-based meth-
ods, while theoretically powerful, seem less effective in this specific application, potentially
due to the L1 relaxation favoring dense solutions with many small coefficients, effectively
overfitting to noise when aiming for very low reconstruction error. The results also imply
that for these datasets, the sparsest representations (often L0 = 1) are frequently among the
best in terms of reconstruction error; finding the single most similar face often provides the
best reconstruction, and adding more faces primarily models noise.
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Table 7.1: Average Classification Accuracy across Extended Yale B subsets.

Method Avg. Accuracy (%)

BPDN 98.15
SD-Progressive 97.15
LARS 96.30
OMP 96.30
SD-Topk 92.59
SD-Threshold 88.02
LASSO (λ∗) 80.25
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Figure 7.3: Classification accuracy across different datasets and methods.

7.5.2 Comparing Classification Accuracies

Figure 7.3 shows the classification accuracy achieved by each algorithm on the different
dataset subsets, while Table 7.1 summarizes the average accuracy across all datasets.3 Note
that for each method and dataset, the parameter configuration yielding the best accuracy
is used in both the figure and the table. In real world scenarios, such optimal configura-
tions can be determined through cross-validation on a small validation set, composed of a
stratified sample from the dictionary.

BPDN achieves the highest average accuracy (98.15%) among the algorithms that completed
the task, although its inability to run on all datasets limits this comparison. It is worth not-
ing that none of the methods achieve 100% accuracy. This is not a failure of the sparse rep-
resentation algorithms themselves, but rather a characteristic of the classification strategy
adopted fromWright et al. [236]. For a small number of queries in the dataset, the solution
with the lowest reconstruction error does not lead to a correct class prediction, even when
the sparsity of the solution is ignored (i.e., when the algorithm has the freedom to select any

3In practice, optimal parameter configurations can be determined through cross-validation on a small validation set,
composed of a stratified sample from the dictionary. This way, we can get an idea of what parameter configuration
yields the best accuracy for each method and dataset before running classification on the actual queries (i.e., the
test set).
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Figure 7.4: Computational efficiency (in seconds) of each algorithm across different datasets. BPDN
failed to complete on Faces and Mouths within the 12-hour time limit.

number of atoms). This is not uncommon in face recognition or any classification task for
that matter; even state-of-the-art methods rarely achieve perfect accuracy on this dataset, as
demonstrated in the study by Wright et al. [236].

SD-Progressive demonstrates the second-best performance, achieving an average accuracy
of 97.15%, only marginally lower than BPDN’s average on the datasets it completed (but as
we will see in the next section, it is significantly faster). OMP and LARS show identical aver-
age accuracies (96.30%). This result is somewhat surprising, considering the differences in
their selection strategies and LARS’s higher reconstruction error, as discussed in the previous
section. This suggests that while LARS’s equi-angular selection pathmay not always yield the
best reconstruction, it is equally effective at identifying atoms from the correct class, which
is sufficient for accurate classification in this context. Also notice though that their perfor-
mance of both algorithms degrades noticeably on the Noses andMouths subsets, suggesting
that for these more ambiguous facial parts, simply finding the atom with the highest initial
correlation (as OMP/LARS tend to do) is not always sufficient for correct identification.

The other SD variants, SD-Topk (92.59%) and SD-Threshold (88.02%), perform less well
in terms of classification accuracy compared to SD-Progressive. This further supports the
observation that for this task, the sparsest representation found by SD-Progressive is most
effective for classification. Allowing slightly denser solutions (as Topk andThreshold might)
does not improve, and sometimes hinders, classification. LASSO consistently yields the low-
est classification accuracy (around 80.25% for the best λ value), likely due to its tendency to
produce denser solutions that may overfit or incorporate features from incorrect classes.

These classification results reinforce the findings from the error-sparsity analysis. Algo-
rithms achieving good, sparse representations (low L0, low error) tend to perform well in
classification. SD-Progressive emerges as a top performer among them, achieving accuracy
very close to the best (BPDN) while being applicable across all datasets.
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Figure 7.5: Results of the twinsine example including SD-Topk.

7.5.3 Comparing Computational Efficiency

Figure 7.4 illustrates the computational time required by each algorithm to process all 28
queries for each dataset subset. As expected, the greedy algorithms OMP and LARS are
generally the fastest, benefiting from their simple iterative nature and early stopping crite-
ria (fixed number of atoms). LASSO, likely due to its highly optimized scikit-learn im-
plementation using coordinate descent and Cython, is also computationally efficient [197].
The SD variants (SD-Progressive, SD-Threshold, SD-Topk) exhibit moderate computational
costs. They are generally slower than the fastest greedy methods but significantly faster than
BPDN. Their runtime increases with the size and dimensionality of the dataset, reflecting
the combinatorial nature of the search performed by SD. However, the pruning strategies
inherent in the SD framework keep the runtime practical for these dataset sizes. BPDN is by
far the slowest algorithm, requiring orders of magnitude more time than the others and fail-
ing to complete within the 12-hour limit on the largest datasets (Faces and Mouths). This is
relatively unsurprising given its requirement to solve a linear program for each query. While
efficient LP solvers exist, they still cannot match the speed of greedy algorithms or SD.

These experiments demonstrate that SD offers a viable solution for sparse representation,
providing a slightly better trade-off between reconstruction error and sparsity level than
OMP, albeit at a higher computational cost. However, it remains substantially faster than
BPDN while additionally offering guarantees on finding the sparsest low-error solution un-
der theL0 norm, rather than theL1 norm. To further illustrate the value of these guarantees,
we next examine two adversarial examples where SD reliably finds optimal solutions while
OMP fails.
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Figure 7.6: Reconstruction Error vs. Sparsity Level of different algorithms on the Adversarial OMP
dataset.

7.5.4 Adversarial Examples

To further highlight the difference between SD and greedy algorithms like OMP, we examine
scenarios designed to be challenging for greedy approaches.

Twinsine Example Revisited First, recall the classic ”twinsine” example of [52], where the
target signal is a sum of two highly correlated sinusoids present in the dictionary. In this
case, OMP typically identifies only one of the two component sine waves, while exact algo-
rithms correctly find both [52]. When we apply SD-Topk to this example, we obtain results
identical to those from BPDN. Particularly, as shown in Figure 7.5, SD successfully identifies
both constituent components, achieving a perfect reconstruction of the original signal. This
demonstrates SD’s ability to overcome the myopia of OMP by considering combinations of
atoms.

Adversarial OMP

Second, we construct a new adversarial example specifically targeting a known weakness of
OMP: its potential failure when the optimal representation involves multiple atoms, none of
which individually exhibit a dominant correlation with the query signal [52, 226]. OMP’s
reliance on high individual correlations can cause it to be misled by “decoy” atoms that are
highly correlated with the query but do not belong to the optimal solution.

To demonstrate this second failure mode, we created a synthetic dataset that exhibits this
behavior. This dataset was constructed as follows. First, we create a query signal q in a
100-dimensional space as the average of three random vectors, y = (a1+ a2+ a3)/3. These
vectors {a1, a2, a3} form the true sparse basis (i.e., the optimal solution) for the query signal,
and are added to the dictionaryD. Then, we create a set of 20 “decoy atoms” {d1, d2, ..., d20}.
These vectors are designed to have a high individual correlation (dot product) with y to act
as “decoys” that mislead greedy algorithms like OMP into selecting them over the true ba-
sis vectors, thus leading to a suboptimal solution. We accomplished this by projecting the
query onto random vectors, scaling them to align their dot product with the query, and
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adding small orthogonal perturbations to ensure they don’t lie on the subspace spanned by
{a1, a2, a3} nor that they form a subspace that includes the query. These decoy vectors are
then also added to the dictionary D. Lastly, we include a set of 177 random vectors uncor-
related with the query, resulting in a dictionary of 200 vectors and a sufficiently large search
space of possible combinations.

We then run the different sparse representation algorithmon this “AdversarialOMP”dataset,
using the same parameters as in the previous experiments. The results are shown in Fig-
ure 7.6, where we plot the reconstruction error against the sparsity level (L0 norm) for each
algorithm. We observe that OMP and LARS fail to recover the true sparse representation.
They are misled by the high individual correlations of the decoy atoms and select them in-
stead of the true basis vectors {a1, a2, a3}. LASSOmanages to reconstruct the query well but
selects a superset of the true basis, including some decoy atoms, resulting in a non-sparse
solution. In contrast, both BPDN and SD (specifically SD-Topk with p = 4 to allow for 3
atoms) successfully identify the correct three basis atoms {a1, a2, a3} and achieve perfect re-
construction with the optimal sparsity. This example clearly demonstrates SD’s robustness in
scenarios that are challenging for greedy algorithms. By evaluating combinations, SD avoids
being trapped by misleading individual correlations and finds the globally optimal sparse
solution within its search constraints, a crucial capability in certain real-world applications.

Real-World Implications

The scenario illustrated by the Adversarial OMP example is not merely a contrived academic
exercise; it reflects practical situations where sparse representation is applied. Research
across various domains has highlighted cases where optimal solutions involve combinations
of signals that, individually, show low correlation with the query. Such challenges appear in
fields like hyperspectral unmixing [67], financial and biomedical data analysis [250], image
reconstruction [85], and seismic data processing [145]. In these situations, methods that
rely on myopic, greedy selection criteria may not find the optimal representation.

The theoretical foundations for these challenging scenarios have also been examined. For
instance, the performance of greedy algorithms can be linked to dictionary properties like
themaximum correlation between any two dictionary atoms [85]. As themaximum correla-
tion increases, the likelihood of a greedy algorithm being misled by individually correlated
but suboptimal atoms also increases. This underscores the value of methods that can sys-
tematically evaluate combinations, like SD, as they are inherently robust to such scenarios.

7.6 Conclusions
This case study has demonstrated the successful application of the SD framework to the prob-
lem of sparse representation. Our results show that SD, leveraging the Multipole correlation
measure, is not only applicable to this domain but also highly competitive with established
algorithms. In terms of the trade-off between reconstruction error and sparsity, SD variants
often reside on or near the Pareto frontier, performing comparably or slightly better than
the widely used OMP algorithm.
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SD offers a compelling alternative by bridging the gap between fast but heuristic greedy al-
gorithms and slower but theoretically grounded convex optimization methods. As an al-
gorithm that explores combinations of atoms, SD demonstrated superior empirical perfor-
mance compared to greedy methods in challenging scenarios, as shown by the adversarial
examples where OMP failed but SD successfully identified the optimal solution.

Furthermore, SD directly addresses the original L0 problem, avoiding the need for L1 re-
laxation which can lead to denser solutions than desired. In this way, SD offers the best of
both worlds: an algorithm that combines the speed of greedy approaches with the exactness
of optimization methods.

This case study demonstrates the versatility of the SD framework, showing how its general
approach tomultivariate similarity search can be adapted to solve domain-specific problems
with performance comparable to specialized algorithms. The successful application to sparse
representation suggests that SD may prove valuable across a wide range of domains where
efficient identification of multivariate relationships is essential. The successful application to
sparse representation suggests that SD may prove valuable across a wide range of domains
where efficient identification of multivariate relationships is essential.
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CHAPTER 8

Conclusions and Future
Directions

This thesis has advanced similarity search beyond its traditional univariate, pair-
wise focus by developing methods to analyze multivariate data and discover high-
order relationships. This concluding chapter summarizes these key contributions,
then identifies open challenges and outlines future research directions that build
upon this new foundation. The aim is to inspire a new generation of multivariate-
aware similarity search techniques.

8.1 Summary of Contributions
This thesis aimed to advance the field of similarity search by developing effective and effi-
cient methods. Our approach directly addresses the multivariate nature of both data and the
relationships within them, moving beyond the traditional univariate and pairwise focus that
has dominated the field for decades.

In Chapter 1, we highlighted the limitations of traditional similarity search in their focus on
univariate, pairwise relationships. We subsequently outlined the problem statement, which
called for a systematic extension of similarity search to multivariate data and high-order
relationships.

In Chapter 2, we laid the theoretical groundwork by establishing formal definitions of sim-
ilarity search queries. We then briefly introduced known techniques for efficient similarity
search, such as approximation methods and index structures. Finally, we positioned the
work within the broader research landscape by discussing related work in both MTS simi-
larity search and multivariate similarity search on univariate data.

In Part I, we focused on pairwise similarity search on multivariate time series. In Chap-
ter 3, we conducted the first comprehensive study of distance measures for MTS. We intro-
duced anovel taxonomybased onnormalization, temporalmodels, and channel-dependency
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models that brought clarity to a fragmented area. Through this work, we provided practical
guidelines formeasure selection and revealed the surprising effectiveness ofNonorm for cur-
rent MTS datasets, the strong performance of SBD-D, and important insights into channel-
dependent versus channel-independent approaches. We then introducedMS-Index inChap-
ter 4, a novel algorithm for exact k-NN subsequence search in MTS – a problem previously
unaddressed due to its inherent computational complexity and the limitations of existing
methods. We demonstrated thatMS-Index achieves orders of magnitude speedup over ex-
isting approaches and offers practical features like ad-hoc channel selection. Crucially, we
showed that its design principles, such as unified representation and channel-adaptive par-
titioning, are transferable to other multivariate search contexts.

In Part II, we extended the scope of similarity search to high-order relationships in uni-
variate data. In this domain, we introduced Correlation Detective (CD) in Chapter 5, a
highly efficient exact algorithm for detectingmultivariate correlations in large static datasets,
using the Multivariate Pearson Correlation and Multipole measures. We designed CD to
leverage theoretical results, bounding, and novel optimizations to dramatically reduce the
search space, while supporting different query types and constraints. We then extended this
algorithm to streaming data with CDStream, which efficiently maintains results over slid-
ing windows using a custom index and a novel stream processing model. Additionally, we
developed CDHybrid as an adaptive solution that automatically switches between CD and
CDStream based on stream characteristics. Finally, we generalized the concepts from CD
into the Similarity Detective Framework in Chapter 6. This framework provides a principled
methodology to detecting multivariate relationships in univariate data. It not only extends
the capabilities of CD to anymultivariate similarity measure, and constraint, but also unifies
a wide range of field-specific solutions under a common framework. The framework’s broad
applicability was then demonstrated in Chapter 7, through its successful application to the
sparse representation problem, where it showed competitive performance against special-
ized methods.

Collectively, these contributions lay the theoretical and practical groundwork for a new per-
spective on similarity search – one that embraces the multivariate nature of both data and
the relationships within them.

8.2 Reflection on Central Research Question
Returning to our central research question – whether it is possible to extend the traditional
similarity search paradigm to the multivariate setting – this thesis has provided a compre-
hensive affirmative answer through multiple complementary contributions.

Starting with the extension to multivariate data (Part I), Chapter 3 established that mean-
ingful comparison of multivariate time series is not only possible but can be done effectively
through measures like SBD-D. Chapter 4 then proved that such comparisons can be per-
formed efficiently at scale through MS-Index, which achieves orders of magnitude speedup
over existing approaches. Together, these chapters demonstrated that the first fundamental
extension of similarity search to handle multivariate data objects is both theoretically sound
and practically feasible.
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For the extension to multivariate relationships (Part II), Chapter 5 showed that detecting
meaningful high-order relationships in univariate data is computationally tractable through
careful algorithm design and effective pruning strategies. Chapter 6 then generalized these
insights into a comprehensive framework that can handle any multivariate similarity mea-
sure, proving that this extension is not limited to specific measures but represents a broader
development in the field. The practical value of this extension was validated in Chapter 7,
demonstrating its effectiveness in real-world applications.

Collectively, these contributions prove that similarity search can indeed be meaningfully
extended to embrace the multivariate nature of real-world data, both at the data level and
the relation level. Moreover, our findings suggest that such extensions often lead to better
andmoremeaningful patterns than traditional univariate approaches, validating the premise
that motivated this research.

8.3 Open Challenges and Future Directions
While this thesis has made significant progress in multivariate similarity search, it also re-
veals numerous open challenges and exciting future research directions. We now outline a
vision to inspire and guide the community in this new domain.

8.3.1 The Grand Challenge: Multivariate Squared

The ultimate goal, for which this thesis builds a foundation, is the search for multivariate
relations in multivariate data. This represents the combination of the two extensions ex-
plored in this thesis, seeking to understand complex, many-to-many relationships between
multi-attribute data objects. This challenge involves overcoming multiple conceptual and
algorithmic hurdles behind simply combining existing approaches. It requires a fundamen-
tal reconsideration of how similarity is defined, measured, and efficiently computed in such
complex contexts.

From a conceptual perspective, defining similarity in this context presents novel theoretical
challenges, similar to those encountered when extending distance measures for UTS to the
MTS domain in Chapter 3. Defining such measures requires answering questions like:

1. How can we meaningfully extend the MTS distance measures explored in Chapter 3
to cover relations over multiple time series?

2. When such extensions are developed, will the empirical patterns and insights from
our comprehensive study still hold, or will entirely new patterns emerge?

3. How do we evaluate these measures? Traditional approaches like 1-NN classification
become less straightforward when either side of the neighbor relationship can contain
multiple objects rather than single entities.

From an algorithmic perspective, the challenges are equally profound. A fundamental ques-
tion concerns whether the SD framework can be extended to support measures over MTS
data. While this framework successfully addresses the combinatorial explosion of the search
space for univariate data, it remains unclear whether the same bottlenecks persist in themul-
tivariate context. For instance, the dimensionality of the data may now start playing a more
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significant role for empirically bounded measures. Additionally, the added channel axis in
the data introduces an additional term in the theoretical complexity of the problem, which
might need to be addressed through novel optimizations.

Our vision for addressing this grand challenge follows a systematic, multi-phase approach.
The first phase involves applying the SD framework to a diverse range of domains where
multivariate similarity search is already applied, but often limited by the performance of
existing tools. By enabling large-scale analysis, the SD framework can help uncover new
insights in these fields. Furthermore, applying the framework across various domains will
allow us to draw connections between different applications and deepen our understanding
of the multivariate similarity measures used in practice. Through these case studies, we aim
to develop a comprehensive view of the measures employed across domains, identify their
meta-properties, and understand the downstream tasks that drive their selection. This, in
turn, can help researchers and practitioners select appropriatemeasures or develop new ones
that fill gaps in the current landscape.

Building upon these insights, the second phase involves establishing a structured evaluation
framework for multivariate similarity measures, similar to the study conducted for MTS
distancemeasures inChapter 3. Thiswill help structure the current landscape ofmultivariate
similarity measures, and identify which measures are most effective for specific tasks and
data characteristics.

After understanding the current landscape of measures and their performance, the third
phase focuses on extending the SD framework to support the most promising multivari-
ate measures identified in our evaluation. This extension requires careful analysis of how
the framework’s core components (i.e., the bounds, execution workflow, and optimizations)
can accommodate the computational and theoretical demands of multivariate measures. We
must identify the primary performance bottlenecks that emerge in these scenarios and de-
velop novel optimization techniques specifically designed to address them.

8.3.2 Directions in MTS Search

Building upon Part I, several directions promise to improve our ability to efficiently find
pairwise similarities in MTS datasets.

MTS-Specific Normalization Techniques. Our finding in Chapter 3 that existing normal-
ization methods offer little benefit – with Nonorm often being optimal – suggests current
methods may fail to capture essential multivariate characteristics. This calls for dedicated
research into novel normalization techniques specifically designed for MTS, which might
consider inter-channel dependencies, temporal dynamics, or be adaptive and task-aware.

Efficient Algorithms for Advanced Distance Measures. There is a need to bridge the gap
between the most effective MTS distance measures identified in Chapter 3 and their prac-
tical use in large-scale search scenarios. This involves designing novel indexing structures
and search algorithms specifically optimized for computationally intensive yet effectiveMTS
distancemeasures like SBD-D or supervisedMSM-I. A natural first step here would be to de-
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rive tight lower bounds for these measures, enabling the development of pruning strategies
and index structures that exploit these bounds for efficient search.

Variable-Length andMulti-ScaleMTS Subsequence Search. MS-Index requires the length
of the queries to be known at index construction time, which limits its applicability in sce-
narios where query lengths vary or are not known in advance. Future work should aim to
either extend the index structure ofMS-Index to support variable-length queries, or develop
new algorithms that natively support variable-length subsequence search. During the writ-
ing of this thesis, we have already started exploring this direction, where we extended the
ULISSE algorithm [152] to the multivariate case in [80]. Preliminary results show that this
approach can achieve competitive performance on synthetic datasets, but further work is
needed to evaluate its performance on real-world datasets and to develop optimizations that
can improve its efficiency.

8.3.3 Directions in High-Order Relationship Search

The work in Part II on discovering high-order relationships can be expanded by extending
the SD framework to the streaming domain, a direction already explored conceptually in
Section 6.4.8. The central intellectual challenge lies in generalizing the principles of effi-
cient, incremental updates from CDStream to the broad class of measures supported by the
framework. This requires moving beyond the specific properties of mPC and developing a
more abstract theory of incremental updates for multivariate similarity.

For empirically bounded measures, the key challenge is to identify which measures possess
properties analogous to the soft-distributivity ofmPC, where changes in aggregate similarity
can be predicted from changes in underlying pairwise statistics. For measures lacking this
property, a fundamental question is whether alternative, efficiently monitorable statistics ex-
ist. For theoretically bounded measures, the challenge shifts to the geometric domain: how
can we efficiently track the evolution of cluster properties (e.g., centroids and radii) in re-
sponse to streaming data, and how do these changes propagate to the similarity bounds? Ad-
dressing these questions will require new theoretical insights into the relationship between
streaming data, summary statistics, and the bounds of diverse multivariate similarity mea-
sures, thereby creating a principled foundation for high-order similarity search in streaming
environments.

8.3.4 Overarching Directions

Besides the specific challenges on each of the variants of multivariate similarity search out-
lined above, we also see several overarching directions that can help advance the field as a
whole.

Extreme-Scale Experiments This thesis demonstrated the effectiveness of our algorithms
on datasets containing up to 10,000 time series with roughly 10,000 time points each, con-
sistently showing superior scaling behavior compared to existing approaches. While our
theoretical analysis and current experimental results strongly suggest this superior scalabil-
ity will continue at larger scales, these experiments fall short of true ”big data” by today’s
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standards (e.g., applications like power grid monitoring can generate billions of data points
per day [40]). To validate this expected scalability, future work should evaluate these algo-
rithms on datasets with millions of time series and tens of millions of time points, which
will require transitioning from current in-memory implementations to disk-based and po-
tentially distributed architectures. This shift will require rethinking parts of the algorithms,
potentially uncovering new performance bottlenecks in I/O operations, data partitioning
strategies, and memory management that are not apparent in smaller datasets. While we
expect the core algorithmic advantages to persist, addressing these challenges will be crucial
for conclusively demonstrating the practical applicability of these algorithms in large-scale
scenarios.

Hardware Acceleration and Distributed Systems The computational demands of multi-
variate similarity search at extreme scales will also require a shift towards hardware-aware
algorithm design to leverage modern parallel computing architectures. This involves de-
signing algorithms that can exploit specialized hardware such as GPUs, TPUs, and FPGAs,
while simultaneously developing distributed computing strategies that can effectively parti-
tion both data and computation across multiple nodes. Core algorithmic components like
the indexing structures in MS-Index and the hierarchical clustering in CD may need to be
redesigned to exploit massively parallel processing capabilities, potentially requiring novel
data structures and communication patterns optimized for these hardware platforms. Fur-
thermore, subroutines like distance computationwithMASS can be adapted to run onGPUs,
which can significantly speed up the search process for large datasets.

Explainable andActionable Insights. Thegoal is to evolvemultivariate similarity search al-
gorithms from pattern-finding tools into analytical engines where discovered patterns come
with understandable explanations and actionable recommendations. This involves develop-
ing post-analysis techniques that (1) identify the contributing factors to discovered similar-
ities, (2) filter out spurious correlations based on systematic, theoretically grounded rules,
and (3) visualize these relationships in ways that are interpretable by domain experts. For
example, we can extend the SD framework to not only find correlations but also to explain
them by identifying the underlying patterns in the data that contribute to the similarity and
incorporate them in knowledge graphs.

Learning-Driven Similarity Search. We envision deep integration ofmachine learning into
similarity search, enabling systems to learn optimal search strategies, data representations,
and even the notion of ”similarity” from data and user feedback. This includes develop-
ing methods for learning task-specific MTS distance measures or multivariate similarity
functions directly from data, and using techniques like reinforcement learning to enable
algorithms to dynamically adapt their parameters based on observed data distributions and
query performance.

Broad Empirical Validation Finally, the potential of this new frontier in similarity search
should be demonstrated by systematically applying the developed frameworks to real-world
domains to uncover novel insights. We envision applications in diverse fields such as un-
derstanding ecosystem dynamics, identifying risks in financial systems, discovering patient
subgroup characteristics for personalized medicine, or detecting bias in AI systems. This
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involves collaboration with domain experts and development of benchmark suites focused
on multivariate and high-order similarity discovery.

8.3.5 Towards an Overarching Framework

Thework in Chapter 6 demonstrates that it is possible to structure the space of queries within
a specific problem domain, construct a unified theoretical framework for exact query an-
swering under any measure, identify performance bottlenecks across different query types,
and develop targeted optimizations that are automatically applied based on measure and
query parameters. While this approach was applied specifically to finding multivariate rela-
tions in univariate data, the same principles can be applied to any variant of similarity search,
whether dealing with univariate or multivariate data, or addressing pairwise or high-order
relationships.

Thiswould require conducting surveys and large-scale comparative studies across every vari-
ant of the similarity search problem, then crystallizing these insights into decision-tree-
like guidelines that specify optimal measures (if not provided), algorithms (i.e., sequen-
tial scan, index, or hybrid), and optimizations (e.g., dimensionality reduction strategies like
DFT/SAX/SFA, index structures like R*-tree, B-tree, graph, etc.) for given scenarios. Key to
these studies is unveiling the theoretical properties ofmeasures and data characteristics (e.g.,
distributions) that make them suitable for specific query strategies. For example, for exact
whole-sequence search on univariate data, the resulting system may recommend Euclidean
distance with an iSAX index, while for approximate search, it could suggest graph-based in-
dexes like HNSW [20, 233]. For subsequence search, the framework might prescribe DFT
with an R-tree structure unless variable-length queries are required, in which case sequen-
tial scanning through MASS becomes the optimal approach [198]. When decision rules are
established for every segment of the similarity search space, these rules can be unified into
a single system capable of designing and executing efficient query plans for any similarity
search query.

This vision involves substantial work, likely requiring multiple dissertations to fully realize
such a system. Additionally, the constantly evolving landscape of problems, measures, and
algorithms implies that the decision rules will need to be continuously updated. However,
we believe that researchers should strive not only to develop domain-specific solutions but
also to build a common understanding of the entire similarity search space, providing more
general, accessible, and efficient solutions that also reduce redundancy of effort across the
field. This approach relates closely to how relational databases revolutionized structured
data querying by providing SQL as a common language and relational algebra as a unify-
ing framework, enabling efficient querying of any structured data regardless of domain or
specific application.

8.4 Closing Remarks
The complex, interconnected nature of modern data presents a significant challenge to tra-
ditional similarity search approaches, which have long relied on pairwise comparisons of
univariate entities. This thesis has addressed this gap by systematically extending similarity
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search, developing novel theories, algorithms, and frameworks to handle both multivariate
data objects and the high-order relationships that connect them.

The presented contributions mark significant advancements. They lay a critical foundation
for a more powerful and realistic approach to understanding similarity in complex systems.
Yet, this journey into the multivariate realm is just beginning. The outlined challenges, es-
pecially the grand challenge of searching multivariate relations within multivariate data and
the development of an overarching similarity search system, highlight that there is still plenty
of work to be done.

The future of similarity search is multivariate. This thesis has argued that similarity search
must embrace this multivariate complexity. We hope that the foundations laid in this the-
sis will catalyze further research within this new field, inspiring new ideas and approaches
that improve our ability to discover meaningful patterns in complex, multivariate datasets.
By moving beyond one-to-one comparisons and embracing the rich, multivariate nature of
real-world data, the next generation of similarity search will unlock unprecedented insights,
transforming our ability to understand and interact with complex systems. This thesis serves
not as a final destination, but as a starting point and an enthusiastic call to explore these new
territories in the quest for meaningful pattern discovery.
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CHAPTER A

Proofs to Chapter 4

A.1 Proof of correctness and completeness of MS-Index
Here, prove that the query process described in Section 4.3.3 of Chapter 4 is correct, i.e., that
the algorithm described in Algorithm 1 is guaranteed to return the correct and complete
k-NN to the query q. Specifically, we aim to prove the following lemma:

Lemma A.1.1. Any indexed subsequence t of length |q| that is part of the k-NN of q is
guaranteed to be in the set of subsequences returned byMS-Index, and therefore, after exact
distance computations on this set, MS-Index is guaranteed to return the correct k-NN of
q.

Proof. The first probe of the index returns k subsequences of length s ≥ |q|, for which the
exact distances with the query are computed. As these k subsequences collectively contain
at least k subsequences of length |q|, by setting τk as the k’th smallest of these distances we
get an upper bound on the distance of the true k-th nearest neighbor. In the second probe,
we perform a range query with threshold τk ∗

√
|q| on the R-tree index, which contains

the feature vectors. Based on Eq. 2.1, the distance between any two points in the feature
space is a lower bound on the true distance of the subsequences they represent. Specifically,
the distance between a |q|-length subsequence t and the query q is lower-bounded by the
distance between their feature vectors t̃′ and q̃′ as:

d(t, q) ≥ 1√
|q|

√∑
i∈cq

d(t̃i, q̃i)2 =
d(t̃′cq , q̃

′
cq )√

|q|
(A.1)

where t̃′cq and q̃′
cq correspond to the feature vectors of t and q limited to the channels of

q. Now, assume that an indexed subsequence t has distance with q less than τk. Then, by
Eq. A.1 we know that

d(t̃cq ,q̃
′
cq

)√
|q|

≤ d(t, q) ≤ τk. This means that when we query the R-

tree with a threshold τk ∗
√
|q|, by correctness of the R-tree algorithm, t is guaranteed to
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be included in the returned set.1 This proves that MS-Index is complete by guaranteeing
that all subsequences in the k-NN are found. As we perform exact distance computations
for all subsequences returned by this range query, the algorithm is guaranteed to identify all
subsequences in the k-NN of q, and therefore return the correct query result.

1Note that the
√

|q| is simply a scaling factor that needs to be accounted when transforming the distances from the
feature space to the time domain. It does not weaken the bounds.
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CHAPTER B

Proofs to Chapter 5

B.1 Proof of Lemma 5.3.1

Lemma B.1.1. Let ρ(x,y) denote the Pearson correlation between two z-normalized
vectorsx andy, and θx,y the angle formed by these vectors. Consider four z-normalized
vectors u1, u2, v1, and v2, such that θv1,u1 ≤ θ1 and θv2,u2 ≤ θ2. Then, correlation
ρ(u1,u2) can be bounded as follows:

cos(θmaxv1,v2
) ≤ ρ(u1,u2) ≤ cos(θminv1,v2

)

where θminv1,v2
= max (0, θv1,v2 − θ1 − θ2) , θmaxv1,v2

= min (π, θv1,v2 + θ1 + θ2).

Proof. Letm be the length of x and y. Note that ρ(x,y) = xT ·y
m·σ(x)·σ(y) . As we assume that

x and y are z-normalized, σ(x) =
√

1
m ∥x∥2 and σ(y) =

√
1
m ∥y∥2. As such, ρ(x,y) =

x·y
∥x∥2·∥y∥2

= cos(θx,y). Now, let us consider θu1,u2 withu1 andu2 as defined in the lemma.
Since θu1,v1 ≤ θ1 and θu2,v2 ≤ θ2, we have that

θv1,v2 − θ1 − θ2 ≤ θu1,u2 ≤ θv1,v2 + θ1 + θ2

by the triangle inequality for angles. Under the convention that all angles between two time
series are in [0, π], we can rewrite this as

max(0, θv1,v2 − θ1 − θ2) ≤ θu1,u2 ≤ min(π, θv1,v2 + θ1 + θ2)

Since cos(x) is amonotonically decreasing function on [0, π], and cos(θu1,u2) = ρ(u1,u2),
we get the final result:

cos(min(π, θv1,v2 + θ1 + θ2)) ≤ ρ(u1,u2) ≤ cos(max(0, θv1,v2 − θ1 − θ2))
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B.2 Proof of Theorem 5.3.2

Theorem B.2.1 (Bounds for mPC). For any pair of clusters Ci, Cj , let l(Ci, Cj)
and u(Ci, Cj) denote lower/upper bounds on the pairwise correlations ρ between the
cluster pair’s materializations, i.e., l(Ci, Cj) ≤ min

x∈Ci,y∈Cj

ρ(x,y) and u(Ci, Cj) ≥

max
x∈Ci,y∈Cj

ρ(x,y). Consider sets of clusters Sl = {Cl
i}

pl

i=1 and Sr = {Cr
j }

pr

j=1. Let

L(S1, S2) =
∑

Ci∈S1,Cj∈S2
l(Ci, Cj), and U(S1, S2) =

∑
Ci∈S1,Cj∈S2

u(Ci, Cj).
Then, for any two sets of z-normalized time series X = {x̂1, . . . , x̂pl

}, Y =
{ŷ1, . . . , ŷpr

} such that x̂i ∈ Cl
i , ŷi ∈ Cr

i , multivariate correlation mPC(X,Y ), can
be bounded as follows:

1. if L(Sl, Sr) ≥ 0:

L(Sl, Sr)√
U(Sl, Sl)

√
U(Sr, Sr)

≤ mPC(X,Y ) ≤ U(Sl, Sr)√
L(Sl, Sl)

√
L(Sr, Sr)

2. if U(Sl, Sr) ≤ 0:

L(Sl, Sr)√
L(Sl, Sl)

√
L(Sr, Sr)

≤ mPC(X,Y ) ≤ U(Sl, Sr)√
U(Sl, Sl)

√
U(Sr, Sr)

3. else:

L(Sl, Sr)√
L(Sl, Sl)

√
L(Sr, Sr)

≤ mPC(X,Y ) ≤ U(Sl, Sr)√
L(Sl, Sl)

√
L(Sr, Sr)

Proof. ThemPC correlation function can be rewritten as follows:

mPC(X,Y ) = ρ(Avg(X), Avg(Y )) =

∑m
i=1 Avg(X)i ·Avg(Y )i

m · σ(Avg(X)) · σ(Avg(Y ))

=

∑m
i=1

(∑
x∈X xi

)
·
(∑

y∈Y yi

)
m · σ

(∑
x∈X x

)
· σ

(∑
y∈Y y

)
=

∑
x∈X

∑
y∈Y

1
m

∑m
i=1 xi · yi√∑

i,j∈x cov(i, j) ·
√∑

i,j∈Y cov(i, j)

=

∑
x∈X

∑
y∈Y ρ(x, y)√∑

i,j∈x ρ(i, j) ·
√∑

i,j∈Y ρ(i, j)

Note that, under the mild assumption that the time series in X and the time series in Y

are linearly independent, it holds that σ
(∑

x∈X x
)
> 0 and σ

(∑
y∈Y y

)
> 0. As such,

it is safe to say that the denominator of the fraction will be positive for any 2 sets of time
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seriesX,Y . Now, as S is a set of clusters rather than time series, the correlations ρ(·, ·) are
not fixed, but we do have lower and upper bounds on the pairwise correlations between two
clusters (i.e., derived via Lemma 5.3.1). We now proceed to bound the fraction by bounding
the numerator and denominator separately:

1. L(Sl, Sr) ≤
∑

x∈X,y∈Y ρ(x, y) ≤ U(Sl, Sr)

2.
√
L(Sl, Sl)

√
L(Sr, Sr) ≤

√∑
i,j∈X ρ(i, j)

√∑
i,j∈Y ρ(i, j)≤

√
U(Sl, Sl)

√
U(Sr, Sr)

In (2), we replaceL(·, ·)with a small ϵ > 0 if its value is negative, as we know that a standard
deviation is positive (assuming linear independence). Subsequently distinguishing the three
cases as in Theorem 5.3.2 leads to the result.

B.3 Proof of Theorem 5.3.3

Theorem B.3.1 (Bounds for MP). For any pair of clusters Ci, Cj , let l(Ci, Cj)
and u(Ci, Cj) denote lower / upper bounds on the pairwise correlations between
the cluster’s materializations, i.e., l(Ci, Cj) ≤ min

x∈Ci,y∈Cj

ρ(x,y) and u(Ci, Cj) ≥

max
x∈Ci,y∈Cj

ρ(x,y). Consider the set of clusters S = {Ci}pi=1. Furthermore, let L andU

be symmetric matrices such that Lij = l(Ci, Cj) andUij = u(Ci, Cj) ∀1 ≤ i, j ≤ p.
For any set of z-normalized time series X = {x̂1, x̂2, . . . , x̂p} such that x̂i ∈ Ci,
multipole correlationMP(X) can be bounded as follows:

MP (X) ∈ 1− λmin

(
L+U

2

)
± 1

2
||U −L||2 (B.1)

where λmin

(
L+U

2

)
is the smallest eigenvalue of matrix

(
L+U

2

)
.

Proof. Themultipole correlationMP(X) can be rewritten as [10]:

MP(X) = 1− λmin(R)

where λmin(A) denotes the smallest eigenvalue of amatrixA, andR is the correlationmatrix
of the time series inX . As S = {C1, . . . , Cn} is a set of clusters, the elements ofR, rij , are
not fixed, but there are two matrices L and U s.t. ∀i,j∈{0,...,n} : lij ≤ rij ≤ uij . In what
follows, letR denote any correlationmatrix corresponding to a set of time seriesX in which
each of its elements xi ∈ Ci. Furthermore, for conciseness, letM = U+L

2 andE = R−M .
Then:

λmin(R) = λmin(M + E)
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Using Weyl’s inequality [138], we can derive:

|λmin(M + E)− λmin(M)| ≤ ||E||2 ⇔
|λmin(R)− λmin(M)| ≤ ||E||2

To complete the proof, it remains to be shown that ||E||2 ≤ 1
2 ||U − L||2. To this end, let

x∗ = argmax
||x||2=1

||Ex||2, and let y denote the time series containing the absolute values of the

elements in x∗ : yi = |x∗
i |. Note that ||y||2 = 1. Then:

||E||2 = max
||x||2=1

||Ex||2

= ||Ex∗||2

=

√√√√√ p∑
i=1

 p∑
j=1

(
rij −

uij + lij
2

)
x∗
j

2

≤

√√√√√ p∑
i=1

 p∑
j=1

∣∣∣∣rij − uij + lij
2

∣∣∣∣ ∣∣x∗
j

∣∣2

≤

√√√√√ p∑
i=1

 p∑
j=1

∣∣∣∣uij −
uij + lij

2

∣∣∣∣ yj
2

=

√√√√√ p∑
i=1

 p∑
j=1

(
uij − lij

2

)
yj

2

= ||
(
U − L

2

)
y||2

≤ max
||v||2=1

||
(
U − L

2

)
v||2

=
1

2
||U − L||2
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CHAPTER C

Proofs to Chapter 6

C.1 Proof of Lemma 6.4.2

Lemma C.1.1 (Bivariate distance bounds). Let d be a bivariate distance function that
satisfies the triangle inequality. Then, given two vectors x,y ∈ Rm, each included in
a cluster CX and CY , respectively, one can bound d(x,y) as follows using the triangle
inequality:

d(cX , cY )− rX − rY ≤ d(x,y) ≤ d(cX , cY ) + rX + rY (C.1)

with cX and cY being the centroids of CX and CY , respectively, and rX and rY being
the radii of CX and CY . The radius of a cluster is the maximum distance between the
centroid and any point in the cluster, according to d, i.e., rX = max

v∈CX

d(cX ,v).

Proof.

d(x,y) ≤ d(x, cX) + d(y, cX) (Triangle inequality)
≤ d(x, cX) + d(cX , cY ) + d(y, cY ) (Triangle inequality)
≤ d(cX , cY ) + max

v∈CX

d(v, cX) + max
w∈CY

d(w, cY ) (Radius definition)

= d(cX , cY ) + rX + rY

and

d(cX , cY ) ≤ d(x, cX) + d(x,y) + d(y, cY ) (2x Triangle inequality)
↔ d(x,y) ≥ d(cX , cY )− d(x, cX)− d(y, cY ) (Rearranging)

≥ d(cX , cY )− max
v∈CX

d(v, cX)− max
w∈CY

d(w, cY ) (Radius definition)

= d(cX , cY )− rX − rY
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C.2 Proof of Lemma 6.4.3

LemmaC.2.1 (Centroid of anAggregatedHypersphereCluster). Given a set of spher-
ical clusters S = {Ci}pi=1 with each cluster covering a set of vectorsCi ⊆ V and a linear
map agg(X) = ωT ∗X , the centroid of the hypersphere CS covering all points in the
Minkowski aggregation of S is as follows;

cS = ωT [c1, . . . , cp] (C.2)

with ci being the centroid of the cluster Ci.

Proof.

CS = ω1C1 ⊕ . . .⊕ ωpCp (Minkowski sum)

cS =

∑
v1∈C1

. . .
∑

vp∈Cp
ωT [vi, . . . , vp]∏p

i=1 |Ci|
(Centroid definition)

= ω1 ∗
∑

v1∈C1
v1

|C1|
+ . . .+ ωp ∗

∑
vp∈Cp

vp

|Cp|
(Rearranging)

= ω1 ∗ c1 + . . .+ ωp ∗ cp (Centroid definition)
= ωT ∗ [c1, . . . , cp] (Vectorization)

C.3 Proof of Lemma 6.4.4

Lemma C.3.1 (Radius of an Aggregated Hypersphere Cluster). Given a set of spher-
ical clusters S = {Ci}pi=1 with each cluster covering a set of vectors Ci ⊆ V and radius
defined using a distance metric d on a vector space S with norm ∥x∥d = d(x,0), and a
linear map agg(X) = ωT ∗X , the radius of the hypersphere CS covering all points in
the Minkowski aggregation of S is bounded as follows;

rS = ωT ∗ [r1, . . . , rp] ≤
p∑

i=1

|ωi|ri (C.3)

with ci being the centroid of the cluster Ci and ri being the radius of the cluster Ci.



Proofs to Chapter 6

C

209

Proof.

rS = max
v1∈C1,...,vp∈Cp

d(cS , ω
T ∗ [v1, . . . , vp]) (Radius definition)

= max
v1∈C1,...,vp∈Cp

d(ωT ∗ [c1, . . . , cp], ωT ∗ [v1, . . . , vp]) (Lemma 6.4.3)

= max
v1∈C1,...,vp∈Cp

d(

p∑
i=1

ωici,

p∑
i=1

ωivi) (De-vectorization)

= max
v1∈C1,...,vp∈Cp

∥∥∥∥∥
p∑

i=1

ωi(ci − vi)

∥∥∥∥∥
d

(Norm definition)

≤ max
v1∈C1,...,vp∈Cp

p∑
i=1

∥|ωi|(ci − vi)∥d (Triangle inequality)

= max
v1∈C1,...,vp∈Cp

p∑
i=1

|ωi| ∥(ci − vi)∥d (Absolute homogeneity)

≤
p∑

i=1

|ωi|ri (Radius definition)

= ωT ∗ [r1, . . . , rp] (Vectorization)
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CHAPTER D

Proofs to Chapter 7

D.1 Proof of Equivalence of Sparse Representation and Multipole
Maximization

We show that the constrained sparse representation problem is equivalent to a standard top-
1 multipole query performed on a translated version of the original dataset. This approach
embeds the query vector into the dataset, aligning the objectives of the two problems.

Theorem D.1.1. Given a dataset of vectors D = [d1,d2, . . . ,dn] ∈ Rm×n, a query
vector q ∈ Rm, and a maximum set cardinality p, the constrained sparse representation
problem (cf. Equation D.1):

min
x
∥q −Dx∥22 subject to ∥x∥0 ≤ p

is equivalent to finding the top-1 multipole combination S′ from a transformed dataset
D′, where each vector d′

i ∈D′ is defined as d′
i = di−q. The solution to Equation D.1

is the subset S ⊆D corresponding to the vectors in S′.

Proof. The proof shows that the sparse representation problem’s objective is equivalent to
the multipole query objective on the transformed dataset.

TheSparseRepresentationObjective: Theconstrained sparse representationproblem seeks
a subset of vectors S ⊆D (the support of x) such that their linear combination best recon-
structs the query vector q. Geometrically, this means finding the subset S whose spanned
subspace, span(S), is closest to the vector q. This is achieved when the reconstruction error,
or residual, is minimized:

min
x
∥q −Dx∥22 subject to ∥x∥0 ≤ p (D.1)

whereDS is the matrix of vectors in S and xS is the corresponding sparse vector of coeffi-
cients. The constraint ∥x∥0 ≤ p limits the number of vectors in S to at most p. The optimal
solution is the subset S for which this error is the smallest.
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The Transformed Dataset and Multipole Objective: Let us define a new dataset D′ =
{D′

i|D′
i = di − q, ∀di ∈ D}. Now, consider a standard top-1 multipole query on this

dataset D′. The goal of this query is to find the subset S′ ⊆ D′ of size at most p that is
maximally linearly dependent. According to the definition of the multipole value, this is the
subset S′ for which the term min

∥v∥2=1
Var(D′

S′ · v) is minimized, whereD′
S′ is the matrix of

vectors in S′ (see Definition 12).

Establishing Equivalence: The multipole query on D′ finds the subset S′ whose vectors
are “closest to being linearly dependent.” This occurs when there exists some non-zero linear
combination of the vectors in S′ that is approximately equal to the zero vector [103, 104]:
D′

S′v ≈ 0. Substituting the definition of our transformed vectors, d′
i = di − q, we can

rewrite this condition in terms of the original vectors in the corresponding subset S ⊆D:∑
j∈S

vj(dj − q) ≈ 0 (D.2)

∑
j∈S

vjdj −
∑
j∈S

vjq ≈ 0 (D.3)

∑
j∈S

vjdj ≈

∑
j∈S

vj

 q (D.4)

This shows that a linear combination of the vectors in S can approximate a scaled version of
the query vector q, where the scaling factor is the sum of the coefficients vj for j ∈ S. To
show that this relationship is equivalent in form to the sparse representation problem where
q ≈

∑
j∈S vjdj , we perform simple algebraic rescaling. Namely, assuming the sum of the

coefficients is non-zero, we divide Equation D.4 by this scalar constant and define a new set
of coefficients xS with xS,j =

vj∑
k∈S vk

for j ∈ S. This gives us:

∑
j∈S

vjdj ≈

∑
j∈S

vj

 q ⇔
∑

j∈S vjdj∑
k∈S vk

≈ q ⇔DSx ≈ q

where the latter is equivalent to the sparse representation problem in Equation D.1. This
confirms that a subset S′ that reconstructs the query vector q with minimal error will also
maximize the multipole score on the transformed datasetD′, making it the solution to the
top-1 multipole query.

Conclusion The subset S′ ⊆D′ that is most linearly dependent corresponds exactly to the
subset S ⊆ D that best reconstructs the query vector q. The dataset transformation aligns
the objectives of both problems, proving their equivalence.
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CHAPTER E

Distance Measure Definitions

This appendix provides the mathematical definitions for the distance measures discussed in
Chapter 3.

Table E.1: Mathematical Definitions of Distance Measures

Measure Definition Notes

Lock-step Measures

Lp Lp(x,y) =
p

√∑c
i=1

∑m
j=1 |x

(i)
j − y

(i)
j |p

Euclidean (L2) L2(x,y) =
√∑c

i=1

∑m
j=1(x

(i)
j − y

(i)
j )2

Manhattan (L1) L1(x,y) =
∑c

i=1

∑m
j=1 |x

(i)
j − y

(i)
j |

Lorentzian D(x,y) =
∑c

i=1

∑m
j=1 ln(1+ |x(i)

j −y
(i)
j |)

Avg(L1, L∞) D(x,y) =
L1(x,y)+

∑c
i=1 maxj∈{1,...,m}

∣∣∣x(i)
j −y

(i)
j

∣∣∣
2

Canberra D(x,y) =
∑c

i=1

∑m
j=1

|x(i)
j −y

(i)
j |

|x(i)
j |+|y(i)

j |
For x(i)

j + y
(i)
j ̸= 0.

Chord D(x,y) =∑c
i=1

∑m
j=1

(√
|x(i)

j | −
√

|y(i)
j |

)2

Clark D(x,y) =

√∑c
i=1

∑m
j=1

(
|x(i)

j −y
(i)
j |

|x(i)
j |+|y(i)

j |

)2

For x(i)
j + y

(i)
j ̸= 0.

Jaccard D(x,y) =∑c
i=1

∑m
j=1(x

(i)
j −y

(i)
j )2∑c

i=1

∑m
j=1

(
(x

(i)
j )2+(y

(i)
j )2

)
−
∑c

i=1

∑m
j=1(x

(i)
j y

(i)
j )

Continued on next page
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Table E.1 – continued from previous page
Measure Definition Notes

Soergel D(x,y) =
∑c

i=1

∑m
j=1 |x(i)

j −y
(i)
j |∑c

i=1

∑m
j=1 max(x(i)

j ,y
(i)
j )

Emanon4 D(x,y) =
∑c

i=1

∑m
j=1(x

(i)
j −y

(i)
j )2∑c

i=1

∑m
j=1 max(x(i)

j ,y
(i)
j )

Topsoe D(x,y) =∑c
i=1

∑m
j=1

(
x

(i)
j ln

2x
(i)
j

x
(i)
j +y

(i)
j

+ y
(i)
j ln

2y
(i)
j

x
(i)
j +y

(i)
j

)
Sliding Measures

SBD-D SBD-D(x,y) = 1 −
maxw(NCC2w(x,y))

w is the temporal shift.

NCC2w(x,y) =
∑c

i=1

∑m−w
j=1 x

(i)
j ·y(i)

j+w

∥x(i)∥
2
·∥y(i)∥

2

NCC2 is the normalized
cross-correlation.

SBD-I SBD-I =
∑c

i=1 SBD-D(x(i),y(i)) Passed as MTS with 1 channel.

Elastic Measures

DTW-D

DTW -D(x,y) = Cost(|x|, |y|) See Section 3.4 for definition
of Cost(i, j)

cD(i, j) = cV (i, j) = cH(i, j) =
L2(xi,yj)

cD , cV , and cH are the cost
functions for diagonal, verti-
cal, and horizontal moves.

DTW-I
∑c

i=1 DTW -D(x(i),y(i)) Passed as MTS with 1 channel.

LCSS-D

LCSS-D(x,y) = 1− Cost(|x|,|y|)
min(|x|,|y|) See Section 3.4 for definition

of Cost(i, j)

cD(i, j) =

{
1 if |xi − yj | ≥ ϵ

0 if |xi − yj | < ϵ

cV (i, j) = cH(i, j) = 0

ERP-D

ERP -D(x,y) = Cost(|x|, |y|) See Section 3.4 for definition
of Cost(i, j)

cD(i, j) = L2(xi,yj)
cV (i, j) = L2(xi, g) g is the gap value parameter.
cH(i, j) = L2(yi, g)

ERP-I
∑c

i=1 ERP -D(x(i),y(i)) Passed as MTS with 1 channel.

MSM-D

MSM -D(x,y) = Cost(|x|, |y|) See Section 3.4 for definition
of Cost(i, j)

cD(i, j) = L1(xi,yj)
cV (i, j) ={
c if L2(xi,

xi−1+yi

2
) ≤ L2(xi−1,yi)

c+min(L1(xi−1,xi), L1(xi,yi)) otherwise

Continued on next page
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Table E.1 – continued from previous page
Measure Definition Notes

cH(i, j) ={
c if L2(yi,

yi−1+xi

2
) ≤ L2(yi−1,xi)

c+min(L1(yi−1,yi), L1(xi,yi)) otherwise

MSM-I
∑c

i=1 MSM -D(x(i),y(i)) Passed as MTS with 1 channel.

TWE-D

TWE-D(x,y) = Cost(|x|, |y|) See Section 3.4 for definition
of Cost(i, j)

cD(i, j) = L2(xi,yj) + L2(xi−1,yj−1) +
2ν|i− j|
cV (i, j) = L2(xi,xi−1) + ν + λ
cH(i, j) = L2(yi,yj−1) + ν + λ ν and λ are parameters.

TWE-I
∑c

i=1 TWE-D(x(i),y(i)) Passed as MTS with 1 channel.

Kernel Measures

RBF KRBF (x,y) = exp
(
−γ ∗ L2(x,y)

2
)

γ is the kernel parameter.

GAK-D DGAK(x,y) =∑
π∈A(m,n)

∏
(i,j)∈π KRBF (xi,yj)

Sum is over all alignment
paths π.

GAK-I
∑c

i=1 DGAK(x(i),y(i)) Passed as MTS with 1 channel.

KDTW-D Uses a KDTW (xi,yj) instead of distance in
the DTW recursion.
KDTW (xi,yj) =

KRBF (xi,yj)+ϵ

3∗(1+ϵ)
ϵ is the kernel parameter.

KDTW-I
∑c

i=1 KDTW -D(x(i),y(i)) Passed as MTS with 1 channel.

SINK-D DSINK(x,y) =
KSINK(x,y)√

KSINK(x,x)KSINK(y,y)

KSINK(x,y) = exp (γ ∗NCC2(x,y)) γ is the kernel parameter.

SINK-I
∑c

i=1 DSINK(x(i),y(i)) Passed as MTS with 1 channel.

Feature-based Measures

DCatch22-I D(x,y) = L2(fk(x)− fk(y))
2 fk are the 22 features from the

catch22 set. Applied channel-
wise, forming a 22 ∗ c size fea-
ture vector.

DTSFresh-I D(x,y) = L2(fk(x)− fk(y))
2 fk are the features from the

TSFresh library. Applied
channel-wise, forming a
feature vector of size |f | ∗ c.

Model-based Measures

Continued on next page
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Measure Definition Notes

KLGauss-D DKL(x,y) =
DKL(N (µx,Σx)||N (µy,Σy))

DKL is the Kullback-Leibler
divergence. µx are the
channel-wise means of x, Σx

is the covariance matrix of x.

KLGauss-I
∑c

i=1 DKL(x
(i),y(i)) Passed as MTS with 1 channel.

KLHMM -D DHMM (x,y) =∑n
i=1 P̃ (ti | λx) log P̃ (ti|λx)

P̃(ti|λy)

Following the definition
of [100]. λx and λy are the
HMMs fitted to x and y,
ti is the i-th time series in
the dataset, P̃ (ti | λ) is the
likelihood of ti given the
model λ.

KLHMM -I
∑c

i=1 DHMM (x(i),y(i)) Passed as MTS with 1 channel.

Embedding Measures

TS2Vec-D/TLoss-D D(x,y) = L2(Enc(x), Enc(y)) Enc(·) is the learned encoder
model.

TS2Vec-I/TLoss-I D(x,y) =
∑c

i=1 L2(Enc(x(i)), Enc(y(i))) Passed as MTS with 1 channel.

GRAIL-D DGRAIL(Ti,Tj) = L2(Zi,Zj) Ti is the i-th time series in
dataset T ∈ Rn×c×m, Zi is
its representation, which is the
i-th row of the matrix Z ∈
Rn×c×d, where d is the em-
bedding dimension.

Z = EQWΛ−0.5
W E ∈ Rn×d is the distance

matrix between T and a dic-
tionary of time series D ∈
Rd×c×m using DSINK , QW

is the orthogonal matrix of
eigenvectors of W , ΛW is the
diagonal matrix of eigenvalues
of W . W ∈ Rd×d is the dis-
tance matrix between D and
D usingDSINK .

GRAIL-I D(Ti,Tj) =∑c
k=1 L2(Emb(T (k))i, Emb(T (k))j)

Emb(T (k)) is the embedding
of dataset T using the GRAIL
method, only using the k-th
channel.

DPCA
DPCA(x,y) =

1
1+SPCA(x,y)

Continued on next page
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Table E.1 – continued from previous page
Measure Definition Notes

SPCA(x,y) =
∑k

i=1

∑k
j=1 cos

2(θi, θj) θi and θj are the i-th and j-
th principal components of x
and y, respectively. k is the
number of principal compo-
nents used.

DEros
DEros(x,y) =

√
2− 2SEros(x,y)

SEros(x,y) =
∑d

i=1 ωi|cos(θi, θi)| θi and θj are the i-th and j-
th eigenvectors of the covari-
ance matrix of x and y, re-
spectively. d is the number
of components. ω is a weight
vector based on the (normal-
ized) eigenvalues of MTS in a
training set (detailed in [243]).

Ensemble Measures

Ensemble DEnsemble(x,y,D) =
∑

D∈D D̄(x,y) x,y are time series in a dataset
T ∈ Rn×c×m, D is a set of
distance measures.

D̄(x,y) =
D(x,y)−mina,b∈T D(a,b)

maxa,b∈T D(a,b)−mina,b∈T D(a,b)
Normalized distance.
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CHAPTER F

Distribution of Contributions
in Chapter 5

This appendix provides an overview of the contributions made in Chapter 5 and their dis-
tribution across the two degrees involved in this work (Master’s thesis and PhD thesis). The
contributions are categorized based on the degree they were part of, with each contribu-
tion explicitly mapped to the relevant section of the chapter. An important contribution
made during the PhD phase is the development of additional optimizations, and a total re-
implementation of the CD algorithm, which significantly improved its performance. To
quantify the impact of these changes, we compare the performance of the original CD al-
gorithm and the version discussed in Chapter 5 in Section F.2.

F.1 Distribution of Contributions
Results from the Master’s thesis [72] or from work of other people [170, 171]:

• Core CD algorithm [170, 171]. This includes the theoretical results onmPC andMP
measures (i.e., Theorem 5.3.2 andTheorem 5.3.3), and the bound-based search strat-
egy for threshold and top-k queries (i.e., Algorithm 3), discussed in Section 5.3.

• Core CDStream algorithm [72, 171]. This involves the use of an index to monitor
changes in pairwise correlations in DCCs, aimed to to detect potential changes in the
result set, discussed in Section 5.4.

• Core CDHybrid algorithm [72, 171]. This algorithm combines the strengths of both
CD and CDStream on streaming data, adaptively switching between the two methods
based on the rate and nature of arriving data, discussed in Section 5.4.5.

Results from the work performed during the PhD phase:

• New top-k query algorithm. This algorithm is a significant improvement over the
original top-k algorithm, which was based on a batch processing approach. The new
algorithm breaks up the search into two phases and introduces a new routing prin-
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ciple for parsing the hierarchy of cluster combinations. Specifically, it switches be-
tween Depth-First (DFS) and Breadth-First (BFS) traversal of the tree of combina-
tions, which ensures that the most promising candidates are processed even earlier
in the process, which allows for more aggressive pruning. Additionally, the DFS-BFS
routing strategy improved the parallelization of the algorithm. These changes signif-
icantly improved the performance of the top-k algorithm, as shown in Section F.2 of
this appendix.

• Novel optimization: Exploiting (soft)monotonicity. This optimization is applied to
the top-k algorithm, allowing it to ’pre-investigate’ candidates with a higher chance of
being in the top-k result set.

• New streamingmodel for CDStream. Compared to the streamingmodel in the orig-
inal CDStream algorithm, the new BW+ model (a) no longer required the streams to
be time-aligned and synchronous, and (b) enabled the algorithm to identify uncom-
mon events in the streams sooner. This redesign also involved adding a new knob
(the epoch), which allowed the user to instruct the algorithm to be more responsive
to large updates. The model is discussed in detail in Section 5.4.

• More extensive evaluation. We ran experiments with more datasets (added Crypto
and Deep), more queries (progressive queries for all measures), and more baselines,
including a comparison with DBMSs. Furthermore, the evaluation of CDStream now
included experiments on (1) the development of the index size over time, (2) the sensi-
tivity to the epoch size and number of epochs per basic window, and (3) the sensitivity
of CDStream and CDHybrid to different datasets.

• Total re-implementation of CD. This included optimizations in the bound computa-
tion, the use of a more efficient index structures, and improved parallelization strate-
gies.

F.2 Quantitative Comparison between old and new CD algorithms
To evaluate the effect of the changes made to the CD algorithm, we conduct a quantitative
comparison between the original CD algorithm presented in [170, 171]. In this comparison,
we run the code of the original CD algorithm published in [171] on a subset of the exper-
iments presented in Section 5.5.2, and compare the results with those using the new CD
algorithm (i.e., the ones presented in Section 5.5.2). Unfortunately, we cannot compare the
original CDStream algorithmwith the new one, as the original CDStream algorithm utilized
the old streaming model, which assumed synchronous and time-aligned streams. The new
streaming model, introduced in Section 5.4, does not have this limitation, making a direct
(fair) comparison infeasible.

Comparison over different correlation patterns. To assess the impact of the algorithmic
improvements, we performed a top-k query (k = 100) on the fMRI and Stocks datasets using
a variety of similarity measures and correlation patterns, similar to the experiment underly-
ing the results in Table 5.6 in Section 5.5.2. For each experiment, we imposed a timeout of 8
hours on the total runtime. The results in Table F.1 demonstrate that the new CD algorithm



Distribution of Contributions in Chapter 5

F

221

Table F.1: Comparison of the original and new CD algorithm for top-k queries (k = 100) on the fMRI
and Stocks datasets with different correlation patterns.

MP (3) MP (4) mPC (1,2) mPC (1,3) mPC (1,4) mPC (2,2) mPC (2,3)

fMRI
CD-OLD 6.67 8.06 4.69 48.17 >28800 32.48 2101.57
CD-NEW 1.64 2.01 1.82 12.31 3008.03 10.56 683.25
Speedup 3.6x 4.0x 2.6x 3.9x >9.6x 3.1x 3.1x

Stocks
CD-OLD 13.90 4729.32 5.34 128.72 >28800 121.49 >28800
CD-NEW 2.50 61.22 1.35 4.50 564.63 3.98 1071.04
Speedup 5.6x 77.2x 4.0x 28.6x >50.9x 30.5x >26.9x
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Figure F.1: Comparison of the original and new CD algorithm for top-k queries (k = 100) queries with
increasing number of time series on the fMRI dataset. Note that both y-axes are in log scale.

is significantly faster than the original one, with speedups ranging from 2.6x to 77.2x across
different correlation patterns and datasets. Notably, the speedup does not seem to follow a
particular pattern; in some cases, it increases dramatically with the complexity of the corre-
lation pattern (for example, the speedup forMP (3) toMP (4) changes from 5.6x to 77.2x),
while in other cases it remains relatively stable. This improvement can be attributed to the
new top-k algorithm and the soft-monotonicity optimization introduced in the new algo-
rithm. These improvements allow the algorithm to increase the running threshold between
consecutive traversals of two patterns (i.e., between finishing the search on pairs and starting
the search on triples) and to raise the threshold earlier within a specific pattern search. Since
the search space grows combinatorially with pattern complexity, even a modest increase in
the threshold early in the search can result in substantially more pruning. Overall, these
results indicate that the improvements made to the CD algorithm have a substantial impact
on its performance, especially for more complex correlation patterns.

Comparison of algorithm scalability on top-k and threshold queries. For the scalability
experiment, we ran both versions of the CD algorithm on different resolutions of the fMRI
dataset, focusing on the correlation patternsmPC (2,2) andMP (4). The results in Figure F.1
and Figure F.2 show that the algorithms scale at similar rates with the number of time series,
but the new version consistently outperforms the original: it is approximately three times
faster on top-k queries and about twice as fast on threshold queries. This implies that the
speedups reported in Table F.1 are stable across different dataset sizes.
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Figure F.2: Comparison of the original and new CD algorithm for threshold queries (τ = 0.95) with
increasing number of time series on the fMRI dataset. Note that both y-axes are in log scale.

Altogether we can conclude that the changes to the CD algorithm not only improved its scal-
ability for increasingly complex correlation patterns, but also resulted in a constant-factor
improvement in performance regardless of dataset size. The new CD algorithm thus rep-
resents a significant advancement and implies that the algorithm can be used effectively on
larger datasets and more complex correlation patterns.
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CHAPTER G

Framework Interface

The following code snippet provides a simplified version of the Measure interface of Chap-
ter 6 in Python. Note that it can be implemented in any programming language, the choice
of Python is arbitrary. The interface is designed to be extensible, allowing for the addition
of new measures without modifying existing code.

Listing G.1: Python Implementation of the Measure Interface

from abc import ABC, abstractmethod
from typing import List, Optional, Tuple, Dict, Callable
import numpy as np
from scipy.spatial.distance import euclidean, hamming
from clustering import Cluster

class Measure(ABC):
”””Abstract base class for multivariate similarity measures.”””

def __init__(self):
# Properties of the measure
self.is_similarity_function = True
self.is_monotonously_increasing = False
self.is_monotonously_decreasing = False
self.is_metric = False
self.is_on_vector_space = False
self.is_permutation_invariant = True
self.is_continuous = True # Works on continuous data?

# Caches
self.centroid_cache: Dict[Cluster, np.ndarray] = {}
self.radius_cache: Dict[Cluster, float] = {}
self.bounds_cache: Dict[Tuple[Cluster, Cluster], Tuple[float,
float]] = {} # Cache for bounds between cluster pairs

# --- Abstract methods ---

@abstractmethod
def compute(self, X: List[np.ndarray], Y: List[np.ndarray]) -> float:

”””Compute the similarity on a vector combination.”””
pass
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@abstractmethod
def get_empirical_bounds(self, CX: List[Cluster], CY: List[Cluster])
-> Tuple[float, float]:

”””Calculate empirical bounds for a cluster combination.”””
return None, None

# --- Optional methods (with default behavior) ---

def preprocess(self, data: np.ndarray) -> np.ndarray:
”””Preprocess the data if needed.”””
return data

def aggregate(self, vectors: List[np.ndarray]) -> np.ndarray:
”””Aggregate the vectors into a single vector.”””
return np.mean(vectors, axis=0) # Default: mean aggregation

def cdist(self, x: np.ndarray, y: np.ndarray) -> float:
”””Calculate the clustering distance between two vectors.”””
if self.is_continuous:

return euclidean(x, y) # Euclidean distance
else:

return hamming(x, y) # Hamming distance

def dist2sim(self, sim: float) -> float:
”””Conversion from distance to similarity for general theoretical
bounds.”””
return sim

def sim2dist(self, dist: float) -> float:
”””Conversion from similarity to distance for general theoretical
bounds.”””
return dist

def check_additional_constraints(self, CX: List[Cluster], CY: List[
Cluster]) -> bool:

”””Check if additional constraints are satisfied.”””
return True

# --- Generic methods ---

def bound(self, CX: List[Cluster], CY: List[Cluster]) -> Tuple[float,
float]:

”””Generic adaptive bounding method.”””
lb, ub = get_empirical_bounds(CX, CY) # Try empirical bounds
first
if lb is not None and ub is not None:

return lb, ub

if self.is_metric and self.is_on_vector_space: # Then check
theoretical bounds

return self.get_multivariate_theoretical_bounds(CX, CY)

# Fallback to exhaustive search
lb, ub = float(’inf’), float(’-inf’)
for (X, Y) in split_to_singletons(CX, CY):
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sim = compute(X, Y)
lb = min(lb, sim)
ub = max(ub, sim)

return lb, ub

def get_pairwise_bounds(self, c1: Cluster, c2: Cluster, d: Callable[[
np.ndarray, np.ndarray], float]) -> Tuple[float, float]:

”””Calculate empirical bounds between two clusters.”””
if (c1, c2) in self.bounds_cache:

return self.bounds_cache[(c1, c2)]

lb, ub = float(’inf’), float(’-inf’)
for x in c1.get_vectors():

for y in c2.get_vectors():
dist = d(x, y)
lb = min(lb, dist)
ub = max(ub, dist)

self.bounds_cache[(c1, c2)] = (lb, ub)
return lb, ub

def get_theoretical_distance_bounds(self, CX: List[Cluster], CY: List
[Cluster]) -> Tuple[float, float]:

”””Calculate theoretical bounds for a cluster combination.”””
cX = self.aggregate([c.centroid() for c in CX])
cY = self.aggregate([c.centroid() for c in CY])
rX = self.aggregate([c.radius() for c in CX])
rY = self.aggregate([c.radius() for c in CY])
lb = self.sim2dist(self.compute([cX], [cY])) - rX - rY
ub = self.sim2dist(self.compute([cX], [cY])) + rX + rY
return lb, ub

def get_theoretical_bounds(self, CX: List[Cluster], CY: List[Cluster
]) -> Tuple[float, float]:

d_lb, d_ub = self.get_theoretical_distance_bounds(CX, CY)
lb, ub = self.dist2sim(d_ub), self.dist2sim(d_lb)
return min(lb, ub), max(lb, ub)





CHAPTER H

Implementations of Example
Measures

The following code snippets provide Python implementations of the three example mea-
sures discussed in Section 6.4.7. These implementations demonstrate how different types
of multivariate similarity measures can be integrated into the framework using the defined
interface.

H.1 Multivariate Euclidean Distance (mED)
The Euclidean distance implementation in Listing H.1 demonstrates a two-sided metric
measure with empirical bounds derived from pairwise dot products. This example show-
cases how averaging aggregation and vector space operations are handled in the framework.

H.2 Multivariate Total Correlation (TC)
The Total Correlation implementation in Listing H.2 illustrates a one-sided information-
theoretic measure that requires discrete data preprocessing. This example demonstrates how
entropy calculations and monotonically increasing measures are integrated into the frame-
work.

H.3 Multivariate Manhattan Distance (mMD)
TheManhattan Distance implementation in in Listing H.3 shows a metric measure that re-
lies on theoretical bounds rather than empirical ones. This example highlights the use of
dimensionality reduction through random projections and specialized distance estimators
for L1 norms.
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Listing H.1: Python Sketch for Multivariate Euclidean Distance

from measure import Measure
from typing import List
import numpy as np
from clustering import Cluster

class MultivariateEuclideanDistance(Measure):
”””Multivariate Euclidean Distance measure.”””

def __init__(self):
# Call parent class initializer first
super().__init__()

# Override some properties
self.is_similarity_function = False
self.is_metric = True
self.is_on_vector_space = True

def compute(self, X: List[np.ndarray], Y: List[np.ndarray]) -> float:
return np.linalg.norm(aggregate(X) - aggregate(Y))

def get_empirical_bounds(self, CX: List[Cluster], CY: List[Cluster])
-> Tuple[float, float]:

lb = ub = 0
for Cx in CX:

for Cx_ in CX:
_lb, _ub = get_pairwise_bounds(Cx, Cx_, np.dot)
lb += _lb
ub += _ub

for Cy in CY:
for Cy_ in CY:

_lb, _ub = get_pairwise_bounds(Cy, Cy_, np.dot)
lb += _lb
ub += _ub

for Cx in CX:
for Cy in CY:

_lb, _ub = get_pairwise_bounds(Cx, Cy, np.dot)
lb -= 2*_ub
ub -= 2*_lb

return np.sqrt(min(0, lb)), np.sqrt(min(0, ub))
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Listing H.2: Python Sketch for Multivariate Total Correlation

from measure import Measure
from typing import List, Tuple
import numpy as np
from clustering import Cluster

class TotalCorrelation(Measure):
def __init__(self):

super().__init__()
self.is_monotonically_increasing = True

def entropy(self, X: List[np.ndarray]) -> np.ndarray:
”””Compute joint entropy of a list of arrays.”””
values, counts = np.unique(X, return_counts=True)
probabilities = counts / counts.sum()
return -np.sum(probabilities * np.log(probabilities + 1e-10))

def compute(self, X: List[np.ndarray], Y: List[np.ndarray]) -> float:
”””Compute the total correlation over X.”””
X = X + Y
H_X = sum(self.entropy([x]) for x in X)
H_XY = self.entropy(X)
return H_X - H_XY

def get_empirical_bounds(self, CX: List[Cluster], CY: List[Cluster])
-> Tuple[float, float]:

”””Compute empirical bounds for total correlation.”””
CX = CX + CY
lb = ub = 0
max_joint_lb = 0
for i in range(len(CX)):

lb_m, ub_m += self.get_pairwise_bounds(CX[i], CX[i], self.
entropy)
lb += lb_m
ub += ub_m
for j in range(i+1, len(CX)):

lb_j, _ = self.get_pairwise_bounds(CX[i], CX[j], self.
entropy)
lb += lb_j
max_joint_lb = max(max_joint_lb, lb_j)

return lb, ub - max_joint_lb

def preprocess(self, data: np.ndarray) -> np.ndarray:
”””Quantize the data for continuous variables.”””
# Example quantization logic
return np.digitize(data, bins=np.linspace(np.min(data), np.max(
data), num=10))



230 Multivariate Manhattan Distance (mMD)

Listing H.3: Python Sketch for Multivariate Manhattan Distance

from measure import Measure
from typing import List, Tuple
import numpy as np
from clustering import Cluster
from scipy.stats import cauchy

class ManhattanDistance(Measure):
def __init__(self, num_projections: int = 100): # Example parameter

super().__init__()
self.is_similarity_function = False
self.is_metric = True
self.is_on_vector_space = True
self.num_projections = num_projections

def preprocess(self, data: List[np.ndarray]) -> List[np.ndarray]:
”””Apply Cauchy random projections to the data.”””
original_dim = data[0].shape[0]
projection_matrix = cauchy.rvs(size=(original_dim, self.
num_projections))
return data @ projection_matrix

def compute(self, X: List[np.ndarray], Y: List[np.ndarray]) -> float:
”””
Estimate the L1 distance using the bias-corrected geometric mean
estimator of Li et al.
”””
mean_X = aggregate(X) # Assumes aggregate function sums
mean_Y = aggregate(Y)
corr_term = np.cos(np.pi / (2 * self.num_projections))
geomean = np.prod(np.abs(mean_X - mean_Y) ** (1 / self.
num_projections))
return corr_term * geomean

def cdist(self, x: np.ndarray, y: np.ndarray) -> float:
”””Use standard Manhattan distance for clustering.”””
return np.sum(np.abs(x - y))
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Summary

Every day, millions of sensors monitor our power grids, medical devices track vital signs,
and satellites observe our planet’s climate. These systems generate vast amounts of complex,
interconnected data with patterns that span multiple measurements and variables. At the
heart of identifying these patterns lies the fundamental task of similarity search; given a
specific pattern or variable of interest, what are the most similar variables in the data? As we
describe in Chapter 1, existing methods for such search have remained stuck in a simpler
era where objects or phenomena were measured through single variables, and relationships
were only measured between pairs of objects. In this dissertation, we aim to advance the
traditional similarity search paradigm to embrace the multivariate nature of modern data
and the complex relationships within it.

We pursue this goal through two complementary directions. First, how can we effectively
search for patterns in multivariate data? And second, how can we discover relationships
that span multiple variables? In Chapter 2, we establish the theoretical foundations for both
directions and identify why existing methods have struggled with these challenges.

The first part of this dissertation focuses on searching patterns inmultivariate data. InChap-
ter 3, we tackle the fundamental question of how to effectively measure similarity between
multivariate objects, and how to prepare the data for such comparisons. Through a com-
prehensive study, we develop practical guidelines for choosing appropriate measures and
preprocessing steps for different downstream tasks such as classification, clustering, and
anomaly detection. Our findings challenge common assumptions about data normalization
and reveal that the cost of complex measures are not always justified in terms of accuracy.
Building on these insights, Chapter 4 introduces new techniques that make such compar-
isons computationally efficient, enablingmillisecond-level responses on large-scale datasets.

The second part turns to discovering relationships betweenmultiple variables. InChapter 5,
we develop new algorithms that can efficiently detectmultivariate relationships in both static
and streaming data. These methods achieve up to 100x speedup over existing approaches
while guaranteeing complete results, making previously intractable analyses possible. We
then generalize these ideas in Chapter 6 into a comprehensive framework that can mine
multivariate relationships from the data under any (domain-specific) measure of similarity.
The framework automatically applies effective optimizations based on the properties of the
measure, resulting in orders ofmagnitude speedupwithout requiring expert knowledge from
users. To demonstrate its practical value, Chapter 7 shows how this framework can help
solve a long-standing problem in signal processing in amanner that provides a unique trade-
off between accuracy and efficiency.
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Finally, in Chapter 8, we reflect on these contributions and outline future research direc-
tions. The ultimate goal is to combine both advances - enabling the discovery of multivariate
relationships within multivariate data. This represents a crucial step towards better under-
standing the complex, interconnected systems that shape our world.
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We live in a world where every event 
is the result of a complex web of  
interacting factors. Scientists have 
mastered the art of finding the 
simple, pairwise relationships in 
data, but what about the complex, 
higher-order interactions that truly 
shape our reality?

In this dissertation, Jens E. d'Hondt 
explores how we can expand our 
analytical toolkit to model and 
understand the true multi-faceted 
nature of the world around us, 
without having to break the bank on 
computational resources.
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